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PREFACE 


The subjects comprising the Properties of Matter form an ill- 
defined group and the authors have attempted to treat selected topics 
adequately rather than to cover a very wide field. It is felt that the 
advanced student, for whom this book is primarily intended, will 
abeady be familiar with the simple physical principles underlying 
Kinematics, Dynamics^ Central Orbits and Gyroscopic Motion. These 
subjects have therefore been omitted, for their advanced study can 
be profitably pursued only from the mathematical standpoint. The 
aim throughout the present work has been to treat the matters con¬ 
sidered from a physical point of view, and particularly to avoid re¬ 
garding the material as exercises in applied mathematics. For example, 
the propagation of longitudinal and transverse waves is immediately 
.associated here with the geophysical problems of Seismic Waves. 

The introduction of newer and more accurate methods for measur¬ 
ing various quantities such as the Newtonian Constant of Gravitation 
has necessitated only brief reference to older methods, but classical 
work such as that of Boys has been fully described. 

It is now impossible to draw a dividing line between General 
Physics and Physical Chemistry in some topics. A concise account 
of Debye and HUckel’s theory of strong electrolytes has therefore been 
given, and a whole chapter has been devoted to the new and impor¬ 
tant subject of Surface Films. 

The authors have tried as far as possible to indicate the original 
sources of their material by references in the text and at the end of 
the chapters. They take this opportunity of apologizing to any \\Tit(‘r 
whose work may inadvertently have been used without acknowledg¬ 
ment. 

F. C. CHAMPION. 

N. DAW. 


PREFACE TO THE SECOND EDITION 

The main framework of the original book remains unaltered, but it 
is inevitable that after a period of fifteen years some changes should 
have proved necessary. These changes sometimes take the form of 

(1) the insertion of more accurate values of the fundamental constants, 

(2) the replacement of older experimental methods by newer methods 
which are superior because of improvements in technique, and (3) the 
addition of recently acquired knowledge. The first change occxirs in 
the values of the fundamental constants used in the chapter on Errors 
of Measurement. Examples of the second change are the recent accurate 
measurement of the acceleration due to gravity, and the introduction 
of the microdiffusiometer by Fiirth and Zuber, for the rapid and accu¬ 
rate measurement of difEusion coefficients of solutions. Fresh know¬ 
ledge has been collected in the form of modern views on the nature of 
the angle of contact in capillarity, on the diffusion processes in gases, 
and on the viscous properties of non-Newtonian fluids. Finally a few 
additional examples and hints for solution have been added to illus¬ 
trate the use of the new material, 

F. C. CHAMPION. 

N. DAVY. 

London a.nd Nottingham 
1951 
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PROPERTIES OF MATTER 


CHAPTER I 

Units and Dimensions 


1. Introduction. 

TEe statement that a given body weighs 10 pounds implies that 
a given unit of weight, the pound, has been chosen, and that the ratio 
of the weight of the body to that of the unit is 10. In general, a con¬ 
ventional choice of certain units is made, and any physical entity may 
then be expressed by a number which states how many of these 
units the entity in (piestion contains. The units chosen should be 
(1) well defined, (2) not subject to secular change, (3) easily compared 
with similar units, (4) easily reproduced. 

Physical laws consist in the relations which have been found to 
exist between the numbers which represent physical quantities. Hence 
although each type of physical quantity requires its own unit, these 
units are not necessarily indepcnd(Mit; actually, many of the units 
may be expressed in terms of a certain few, called fundamental units. 
The choice of the latter is initially quite arbitrarij, but when once 
settled it is fundamental for subsequent work. Gauss called such a 
system of units an absolute system, but the term is unfortumate, since 
the system chosen is quite conventional. There are, in fact, several 
“ absolute ” systems of units in use, depending on the fundamental 
units chosen and the physical laws used in expressing the remaining 
derived units. Thus there is the British system with the foot, ■pound, 
and second as the fundamental units, while that used for purely scientific 
work is almost invariably the C.G.S. or centimetre, gramnn', and second 
system. 

2. Fundamental Units. 

Three of the fundamental units which have been chosen are those 
of mass, length, and time, and many physical units may be expressed in 
terms of these three. If, however, j)hysical entities other than those 
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which have an immediate “ explanation ” in “ mechanical ’’ terms are 
under consideration, additional fundamental units are required. For 
example, in the science of heat the calorie is the fundamental unit of 
quantity of heat in the C.G.S. system; again, the unit degree Kelvin 
is adopted as the fundamental unit of temperature in the same system. 

The British luiit of mass is the found avoirdwpois^ which is simply 
the mass of a piece of platinum preserved in the office of the Exchequer 
and marked “ P.S. 1844, 1 lb.’\ It bears no simple relation to the 
unit of volume in the same system and thus difiers from the unit of mass 
in the French or metric system. This, the kilogramme^ was initially 
made as close as possible to the weight of 1000 c.c. of water at its 
temperature of maximum density. Although subsequent work has 
shown that this relation is not quite accurate, the original kilogramme 
has been retained and is now simply taken as the weight of a piec;e of 
platinum preserved at the Biueau of Metric Standards. 

The unit of length, like the unit of mass, is quite arbitrary in tlie 
British system, the yard being defined as the straight distance between 
the transverse lines in two gold plugs on the bronze bar at 62° F.(!) 
preserved in the Exchequer office. In the metric system, the standard 
of length is that of a bar, originally made to be as nearly as possible 
equal to one ten-millionth part of a quadrant of the earth passing 
through Paris. This relation was subsequently found to be inaccurate, 
and the metre is now simply taken as the distance between two marks 
on the platinum bar at 0° C. preserved at the International Bureau of 
Standards at St. Cloud, near Paris. 

Both systems have the same unit of time, the mean solar second, 
which is simply the mean solar day divided by 86,400. 

3. Derived Units. 

Consider now the expression for the area of a surface. The unit 
in which the area is expressed is the area of a square whose side is 
the unit of length. Similarly, the unit in which a volume is expressed 
is that of a cube whose side is the imit of length. Further, the unit 
in wliich a velocity is expressed is obtained by dividing the unit of 
length by the unit of time. Such units, which depend on powers of 
on(^ or more of the fundamental units, are termed derived units. The 
unit of area is often represented symbolically by that of volume 
by L^, and that of velocity by V ~ LjT or LT~^, and these expressions 
are called t he dimensional formulae of the quantities considered. Again, 
the dimensions of a physical quantity may be defined as the powers of 
the fundamental units in terms of which it may be expressed. Area 
and volume, therefore, have dimensions two and three in length 
respectively. 

The dimensional formula for mechanical energy is E=My^ = 
Smee (in Newtonian mechanics, at least) the numerical 
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measure of energy is one-half the product of the number representing 
the mass and the square of the number representing the velocity, 
dimensional formuloe are neither complete numerical laws nor even 
definitions. The dimensional formula merely states (1) the nature 
of the experiments (i.e. of length, mass, &c.) on the fundamental 
quantities which must be made in order to determine the given quantity, 
(2) the powers to which the primary quantities have to be raised. 
It is clear that (2) ^\'ill be important in deciding on the accuracy of 
measurement required in any part of an experiment. 

4. Dimensional Analysis.* 

The study of dimensional analysis will be introduced by the con¬ 
sideration of a simple example. The elementary formula for the time 
of oscillation of a simple pendulum in the earth's gra\itational field is 

. <" 

where I is the length of the pendiilum and g is the acceleration due to 
gra\ity. As this is piuvly a mechanical problem, the variables t, I and 
g may all be expressed in terms of the three primary quantities di, L 
and T. Writing dowm the dimensional formulae, W’e Lave t~T,l=L 
and g = LT~“. The 27 t is a so-called pure number; since it does not 
depend on a fimdamental physical unit, it cannot be represented in 
dimensional analysis. It is interesting to note that tt may be obtained 
experimentally as the ratio of the circumference of a circle to its dia¬ 
meter, and since both are measured in the same units, the units are 
eliminated. Now the L.H.S. of equation (1) clearly has the dimensions 
T, w'hile the K.H.S. has dimensions {LjLT-’^)^ = t. Hence the dimen¬ 
sions of both sides of the equation are the same. This property is true 
of all equations representing possible physical phenomena, and may 
be stated as follows: 

Law l.~Phijsical equations must he dimensionalhj hoytiogeneous. 

Consider now the inverse problem. Suppose that the equation for 
the time of oscillation of a simple pendulum is not known. From the 
physical nature of the problem the time of oscillation might reasonably 
be expected to depend upon the following quantities; I, the length of 
the pendulum, 7n, the mass of the bob, and g, the acceleration due to 
gravity. Then 

t=f{fn,lyg), .( 2 ) 


• The be.st method of prescntiri;^ dimensional analy.vis and its relation to the prineiple 
of dynamical similarity is still a anhject of acute diseussioti. but the writer (h. C. C.) 
has attempted to present a set of rules which are consistent and which do not lead to 
error in any applications so far considered. 
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where the nature of the function / has to be found. Assume that the 
R.H.S. of (2) may be expressed as a power formula. Then 

t = .(3) 

where kis b, possible dimensionless constant which will not be repre¬ 
sented in the dimensional analysis. Writing (3) in its dimensional form, 
we have 

T = M^I/LyT-^y .(4) 

The indices of the primary quantities on the two sides of (4) must 
be equal if Law I is true. Hence 

(1) length: 0 = ^ + y, 

(2) mass: 0 = a. 

(3) time: 1 — —2y. 

Substituting in (3), we have 



5. Dynamical Similarity. 

Consideration of equation (5) shows that the problem may be 
regarded in another way, namely, as involving not three variables 
t. I and g, but a single variable ^(^//^)^ which groups together a whole 
system of experiments of essentially the same type. In the foregoing 
analysis the time t might have been taken to represent the time re¬ 
quired for the pendulum to swing out to a given angle a; then t = k\/Tfg, 
where k is now constant only when a is constant. If at different places 
wdiere the accelerations due to gravity are g^ and g^, pendulums of 
lengths and are allowed to oscillate, then both pendulums will 
pass through the same angular displacement at timesand given 
^7 hiOilk)^ = h(92lh)^‘ Systems which can be grouped together quite 
generally as passing through identical phases for equal values of a 
dimensionless Rouping of corresponding quantities are said to possess 
dynamical similarity. Simple geometrical similarity, however, is not 
necessarily a sufficient condition for dynamical similarity. For example, 
two compound pendulums would not be dynamically similar if the 
density of the material of which they were composed were not dis¬ 
tributed in both in identically the same way. 


6. Uses and Limitations of Dimensional Analysis. 

Dimensional analysis affords a simple and rapid solution of physical 
problems, but this advantage is offset by the lack of information on 
the presence of pure numbers. It is true that the latter can be deter¬ 
mined by experiment, subsequent to the analysis, but matters are 
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totter complicated by the presence of dimensional constants like 6 *, 
the gravitational constant. As an example of this difficulty, suppose 
it is required to find the time of revolution of one body revolving round 
another imder mutual gravitational forces. Then 

^ = /(%. r),.(6) 

where f is the distance between the two bodies and are their 

masses. Now since the L.H.S. of ( 6 ) has the dimensions of T and the 
R.H.S. dimensions only of HI and L, there appears to be no solution. 
Physical judgment suggests that a relevant variable may have been 
omitted from the R.H.S. of ( 6 ), and the gravitational constant G is 
introduced. If force is already considered to be defined by Newton’s 
second law of motion, (? is a dimensional constant given by Newton’s 

law of gravitational attraction, F = (? —oj. (? = M-^L^T-^ Hence 
( 6 ) becomes 

^ W2» = km{^ni2^ryGK ... (7) 

Writing down the diraen.sional formul® and equating the indices of 
the same primary quantities, w^e have 

(1) ^ l = -28. v 

(2) ^/ 0=ai-^-S, [ 

(3) /- 0=y+3S. I 

Since there are four unknowns and only three equations, the final 
solution of (7) may be written in terms of one of the unknowns: 



Now is dimensionless and therefore its value cannot affect 

the dimensional homogeneity of ( 8 ). It may therefore bo present as a 
function of any type and ( 8 ) may be written in the general form 



The preceding problem involved one unknown function, and, in 
general, the number of unknowns that ultimately remain is equal to 
the diflerence between the number of variables and the number of 

prunary quantities considered. In dimensional analysis, therefore, 
three mam questions arise. 


(1) What dimensional constants are to be introduced? 

(2) How many variables arc to be used, and which? 

(3) How many primary quantities arc to be considered? 
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It may be stated at once that the answering of these questions is 
a matter for physical intuition; that is, physical intuition, acting over 
long experience, decides from known solutions of problems analogous 
to the one requiring solution that certain variables are likely to be 
relevant and others irrelevant. 

The main uses of dimensional analysis are as follows: 

(1) To test the correctness of equations. 

After a long analysis it is useful to check the final equation for 
dimensional homogeneity by substitution of the dimensional formulae 
on both sides of the equation. 

(2) To derive eqiuUions without complete analysis. 

If the difEercntial equation appropriate to any physical problem 
can be formulated and solved, a complete solution of the problem is 
possible. The solution contains, in general, the same number of physical 
variables and dimensional constants as the original differential equation. 
\\hen the problem is complicated, the formulation of the differential 
equation is often impossible. Recourse is then made to dimensional 
methods, and if the relevant variables and dimensional constants 
can be guessed correctly, at least a partial analysis is possible. Fre¬ 
quently the intermediate case occurs: the differential equation can be 
formulated but not solved: the variables to be used in the dimensional 
analysis are then known. 

(3) To recapitulate unporfant formula:. 

AVith a complicated formula, such as Poiseuillc’s equation for the 
flow of a viscous liquid through a right circular cylinder, it may be 
ea.sier to recover the equation from a knowledge of the dimensions of 
viscosity than to memorize it or deduce it from first principles. 

(4) To su(j(jest relations between fundamental constants. 

This is a dubious use of dimensional analysis and will only be 
briefly considered. The existence of dimensionless grouping is often 
found to indicate a relation between the components of the group. 
If we consider the fundamental constants 

G. the grantational constant, 
e, the charge on the electron, 
m, the mass of the electron, 
c, the velocitv of liirht, 
h. Planck’s constant of action, 

we find that {heje-) is dimensionless, and {hej^-e'^) is actually a factor 
which is constantly involved in the wave mechanical and'quantum 
treatment of the interaction of atomic particles. Again, G has the 
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same dimensions as {elm)^y and tliis may indicate an electromagnetic 
theory of gravity. The relation is not, however, lilvely to be simple, 
since the ratio G{mje)^ is about 10“^^, In the preceding example 
(hcj'27Te-) is equal to 137. 


7. Extension of Dimensional Analysis. 


Consider now the dimensional formula for x, the coefficient of 
thermal conduction. The constant x is defmed by the diflcrential 
equation 



where A is the area of each of two planes situated a distance dx apart 
and maintained at a diilerence of temperature d6; dQ is the amount 
of heat dowing across in time dt. If 6, M, L and T are taken as 
primary quantities, the dimensional formula for x is 
Inspection of this formula shows that for geometrically similar bodies 
of uniform conducti\dty and similar temperature distribjitions, the 
quantity of heat transferred across corresponding cross-sections is 
proportional to the time, the conductivity, the linear dimensions, and 
the maximum temperature difference. 

This conclusion, however, docs not follow if the number of primary 
quantities is reduced. For example. Q is often assigned the dimensions 
of mechanical energy from Joule’s law Q=:EjJ, where Q 

is the quantity of heat which appears when a certain amount of me¬ 
chanical energy E disaj^pears. Similarly 9 is oft(*n given the same 
dimensions. from the equation of a perfect gas. fV= RO. 

The crucial point is whether J and 7? are dimensional or dimensionless 
constants. Now the problem of heat conduction is concerned neither 
with the “ equivalence " of heat and mechanical energy, nor vdth 
the |)roperties of perfect gases. It is therefore illegitimate to assign 
the dimensions of energy to either Q ov 9 in the case of heal condu tion. 

Consider, however, the dimensional formula for entropy. Tin* 
concept of entropy was initially deduced from con.siderations of (1) 
the properties of gases, (2) the relation between heat and mechanical 
energy. In tliis case, therefore, both Q and 9 mav be given the dimen¬ 
sions of mechanical energy. Since the change of entropy is given bv 
dQjO, entropy is seen to be dimensionless. If. on tlie othf-r hand, 
quantity of heat were defined by the expression MsO. where s is the 
specific heat (itself a ratio, since it may be defini*d as the ratio of tlie 
amount of Inait required to raise a given mass of the material through 
a given temperature range, to that roquiied to raise the sann? mass of 
a standard material (water) through the same ttuiiperature rang<'), 
the dimensions of entropy would clearly be those of ma.ss. Now thf 
entropy of the universe is continually increasing; it is inueh more 
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probable that some purely dimensionless quantity rather than the 
total mass is undergoing tliis change. Further, the dimensionless for¬ 
mula is in agreement with statistical theory.* The above results may 
be summed up in Law II; 

Laws that are not directly relevant to the problem under consideration 
must not be used to assign dimensions. 

The implications of Law II must be strictly followed out in assigning 
dimensions to k, the dielectric constant, and p, the magnetic per¬ 
meability. If the problem is directly associated with Coulomb’s law 

^here F is the force between two point changes and 
qo separated by a distance r in an enveloping medium of dielectric 
constant /c, electrostatic dimensions are appropriate. If the problem 
is directly connected with Ampere’s law, electromagnetic dimensions 
must be assigned. In the special case where k is the same for all the 
components involved in the problem, k may be regarded as being 
dimensionless, since it may be defined as the ratio of the capacities of 
tw'o identical condensers, one of which is filled with the dielectric and 
the other empty. Sunilarly, if the problem is entirely electromagnetic 
and p is constant, the latter may be regarded as dimensionless. 

8. Examples of Dimensional Analysis. 

The preceding principles will now be illustrated by examples from 
different branches of physics; further examples for the reader will be 
found at the end of the book. 

(1) Mechanics. Motion of a body through a resisting medium. 

Suppose it is required to 6nd how the resistance to bodies of similar shape but 
different size depends on the variables of the problem. Guessing the variables 
and writing doum their dimensional formulse, we have 


(a) Resisting force R MLT~\ 

{b) Velocity v LT~^, 

(c) Linear dimensions d L, 

{d) Density of resisting medium p ML~^, 

(c) Viscosity of resisting medium t) 

Let 


R = kv'p^d^r^; 

then we have 

MLT~^ = 

hence 

il)^ 1= ? + S, 

{2)L l = a-33 + Y-8, 

(3) T -2 = -a - S. 

• In The Nature of the Physical IFerW (Cambridge Universitv Press, 1929), Eddin<non 
defines increase of entropy as “ the increase of the random element in the universe . a 
measure of tiie continuous loss of organization of the universe”. This agrees with the 
dimensionless fonnula. ° 
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I^t a remain uncliniinuted; then 

li = k i'^Y 5 “ 

\ T) / p 

R = k't fM). 

p ** \ T) / 



Now systems for which the dimensionless expression (vpd/rD is constant possess 
dynamical similarity. For bodies of similar shape witli t) and p constant, tlie 
resisting force li is therefore the same if id is constant. Hence the law of similar 
speeds, that for the same resistance to motion the velocity is inversely proportional 
to the linear dimensions, lias been deduced. It is therefore advantageous to 
construct large airships rather than small ones, since the lifting power is ap 2 )roxi- 
mately proportional to the volume, that is, depends on L®. With very fast 
aeroplanes, the velocity of sound must be included as a further variable. 


(2) Heat. Convection. 

Attention will here be confined to natural convection, the problem of forced 
convection being left as an example for the reader. It is required to find how h, 
the heat lost per unit area in unit time from geometrically similar bodies placed 
in a fluid, depends on the variables concerned. If we take Q, 0, L and 2' as tlie 
primary quantities, the variables 


(а) Temperature of the body 0 

(б) Linear dimensions of the body I 

(c) Thermal conductivity of the fluid x 


0, 

L, 


will certainly be required. To avoid having to consider the density of the fluid, 
wo use the remaining variables in tho following form: 


(d) Thermal capacity of the fluid per unit volume c 

(e) Acceleration of gravity g 

(/) Temperature coefficient of density change of the fluid a 
(gr) Kinematic viscosity v 


Q0-^L~\ 

LT-\ 

0-S 


The quantities (c) and (/) are grouped together in the form of the product ga. 
This is justified by the fact that the upward thrust on unit volume of the fluid 
of density p — Ap, if the surrounding fluid has density p, is r/Ap, and since the 
mass of the fluid is p, the acceleration produced on the fluid will be j)roportionaI 

to A p/p, which in turn is proportional J/ - or ga, where a is the temperature 

coefficient of density change of the fluid. The cflect of change of density on tho 
viscosity of tho fluid is tliercby neglected; in practice, the viscosity is taken 
to be that of the fluid at a temperature which i.s the mean of tliat of the body 
and the main huUi of the fluid. Finally, tlie viscosity is used in tho form of the 
kinematic viscosity v=7)/p, wdierc rj is the ordinary coefficient of viscosity 
defined in Chapter XII (p. 207). 

Writing tho required relation as a power formula in the usual way, we have 

k = 0''KPc'iga)H\^ 

or 

QL-^T-' = 

(1) $ 1 = p + Y' 

(2) L -2= - p + S + e -I- 2ii - 3y, 

(3) T -l=_p_{x-25, 

(4) e 0 = a - p - Y - 8. 
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Expressing the other unknowns in terms of S and {x, we have 

1-fS, 

P =. 1 - 2S - tx, 

Y = 28 + (X, 

e = 38- 1. 


Substituting these values in the expression for h, 
dimensionless groups: 


6x 


^gac^}^ 




we obtain three interrelated 


or in general. 



Consider the application of these formulse to cylinders whose length is great 
compared \vith the diameter. Then h depends only on the diameter d, and d 
may be substituted for 1. Further, if II is the heat lost per unit length per second 
per degree temperature excess, w'e have 


hence 




( 12 ) 


For cylinders surrounded by diatomic gases, (1) cv/x is nearly constant; 
(2) l/v^ may be wTitten for in the first function, since the two expressions 
have the same dimensions; (3) g is constant, and for a constant temperature of 
the surrounding gas, a is the same for all gases; hence we have 



Plotting the values of Hjy. as ordinates and the corresponding values of 0d*/v* 
as abscissje, we find that for the natural convective cooling of long cylinders all 
the points lie on a single curve.* The agreement between°the results for steam- 
pipes and those for fine wires is very remarkable. 


(3) Light. The blue of the sky. 

The law governing the scattering of light by small obstacles was first deduced 
dimensionaUy by the late Lord Rayleigh. The variables which present themselves 
are: 

(а) Amplitude of the incident wave a L, 

(б) Volume of obstacles t> Z.®, 

(c) Distance of point considered from obstacle r Z, 

(d) Wave-length of incident light X Z. 

Then the amplitude of the scattered wave at r is 

, ai’X'* 

« = .(14) 

since s is known to be proportional to a and v and inversely proportional to r. 
To make the equation dimensionally homogeneous, we must have a=—2. 
Since the scattered intensity is proportional to the square of the scattered amph- 
tude, the amount of light scattered is inversely proportional to the fourth power 

* Cf. Roberts, Heat and Thermodynamics, p. 297 (Blackie & Son, Ltd., fourth 
edition, 1951). 
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of the wave-length. This is almost sixteen times os great for the violet as for 
the red end of the spectrum. Consequently the blue present in white light is 
scattered to a much greater extent than the red. * 


(4) Sound. Tuning-forks of smilar shape. 

For tuning-forks of similar shape and of isotropic material, the restoring force 
is due to the elasticity of the prongs, and the time of oscillation t will depend 
on the following quantities: 

(а) Linear dimensions of the fork / L, 

(б) Young’s modulus of the material q 

(c) Density of the material p ML~^. 


Hence 

or, dimensionally, 

We have 
(!) d/ 

(2) T 

(3) L 

Hence 


0= P+Y. 

1= -2P, 

0 = a — p — Sy. 

.(15) 


(5) Electricity and magnetism. Electromagnetic mass of a charged sphere. 

The most likely variables would seem to be these: 

(а) Charge q 

(б) Radius of sphere a L. 


Hence 


m = 


kq'a^. 


Tills equation is dimensionally inhomogeneous in T; as a further variable 
we try the constant c, wliich is the ratio of the units of charge in the electro¬ 
magnetic and electrostatic systems respectively. Its dimensions are those of a 
velocity: hence 

m s= kq'^aPey, 

or, dimensionally. 




We have 

(1) df 

(2) L 

(3) T 


a/2 = 1. 

0 = 3a/2 + P + Y> 

0 = —a — Y, 


oc* 

Complete analysis gives k = 2/3. 
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CHAPTER II 


The Acceleration Due to Gravity 

1. Introduction. 

The force on a body situated at a point in the gravitational field 
of the earth can be written in the form mg, where m is the mass of the 
body and ^ is a quantity known as the acceleration of gravity, or the 
acceleration of a body falling freely in vacuo, at that point. It is also 
the strength of the gravitational field at the point, for it is the force 
on umt mass. Owing to the spin of the earth, the direction and magni¬ 
tude of the vector^ will depend on the latitude (see Ex. 1, Ch. II, p. 307). 
The quantity g is independent of the mass of the body concerned. 
The most accurate methods of measuring g now in use are based upon 
pendulum observations. It is convenient to summarize the develop¬ 
ment of the theory and practice of this work. 

2. Simple Pendulum with Friction. 

We take it for granted that the student knows how to obtain the 
expression ~ 2T:{ljg)^ for the period of a simple pendulum. The 

assumptions involved are that the pendulum 
consists of a particle suspended from a rigid 
support by an inelastic string of negligible mass, 
and that it oscillates in vacuo with oscillations 
of mfimtely small amplitude. When the viscous 
drag of the medium on the bob is not neglected, 
the equation of motion is altered. Let 6 be the 
angular displacement (fig. 1). Experiment proves 
that the viscous retarding force is proportional 
to the linear velocity of the bob W and to the 
viscosity of the medium. The moment of this 
force about an axis through the point 0, per¬ 
pendicular to the plane of the figure, may be 
written in the form where is a constant 
and I is the length of the string. The weight gives rise to a restoring 
moment inglshiO, which when 6 is small may be taken as mgld. 
Hence the equation of rotational motion about the axis throu^^h 0 is 

O 

ml^d + kl^ -j- 7ngl9 =0,.(1) 

12 
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for mPS is the product of the moment of inertia and the angular 
acceleration. 

If we divide throughout by ml^ and write k/ml — 26 and gjl = c-, 
the equation becomes 

?+26^ + c2d=0.(2) 

The general solution of this equation may be ^Titten in the form 

6 = Ae-^* cos{(c2 — b^)H + .(3) 

It represents what are called damped (that is, decaying) oscillations, 
whose period is given by 

T= 277/(c2-62)* = 27r/(^/i-62)i. ... (4) 



A graph connecting 9 and t reveals the decay of the oscillations. 
In fig. 2, is assumed to be equal to zero. On comparing T=2'nl{gll — 
with the simple formula Tq= 27rl{gll)^, we see that TITq = 
~ = 0-~ In the practical case of a pen¬ 

dulum vibrating in air 6 is small, and the expression on the right 
may be expanded to two terms by the binomial theorem, giving 
TITq = 1 -f- bH/2g approximately. Writing 1'^=^ 27r(;/o)l and l/g^ 
TQ^jiTT^, we have 

r/To = 1 + 62 ^ 02/8772 .(5) 


For a pendulum in air, this slightly exceeds unity, the second term 
representing the correction for viscous drag of the air on the bob. 
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3. Pendulum with Finite Amplitude of Swing. 

If 0 is so large that it is not permissible to write sin 0 = 6, equation 
(1) must be replaced by 

mPd + kl6 + mgl sin 0 = 0. .... (6) 

For the present purpose, which is simply to find the efiect of a finite 
amplitude of swing, the viscous term kW may be neglected, giving 

ml^S + mgl sin^ = 0. .(7) 

The solution of this equation is beyond the scope of the present book. 
The period of oscillation is found to be 

T = 2nK(e)(llg)K .(8) 

where K{6) is a function of 6, known as a complete elliptic integral of 
the first kind. It can be expanded in a series of sines of 0/2, giving 

T= 277(;/(7)1{1 + (1/2)2sin20/2+ (i. 3/2.4)2sin«0/2 + . . 

When 6 is fairly small, we may replace sin 0/2 by 0/2 in the second term 
and neglect subsequent terms; then 

r=27.(//3)i{l+02/16}= T„{1 +02/16). . . (9) 

4. Pendulum with a Large Bob. 

Consider the small oscillations of a pendulum composed of a heavy 
spherical bob of mass M and radius R cm., on an inextensible string of 
negligible mass (fig. 3). Assume that the bob moves so that the same 
radius RQ constantly lies along the straight line PO joining the centre 
of the bob P to 0, the point of support: that is, that the bob is simply 
oscillating about an axis through 0, perpendicular to the plane of the 
figure. The moment of inertia of a sphere about an axis parallel to a 
diameter, and I cm. from it. is + ^1/^2, by the theorem of 

parallel axes. The equation of rotational motion for small oscillations 
(viscous forces being neglected) is 

{2MR^I6-]-Mr-)0^Mgld==O. . . . (10) 

Hence the period of oscillation is 

T, = 27.{{2i?2/5 + i2)iigy .(11) 

A real pendulum would scarcely smng in the assumed manner; 
its bob would oscillate about Q after the string had reached its extreme 
position on either side. The supporting fibre would have a definite 
mass and moment of inertia. These and other defects cause the rejec¬ 
tion of this apparatus as a moans of measuring g accurately. 
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6. Compound Pendulum. 

Accurate methods of measuring g arc chiefly based on the measure¬ 
ment of the period of small oscillations of a compound pendulum, that 
IS, of a rigid body, about a fixed horizontal axis, which is usually a 
metal knife-edge. Fig. 4 represents a rigid body, suspended so as to 
oscillate about a horizontal axis through 0, perpendicular to the plane 
of ^e figure. 0 represents its centre of gravity when in a displaced 
position. If the moment of inertia of the body about an axis through 
C is that about a parallel axis through 0 is + 7I//2, by the 


0 



3 Fig. 4 


theorem of parallel axes. The equation of rotational motion about the 
axis thiougli 0, if we neglect viscous forces and writu 6 for sin 0, is 

{Mk^^+Mr-)d-\-J\Igie^O^ .... ( 12 ) 

giving a period 

T= 27T{(k'^ + I2)llg]i .(13J 

A graph connecting T and I has the form shown in fig. 5. To obtain 
such a graph experimentally, a metal bar with numerous holes drilled 
m It 18 swung from a fixed peg through any one of the holes. The 
centre of gravity of the bar can b(‘ determined fairlv accurately by 
balancing it on a horizontal knife-edge; I is the distance from the 
centre of gravity to the top of the peg. The period T is obtained by 
timing a few hundreds of swings with a stoji-watch, or by some special 


i6 THE ACCELERATION DUE TO GRAVITY [Chap. 

labour-saving method. Experiment and graph both show that there 
are two values of Z, when the point of support is on the same side of 
the centre of gravity, for which the period of oscillation is the same. 
AB and AG are two such lengths. Call them and respectively. 
Corresponding to the point B we have 

.(14) 

and corresponding to C, 

T = (15) 

Hence 

and 

gkT^l^v^ = F + Z^a. 

Subtracting, we have 

T=27r{{li+k)ls]i .(16) 



On the other side of the centre of gravity there are two other points 
D and E, for which the period is the same (T). AD = AB = and 
AE = AC = Zg. Also CD = BE = Thus G and D are two 

points, unsymmetrically placed with respect to the centre of gravity, 
whose distance apart is equal to the length of the simple pendulum 
whose period of oscillation is the same as that of the body, when the 
latter is oscillating about axes through C or D respectively. When the 
axis passes through C, C is called the centre of suspension and D the 
centre of oscillation or centre of percussion. When the axis passes 
through D, the names are interchanged. 
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6. Accurate Measurement of ^ at a Fixed Station (Clark). 

The best methods of measuring ^ at a given station involve the use 
of bar pendulums. Important early work on this subject was done by 
Prony (1800), Bohnenberger (1811), and particularly by Kater (1817). 
The latest refinements are to be found in researches by Heyl and Cook 
(1936) in America, and by Clark (1935-38) in England. A brief summary 
of Clark’s work will now be given. The method involves an idea due 
to Bessel. 

A rigid bar pendulum of special design is first made to describe 
small oscillations under gravity about a horizontal axis fairly near one 
end of the bar. The period of oscillation T is measured in vacuo and, as 
in equation (14), 

r, = 27.{(F + .(17) 

where is the distance of the centre of gravity from the axis of rotation. 
Following Bessel, the bar pendulum is then inverted and allowed to 
describe small oscillations in a vertical plane about a second horizontal 
axis, on the opposite side of the centre of gravity and much closer to 
it than the first. In this position the period To is measured and 

n = 27r{(F-f//)//^p,.(18) 

where is the distance of the centre of gravity from the new axis. 
The second axis is so selected that To and '1\ are very nearly equal, 
e.g. in a certain case 2\ = 2*0057750 sec. and T.^ = 2*0057568 sec. 
Squaring the values of 'I\ and 2'o in equations (17) and (18), multi¬ 
plying 2\^ by li and 2\r by L, we get 

T,^l, - ^TrHk^ 4 - 

T.^lo = + l^)lg. 

On subtracting we find 2\H^ — 2'oHo = — lo“)jg and hence 

^7T‘'-lg^{2\H,-2\^l^i{i;^-li). . . . (19) 


Using partial fractions this can be written in a form which proves 
much more useful than equation (19), namely 


877^/9 = (7\2 .p .p y q. (^^2 _ 



The advantage of this form of expression is that the second term on 
the right, which cannot be obtained accurately, is much smaller than 
the first term because, while (7\“ — 7’,") nearly zero, (/j — L) is 
about 50 cm. 

The actual pendulum is a bar of a light paramagnetic alloy called 


2 


* Clark, I’hil. Truii'<. U“ij. Soc. i’ll, p. 4.> (11)40). 


(f lOU) 
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A', 


Knife ed 


Ani/e efloe 
formin^ihi 



y, 


X. 


axis 


Y-alloy, consisting mainly of aluminium of I-section so as to combine 
strength with lightness. The ends are cut off square at about a metre 
apart (see fig. 6). Square slots are cut out of the middle of each end 
of the bar. Rectangular blocks of an alloy called delta metal, with 
their ends chromium-plated and lapped plane, are fitted tightly against 
the slotted ends and bolted on. The extra blocks form prolongations 
of the central part of the bar, but one is much longer than the other. 
The square holes left between the blocks and central bar permit the 

suspension of the pen¬ 
dulum on a horizontal 
hard-steel knife-edge fac¬ 
ing upwards and rigidly 
supported on an external 
stand. Thus a plane bear¬ 
ing surface of chromium- 
plated delta metal rests 
on the same steel knife- 
edge, forming the axis of 
rotation in both the first 
and second positions. The 
quantities Tj, Tg, + I 2 
and Zj — ?2 those which 
are measured. 

The periods Tj and Tg 
are measured with the 
pendulum, by means of 
a standard electrical 
chronograph reading to 
0-0005 sec., the timing 
inter\"al being of the 
order 12,000 sec. 

The distance (li -f- 4) 
is the distance X^Xg or 
YjYg between the plane 
bearing surfaces. It is measured by an optical interference method due 
to Sears and Barrell, involving a comparison with the known length 
of a standard end-gauge. In a typical case = 99-98997 cm. 

at 20° C. 




y; 


X,- 


i 


First position 


Second position 


FiiJ 6 


Whereas h is measured with extreme accuracy, the quantity 
^ occurring in the second term of equation (19a) need only be de¬ 
termined to about a quarter of a millimetre. The reason is that the first 
terra in equation (19a) is much larger than the second, e.g. in a t)q)ical 
case the value of the first is of the order 0-08 whereas the second is of 
the order 0-0000015, or two-liundred-thousandths of the first. The 
complete equation in this case is 
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Sv^lg = 8-046127/99-98997 + 0-000073/47-89. 

An error of half a millimetre in 47*89 cm., which is the value of 
in this typical case, only causes a fractional error of about 2 x 10"® 
in the value of g. Hence to determine — h the separate values of 
and I 2 are found with sufficient accuracy by balancing the pendulum 
horizontally on a length of steel wire 3*6 mm. in diameter, and measuring 
the distances of the line of contact from the planes XiYj and XjYj 
with a metre steel scale. The above considerations relating to — I 2 
reveal the advantage secured by the use of equation (19a) instead of 
equation (19). 

Before insertion in equation (19a) four important corrections to the values 
of the periods T, and Tj are made for (1) changes of temperature, (2) finite am¬ 
plitude of swing, (3) non-uniformity of the rate of the standard clock, and (4) 
uncertainty in the interpretation of the records of the electrical chronograph. 
Two other corrections to Tj and for (5) the finite radius of curvature of the 
knife-edge and (G) the effects of residual air in the experimental enclosure, are 
found to be much less important than the first four (see Table I). They are 
therefore not applied. 

Four important corrections in the measured value of /.> are made for 
(7) elastic compression of the rod by the pressure of the knife edges. (8) compression 
of the rod by the residual air in the experimental enclosure, (9) yielding of the 
elastic support, and (10) the elasticity of the material of the rod. The corrected 
values of the periods and length arc then inserted in equation (19a) to give l/g 
and g. Table I shows the numerical values of the fractional corrections to g caused 
by the ten sources of error. An acceleration of 1 cm. per sec. per sec. is called 
one gal. A thousandth of a gal is 1 milUgal. 


Table I.—FR.icnoNAL Corrections to the Value of g 


(1) 

Temperature 

.. ±0 X 10"’ 

(2) 

Amplitude 

.. ±3 X 10-’ 

(3) 

Clock rate 

.. ±3 X 10"’ 

(4) 

Uncertainty in chronograph records 

.. ±11 X 10"’ 

(5) 

Finite radius of knife-edge 

.. <4 X 10"^ 

(C) 

Residual air 

.. <5 X lO-'J 

(7) 

Ela-stic compression by the knife-edge 

.. ±5 X 10-^ 

(8) 

Compression by the residual air .. 

.. ±6 X 10-’ 

(9) 

Elasticity of the support 

.. ±15 X 10-’ 

(10) 

Elasticity of the pendulum rod .. 

.. -7 X 10-’ 


Five readings of T, and five of form a set for the determination of one valiu* 
of g. Eighteen such sets were obtained, giving a mean value of g of 98M8I’) 
gal at a certain place in the National Physical Laboratory at Teddington. 

7. Measurement of g at Sea. 

It was formerly thought that the \nbrations of 8hi))s proliibitod tlio 
use of pendulums on board. The earlier methods of measuring g at sea, 
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such as those of Hecker and Duffield,* depend upon the simultaneous 
measmrement of the atmospheric pressure P in two ways. The height 
of the column of mercury in a barometer tube gives H in the equation 
P = gpU, where g is the gravitational acceleration and p the density 
of mercury. A simultaneous measurement of the temperature at which 
water boils enables P to be obtained from tables of the temperatures 
and saturation pressures of water vapour. The point is that the second 
method of measuring P must not involve g. Alternatively, P can be 
measured by an aneroid barometer, or by causing a gas to exert a 
pressure equal and opposite to that of the atmosphere. Then g = PjpH. 
This method gives values of g ^ith a probable error (see p. 289) of about 
+ 0*01 cm./sec.^, which is relatively large compared with that obtained 
in pendulum experiments on land. The chief cause of this relatively 
large error is the so-called “ bumping ”, that is, oscillations of the 
mercury in the barometer tube due to movements of the ship. 

Vening-Meinesz f has devised a method which is far more accurate 
than that just described. He has shown that pendulum methods can 
be used on board ship, especially if the ship is a submerged submarine. 
Pendulums are subject to four disturbances due to the motion of the 
vessel and caused by 

(1) Horizontal acceleration of the point of suspension. 

(2) Vertical acceleration. 

(3) ” Rocking ”, that is, the angular movement of the support. 

(4) Slipping of the knife-edges on the agate planes on which they rest. 

By conducting experiments while the submarine is submerged, the total 
angular deviation due to the first three causes is kept below 1®, and the knife- 
edges do not slide on tlic agate planes. The horizontal acceleration has the greatest 
disturbing effect of the three. Its effect is completely eliminated by swinging 
two similarly made half-second pendulums (that is, pendulums whose full period 
is one second) together in the same vertical plane from the same support, but 
with different phases. If the pendulums are assumed to be isochronous (that is, 
having equal periods), the difference of the two angular displacements Oj and Of 
gives an angle 0i — Oo which may be regarded as the angular displacement of a 
pendulum undisturbed by the horizontal acceleration of its support. For the 
equations of motion of the two pendulums may be written 

-I- r-)l)i 4- MglQ^ + A = 0 

and 

-i- F)0„ + MglO. 4-^ = 0, 

where ^4 is a term representing the effect of the horizontal acceleration of the 
support, and is the same in the two cases. By subtraction, 

+ (2)(0, - 6,) + il/!7;(0, - 6,) = 0, 

an equation from which any disturbing term is absent. The effect of the vertical 
accelerations of the point of support carmot be eliminated without eliminating 

• Duffield, Proc. Boy. Soe., Vol. 92, p. 505 (1916). 
f Vening-Meinesz, Geographical Journal^ Vol. 71, p. 144 (1928). 
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g itself. It appears, however, that the measured value of ^ is affected by the 
mean value of the vertical acceleration during the whole time of observation, 
and as the vertical movement is alternately up and down, fluctuating about 
the value zero, the mean value of the vertical acceleration is small. The corre¬ 
sponding error in ^ is made very small by making the duration of the observations 
very great. The third source of disturbance, rocking of the plane of oscillation, 
involves a small correction, which is easily computed from the recorded value 
of the rocking angle. 

In practice, continuous photographic records are made, using three pendulums 
all swinging together from the same support. By an optical arrangement the 
differences 0, — 6^, Gj — Gj are recorded on a strip of sensitized paper, along 
with time-marks from two very accurate chronometers. Thus two sets of values 
of g are obtained. The pendulums are of brass, as invar pendulums are liable to 
magnetic disturbances arising from the ferromagnetic structure and machinery 
of the submarine. Corrections for temperature effects are applied, although the 
apparatus is thermally insulated. The whole system is suspended in gimbals, 
and is thus screened from external shocks and effects due to small angular 
movements of the vessel. It is claimed that the probable error reached in a 
series of measurements conducted in a Dutch naval submarine proceeding in 
1926-7 from Holland to Java via Panama is iO-OOlS cm. per sec. per sec. 





8. Relative Measurement of 

When the values of g at various points in a country are to be 
compared with the value of g at some standard position, it is not usual 

to employ the same technique as when 
an absolute measurement is contem¬ 
plated. Suppose that the period of 
oscillation of one particular pendulum 
is measured, first at the standard 
position (Tq), and then at any other 
place (Tj). At the standard position 
Tq = 27r{//^o)*, where I is the length of 
the simple equivalent pendulum and g^ is 
the value of g at the standard position. 
At the other place 2\ = 27r(Z/^j)*, where 
gi is the new value of g. On dividing, 
squaring, and rearranging, we have 


(i) 


o 


'•'o _ 

Fig. 7 -— {h'lom Handbuchder txberi- 0~/-^ \\ llich givcS the ValuC 

(Akademische Verlags- of n terms of Qn. In this manner 

gescllschaft, Leipzig).) ^ x l l i.1 i * 

a gravity survey is extended throughout 
a country. Similar methods arc in use in most countries; a brief 
account of the German method of experimenting is given here. 


Half-second pendulums of a type invented by von Stemeck are used, that is. 
pendulura.s whose equivalent length is about 25 cm. and whoso complete period 
is about one second. These are now made of the nickel-steel alloy invar, whose 
coefficient of linear e.xpansion with temperature is extremely small. Figs. 7(a) 
and 7 (6) show the general shape of two types of pendulum in common use; they 
differ only in the arrangement of the knife-edges. Four similar pendulums hang 
from tho same massive support in four separate compartments of the apjiaratus. 
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The casing is made of mu-metal or some similar alloy, to screen the pendulums 
from marmetic fields. Oscillation experiments are conducted with three of these. 
The fourth is a “ dummy ” carrying a thermometer whose readings are assumed 
to give the temperature of the three experimental pendulums. In the latest 
form of apparatus the vessel housing the pendulums is evacuated, in order to 
eliminate du Buat’s correction and other corrections. 

Each pendulum carries an agate knife-edge, which rests on an agate plane on 
the support. The knife-edge forms the axis of oscillation when the pendulum 
swings. All the pendulums, except the dummy, carry a small plane mirror 
on their knife-edges, the normal to the centre of the mirror being in the plane 
of oscillation of the central line of the pendulum. The time of oscillation of each 
pendulum is determined by comparison with the time of oscillation of a standard 
clock or with signals from an accurate chronometer. For this purpose a method 
of coincidences is used. A small plane mirror is mounted on a fixed support so 
as to face the mirror on one of the experimental pendulums. It is parallel to 
that mirror when the pendulum is at rest. The standard clock or chronometer 
operates an electric relay, so that a horizontal electric spark is produced by break¬ 
ing a certain circuit, once for every complete oscillation of the pendulum of the 
standard clock. An optical image of this spark, formed by rays of light reflected 
from each plane mirror in turn, is seen in the focal plane of the eyepiece of a 
telescope. The standard and experimental pendulums are so arranged that this 
image is seen in coincidence with the horizontal crosswire when the pendulums 
are “ in phase ” and each is passing through its rest-position. The mean interval 
between two coincidences is measured, over a period of about two hours. Let 
Tq, To sec. be the periods of one complete oscillation of the experimental and 
standard pendulums respectively. Tq is about 1*0 sec. and Tq is about 2*0 sec. 
Let the mean interval between coincidences be I sec. In I sec. let the standard 
pendulum make n complete oscillations. Then = I. Let the experimental 
pendulum make N complete oscillations in the same time. Then NTq = /. It 
is known that Tq is approximately equal to To/ 2, and we may WTite Tq = To/ 2 ± a; 
then 1 = A’(to/ 2 ± a) = '^here a is a small period of time. Hence Iuxq = 
A^(to ± 2a) and (2n — A^)to = ±2Na.. Dividing both sides by Tq, wo obtain 
2n — N = ±2A’a/To. Now 2n — N must be an integer, since n and N are both 
integers. Hence the least value of 2n — N, other than zero, must be ±1» 
shor^t interval I between two successive coincidences is that which makes 
271 —N==±l. Hence 2Aa/To= 1. The equations tit^ = 7 = can be written 
in the form nT^ = / = (2n ± l)To, whence Tq = I/{2n i 1) = 7/{2 //to i 1) = 
1‘:qI{2I ± Tq), which gives Tq if Tq and 1 are knoum. 

Various precautions are necessary in carrying out the experiment. (1) An 
automatic setting device is required, to place the knife-edge of the pendulum on 
the same part of the agate planes every time. (2) The agate planes need frequent 
repolishing. (3) They must be set horizontally before every experiment. (4) The 
support must be stable and free from tremors. (5) The deposition of dust and 
water vapour on the pendulum must be prevented. In a certain case water vapour 
altered Tq by 3 X 10“® sec. 

The chief corrections to the measured value of Tq are: (1) Correction for tem¬ 
perature variation; results are reduced to some standard temperature. (2) 
Corrections for air resistance and increased moment of inertia due to carried air; 
in the older technique results are reduced to the standard pressure 76 cm. of 
mercury; in the new vacuum apparatus these effects and corrections are elimi¬ 
nated. (3) Correction of Tq to sidereal seconds. (4) Correction to zero amplitude; 
the initial amplitude does not exceed 1®. In recent work the standard clock is 
kept at a base station, and wireless signals are sent to the place of observation. 
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9. Variation of z with Time. Method of Tomaschek and Schaffernicht. 

The “ Bifilar Gravimeter ** of Tomaschek and Schafierrdcht * afforda 
an accurate method of measuring minute temporal changes in the 
absolute value of ^ at a given place (figs. 8 and 9). 


To a torsion head T is attached a long vertical spiral spring, made of wire of 
a special alloy (Krupp’s Alloy W.T. 10) which is distinguished by the absence 

of “ creep ” in its elastic properties. 
A fiat circular disc C is attached to 
the lower end of the spring. Below 
the disc another disc P is suspended 
by means of a short wire. To opposite 
ends of a diameter of C are attached 
supporting fibres, forming a kind of 
bi^ar suspension, which carries part 
of the weight of the system. When 
the torsion head is tuisted through 
an angle 0, the disc C rotates in the 
same direction through an angle 9 
and finally comes to rest. Then the 
moment of the displacing couple due 
to the twisted spring is equal and 
opposite to the moment of the restor¬ 
ing couple due to the tension in the 
fibres of the bifilar suspension. The 
angles 6 and 9 increase together. II 
the disc C remained at the same level 
during the twisting, the moment of 
the restoring couple would increase 
to a maximum when 9 was 90®, and 
would then diminish again as 9 in¬ 
creased. The 90® position would be 
one of instability and the system 
would suddenly swing round tlirough 
a largo angle. In practice, on account 
of the raising of the disc and con¬ 
sequent alteration in the tension of 

ConAery^Priiicr position of instability 

is only reached when 9 = 145® approx. 
The spring is deliberately set so that 
this position is reached. Then when 
the value of g alters, the weights of the two discs alter and the system rotates 
through a small angle. This angle is measured by means of the usual device of 
a mirror, lamp, and scale, the mirror being mounted on the ^vire between the 
two discs. 

Figs. 9 (a) and ( 6 ) represent the disc C in equilibrium after a displacement 9 . 
The moment of the restoring couple due to the tension T in the strings is twice 
the horizontal component of the tension in each, multiplied by the perpendicular 
distance z from the axis on to the line of action XY oi the horizontal component. 
Hence 

Moment of restoring couple = 2TxzH .( 20 ) 



Fig. 8 


Tomaschek and Scbaficrnicht, Ann. d. Phyaik, Vol. 16, p. 787 (1932). 
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Since the disc is not moving vertically, we also have 

27’cos J5 = Jl/g,.(21) 

where Mg is the weight of the discs, &c., less the w’eight supported by the spring. 
Now cos5 = hjl\ and 

Twice area of triangle OZ r = za: = ai sin <p. . . . (22) 

Hence the moment of the restoring couple is Mgahsm^jh. The moment of the 
displacing couple is that due to torsion of the spring; it is equal to /(G — 9 ), 
where / is the torsional constant of the spring. Equating the moments of the 
couples and rearranging, we get 

g = /i /(6 — (p)/J/a 6 sin 9 .(23) 




When g varies, the change in h is extremely small. Hence, in differentiating 
equation (23), h is treated as a constant, and we have 

rfj = —/(/{sin 9 + (G — 9 ) cos 9 }d 9 /il/a&sin* 9 . . . (24) 

This gives the change in g corresponding to a change in 9 . The movements of 
tlie spot of light corresponding to dt^ and dg are registered photographically. A 
displacement of 2 mm. on the sensitized film corresponds to a variation dg = 10 “®^?. 
The extreme sensitiveness thus attained enables the changes in g due to move¬ 
ments of the sun and moon to be separated and measured. To obtain such 
results it is necessary to insulate the apparatus thermally and to prevent tem¬ 
perature changes of more than 0*001® C. The spring is specially treated before 
hand so that its clastic constants do not change during an experiment. It is also 
necessary to work in a deep cellar (25 m.) to avoid disturbances due to traffic and 
machinery. Equation (24) can be WTitten 

dg = KdcpjM, .(25) 

where K is, in effect, a constant. Its percentage change due to the smaU change 
in 9 is extremely small. K is found, that is, the instrument is calibrated, by 
bringing a parallel horizontal disc A under the lower disc P of the gravimeter, 
applying a known electric potential difference V e.s.u. to the discs A and P, 
and measuring the deflection cf 9 g. As in an attracted disc electrometer, the 
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dowTiward force on P is dynes, where 5 sq. cm. is the effective area of 

each disc and x cm. is the distance between A and P. Writing V‘Sl^T: 3 ^=:^M.iig , 
we ^seo that the force F*5/87rx* dynes corresponds to a change in g of = 

TO/Siwr^if. Substituting in equation (25), we have V-Sl^nx^M = K dcliM 
and K = F*5/87:xa 


10. Changes of g with Position. The Boliden Gravimeter. 

The “ Boliden Gravimeter ” is, in effect, a spring balance of great 
sensitivity, whose purpose is to measure the difference in the value of 
j?, the gravitational acceleration, at two points on the earth’s surface 
(see fig. 10). 

A “ movable ” body X, symmetrical about a long vertical axis, is supported 
by metal springs F, the springs themselves being mounted on brackets Z of the 



bu p-rmUtion of fA* BulUtin Of .A. InttUulloA of a„d MtUUuroy 


vertical rods E. The body X is therefore “floating”. The upper end of the 
movable body is the plane metal plate Y,. This forms one plate of a parallel- 
plate condenser, the other plate Y.^ being carried on a lixed support above Y, 
leaving a narrow horizontal air-gap between the two. This condenser Y,Y.. forms 
part of a Dowling ultra-inierometer valve circuit, as improved bv Gustafsson. 
Without going into details of the circuit, it is suthcieiit to know that the chaie'es 
m the capacity of Y,Y. caused by movements of the plate Y, cause changes 
lu the current recorded by a certain milliammeter. 

At tlie lower end of the movable body there is a second plate W,. formin-' 
the upper plate of another condenser, also witli a narrow horizontal air-'niti" 
A verti^l downward attraction is experienced by W, due to the charge on^tlie 

{!• lOJ) 
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opposite plate Wg. The potential difference between Wj and Wg can be changed 
continuously, thus altering the downward force on W,. 

The procedure by which changes in ^ are measured is as follows. The in¬ 
strument is first set up at a given point, a certain p.d. 7, is applied to the con¬ 
denser WiWj, and the circuit containing the condenser YjYj is adjusted until 
the railliammeter shows a suitable reading. The gravimeter is then moved to a new 
point, with the object of measuring Ag, the change in g. Suppose Ag to be positive, 
so that on moving to the new point the body X is pulled down slightly, and with 
it the plate Y,. The capacity of the upper condenser changes, and consequently 
the railliammeter reading. By altering the p.d. between W, and VV,, the force 
on Wj is altered until the original railliammeter reading is restored and X returns 
to its original position. Let the new p.d. between W, and Wa be Fg. 

Ag is calculated by equating (a) the change in the weight of X due to shifting 
the instrument from the first to the second position to (6) the change in the 
attractive force on Wj due to changing the p.d. from 7, to Kj. These two are 
equal since (6) compensates for (a). The change in weight of X is M . Ag, where 
M is the mass. The attraction on Wj in the first position is, as in the attracted- 
disc electrometer, 

T, = 2-a,^^, 

where a = surface density in e.s.u. and A is the area of one face of W^. Hence 

= 2r.{Q,IAfA = 2izC^-V^^lA, since Qy = CV^. 

When the potential is changed to 7, the force becomes 

= 2nC^V^^IA, 

and the difference is 

Fy-F, = 2r.CHVy^~ V,^)/A. 

Thus when the value ofg at the second point is greater than at the first we get 
the equation 

M .Ag = 2T.C^{Vy^- V.^)/A. 

A3 = 27:02(7,2- V.^)/A^r. 

Ag is therefore expressed in tertns of quantities which are easily measured, viz. 
('. the capacity of the lower condenser; A, the area of one face of one plate; 
M, the mass of the suspended body X; and the two potential differences, 7, and 

By taking up to ten readings at each point it was estimated that the mean 
error in tlie value of Ai; obtained as above was between 0-05 and 0-10 milligal. 


The Gulf Gravimeter. 

The purpose of the Gulf gravimeter is to measure changes in g, the 
gravitational acceleration, as the instrument is moved from one place 
to another. Thus it measures changes in g due to both horizontal 
and vertical displacements and gives cgjdx, cg/dtj, and cgjcz. In this 
way ore bodies and oil deposits are revealed; in fact it was to find such 
deposits that this gravimeter was developed by the Gulf Research and 
Development Company of Pittsburgh, from 1932 onwards. 
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Support onJ 
for$ion hood 


Upper end of spring tapered 
to reduce errors due to tilt 
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The instrument consists of a loaded and vertically suspended spiral 
spring (fig. 11) made not of circular wire but of metal ribbon of rect¬ 
angular cross-section. The long side 
of the rectangle is vertical. The load 
is a simple weight attached cen¬ 
trally to the lower end. It therefore 
exerts a downward axial force, in 
the first place on the spring, and 
this, besides producing a downward 
linear extension, also causes a 
rotation about the vertical axis of 
the spring. Since the rectangular 
cross-section of the metal is very 
thin, the angle of rotation is large, 
and is such as to tend to uncoil 
the spring. When the instrument 
is set up at a certain place, the 
angle of rotation reaches an equi¬ 
librium value 6. On moving to 
a new place where g is different, 
the angle of rotation changes, and 
it is this change in the angle of 
rotation which is the quantity 
directly measured. 

According to equation (39o), p. 

69, the act of loading such a spring 
with a mass M grammes causes an 

1 A . 


Helical suspension spring 


angle of rotation 



Mess 

Aluminium vane 1 Damping 
Ma^not J system 


Optical system 
Fig. 11.—Gulf gravimeter 


e = ‘iMgW sina cosa{l/[»(l - 3-361 x 3/>/16rt)] - ilq}/\rmb^ 
Hence on moving to a place where g changes to o -f Aff, the an^Ie 

changes from 0 to 0- 1 -A 0 and j o 

Aj7 = 16a/;3. A0/3ili7?/ sina cosa{l/a(l-3-361 x36/16a) — i/g}. 

'^■so ^g^g.Aeie. 

The angle Al9 is measured by moans of a beam of light fallin.^ on a 
plane mirror mounted on the axis of the spring and rotatimr with it. 
ad IS magnified to 4Af? by the following arrangement (see fig. 12). 

The movable mirror is the partially aluminized plane face NX of a piano- 
convex lens L,. Initially, i e. at the first station, this mirror is parallel to the 
similarly aluminized plane face MK of a fixed plano-convex lens E,. a narrow 
air-gap lying betwec-ir hrorn a lin<- source of light S. which is at the foon.s of E„ 
beam of light falls first on A,. The central ray of this beam SXP„ strikes E. 
at X, and with the family of parallel rays goes on to the focus of On 
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moving the instrument to a second station where g is different, the spring, lens 
Eg. and mirror rotate through AO. In this case, some of the energy of the ray 
still forms an image at Po, but some is reflected along the path XK, KL. At L 
a further fraction of energy is transmitted through Eg, and the family of such 
twice-reflected rays as KL forms an image at Pg, after being focused by the lens 
Eg. A further family of rays such as MN is transmitted by lens Eg after four 
reflections and is focused at P^. The deviation of SX, so as to give MN, is seen 
to be 4 AO, and XP 4 is parallel to MN. This image P 4 , formed after four reflections, 
is the one selected in normal operations, and to give it maximum brightness, the 
aluminizing is arranged to have the optimum thickness, i.e. that which has a 
transmission coefficient of 12 per cent. is observed by a micrometer microscope 
reading to 0-0001 in. By using P 4 a value of Aj equal to 1 inilligal produces a 
deflection P 0 P 4 equal to 0*01 in. It is easy to read to 0-05 miUigal. 

The sources of error in the Gulf gravimeter are as follows: 

(1) The creep, i.e. the slow change of reading with constant load. This can 
be reduced to a low value by a suitable choice of load, e.g. to 0*3 milligal per 
day over 30 days. 

(2) Natural vibrations and “ forced ” vibrations due to ground unrest. These 
are reduced by electromagnetic damping. 



(3) An error called “ level sensitivity ” in the form of a change of reading 
when the instrument is tilted slightly. This is small, since the top of the spring 
is the only point of support, and it is made very small by tapering the spring 
towards the top. Tilts of 10 seconds of angle (worst) to 60 seconds of angle (best) 
are required to cause an error of 0-1 milligal. 

(4) Error due to temperature changes. Thermostatic control keeps the tem¬ 
perature constant to ±b-01® C. even in field work. 

The advantages of the Gulf gravimeter include: 

(1) Simplicity of design and operation compared with the Eotvos balance. 

(2) Greater sensitivity than pendulums, though less than Eotvos balance. 
Minimum ^g/g measured by pendulums is 10“*, by the Gulf gravimeter 10“’, 
by the Eotvos balance 10“^-. 

(3) Adjustability so as to measure values of ^g lying in ranges whose middle 
values are different, but whose extents are the same, e.g. in the range of 30 milligals 
between g = 981,015 and 980,985 milligals, or in the range of 30 milligals between 
g = 980,015 and 979,985 milligals. Adjustment is made by rotating the torsion 
head. 
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(4) Constancy of calibration of readings over several years. 

(6) Rapid operation. Up to 100 readings, viz. at 100 stations, one mile apart, 
in 8 hours. 

(6) Easily adaptable for use on the bottom of the sea (Pepper type). 

(7) Not affected by magnetic fields. 

(8) No zero error because is read just before Vi. 

(9) It measures the vertical as well as the horizontal gradients, whereas the 
Eotvbs balance only measures the horizontal ones. 


11. Changes of g with Direction. The Ebtvos Torsion Balance. 

It is possible to measure most accurately, not only the absolute value 
of g at any point, but also the rate of change of g with distance in any 
horizontal direction, and some other important quantities connected 
with the earth’s gravitational field. These measurements are carried 
out with the Eotvos torsion balance, of which the theory will now be 
given. Take any point 0 on the earth’s surface as an origin of co¬ 
ordinates. Let axes Ox, Og, Oz be drawn, Ox towards the geographical 
north, Oy towards the east, and Oz downwards in the direction of the 
force of gravity. Let g^y be the force per unit mass placed at the origin, 
along Oz. The force on a particle of mass m grammes at the origin has 
components 0, 0, 7ng^^ dynes. Assume that the earth’s gravitational 
field has a potential U at any point (x, y, z) and that at (x, y, z) the 
component forces on unit mass are -i-dU/dx, -j-dU/dy, and -j-dU/dz 
respectively, which can be written in the formdU/dx = g^, ^U/dy — g^, 
and dUjdz = g^. At the origin dU/dx = 0, dUldy = 0, dUjdz = g^ 
The values of g^, g^, and g^ at any point (x, y, z) very close to the 
origin may be calculated by Maclaurin’s theorem. Any function 


/ 2 ) — / ( 0 , 0 , 0 ) + X ^ -j- 2 ^ smaller negligible terms, 

^^0 ^^0 

provided x, y, and 2 are small. The suffix 0 indicates that the values 
of the dilferential coefficients to be used are those at the origin. Hence 


^0. 


■ 2 :+»I+■ £ •«>'“■ 


^9. 


= 0 + X + 2 


since g^ = dU/dx, &c. 
Similarly, g^^ = 




dxdijQ 


BxBzq* 


0 -f x^- —b y -- -b 2 

0yc;x„ avn- 


9z = 


, d-u , d^u . 

1/0 + 2 : ^ 7 :=^ + y -b 2 


^y^z^^ 

dW 


dzdx 


0 


dzdy^ 


dz/ 



(27) 

(28) 


and 
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These are the forces per unit mass along Ox, 0//, Oz respectively, at the 
point X, ij, z. Taking moments about the axis Oz, we see that the clock¬ 
wise moment of forces acting on unit mass at (x, ?/, z) is 
(fig. 13). On a large bodv distributed over a certain space the clockwise 
moment is \[g,^x — gj.y)dm, whore dm is the mass concentrated at any 
point (x, y, z) and the integral sign simply indicates the summation 
over all the elements of mass in the body. 
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One of the common forms of the Edt'os balance {fig. 14) involves the abo^e 
theory. The principal part is a torsion head from which hangs a thin torsion wire, 
usually of a platinum-iridium alloy, about 30 X 10“^ to 
40 X 10"® mm. in diameter and 25 to 60 cm. in length. 

This carries a horizontal rectangular beam of aluminium 
about 40 cm. long. One end of this beam carries a 
cylindrical weight of platinum, uold. or silver of mass 

about 30 gm., with its axis horizontal. From the ..._ l 

other end of the beam hansis a cylindrical weight of 
mass about 25 gra., supported by a platinum-iridium 
wire about 40 cm. long. This suspension system carries 
a small plane mirror just above the level of the beam. 

The system, regarded os a whole, forms a body acted 
on by a torque whose moment is given by the above 
expression. Let the origin 0 of co-ordinates be the 
mid-point of the beam. The moment of the torque is A 
— gjy)dm. and the integral is to be taken over 
the whole of the suspension system. If we sub.stitute 
for g^ and g^ from equations (26) and (27), the moment becomes 


Fig. 14 


+ .< 29 ) 


Tn experiments with the Eotvos torsion balance the suspension system is 
released and takes up some position of equilibrium in which the axis of the beam, 
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though horizontal, makes an angle a, called the azimuth angle, with Ox, and 
90 — a with Oy. In order to use the above expression for the moment of gravi¬ 
tational forces, tlie various integrals must be evaluated. For this purpose new 
axes of co-ordinates are selected, namely, 0 ; along the seometrical axis of the 
beam, Ot) horizontal and perr)endioular to 01, and so directed that when 0 ; 
points to the north, 0r^ points to the east, and 0: vertically downwards as before 
From 6 g. 15, 


Then 


X = 5 cos a ~ Y) sin a, 
y = ^ sina + Y) cos a. 


and 


Jxydm = J sin2a J— Y)®)dm -j- cos2a J ^Y]C??n, 
J{x^ — y'^)dm ^ cos2a — r^^)dm — 2sin2a 
Jzxdm = cosa Jzt im — sinxj ZYjdm, 

Jyzdm = sin a Jz^dtn cosa J 2 Y)dm. 


The suspension system is so constructed that its mass is symmetrically dis¬ 
tributed with respect to the axis O' and also the vertical plane ^Oz {fig. 16). 
SjTnmetry with respect to the axis 0 ; makes I'Yjdm = 0, for it means that for 
every element with co-ordinates ( 5 . y), z) there is another element with co-ordinates 
(^. — 2 ). so that the expression under the integral sign can be divided into 
pairs of terms of the form -f ^Yjffw and —which together make zero. Again, 
the beam and the weight on it are symmetrical with respect to the axis 01; hence! 
as far as they are concerned, for every element with co-ordinates ( 5 . y), 2 ) there 
is another element with co-ordinates (5, yj, - 2 ). For the beam and weight on 
it, = 0 , because the integral can be split up into pairs of terms of the 

form +^dm and —^dm, which add up to zero. The lower weight and wire 

contribute an amount mkl to the integral dm, 
w'horc m is their mass, h is the 2 -co-ordinate of 
their centre of gravity, and I is its 5 -co-ordinate. 
Symmetry about the plane 5 O 2 implies that for 
every element with co-ordinates ( 5 , y], 2 ) there 
is another with co-ordinates (5. — y), z). Hence 
jYj 2 dm = 0 , for it can be divided into pairs of 
terms of the form - 1 -y ]2 dm and — yjz dm, which 
add up to zero. In the remaining integral 
f(5® — Y) 2 )dm, Y]*<C 5 * for most elements of miiss. 
Hence 5* — yj* = 5^ 4- very nearly, and as 

AXIS 


Fie-15 Fig. 16 

+ v)*)dm = K, the moment of inertia of the suspension system about Oz, 
J(5* “ v)®)dm = to a close approximation. On substituting the results just 
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obtained in the expression (29) for the moment of the gravitational forces, the 
moment becomes 


1 A'sin2a 

Vuo- 


C-U\ , , C-U , 

— .Jd-Acos 2 x, -f cos a 

cx^y exoj^ d\jdz, 


— sin a 


c-U 

dxdz. 


(30) 


This moment tends to displace the torsion system. A restoring torque, whose 
moment is cOj, is called into play in the suspending wire; c is the torsional con¬ 
stant and Oa is the angular displacement from the position when there are no 
torques acting. When the system is at rest, the displacing and restoring moments 
are equal. The usual mirror, lamp, and scale are used to measure deflections. 
Ix!t Wa he the scale reading corresponding to the displacement 0 ^, n that cor¬ 
responding to zero displacement, and D the distance between mirror and scale. 
Then — n = 2Z)0a and cO^ = - n)/2Z). The equality of displacing and 

restoring moments is represented by the equation 

n:, - n - DK{Uy, - U^) sin 2 a/c + 2KDU^^ cos 2 a/c 

-f {2DmkIlc}{Uyg cosa — V,.^ sina).(31) 


where C/„., = U„ = d^U/dx^^ U„, == b^-Ujdxdy^, Uy, = dWldydz,, and 

Vx- = c’^UjcxizQ. This can be ^^ritton in the form 

Tig — n = Psin 2 a + (? cos2a + A sina +-Ccosa, . . (32) 


where n, P, Q, A and B are five unkno^^ms and «g and a are two experimentally 
measurable quantities. In general, to determine five unknowns, five equations 
are required. This involves five separate readings of ti, for five separate values 
of the azimuth angle a. In practice, the procedure is simplified by taking readings 
in six azimuths, in which a = 0°, 60®, 120®, 180®, 2-40° and 300® respectively. 
Tig is read by a telescope carried on an arm fixed to the case of the instrument. 
The same arm carries the scale, graduated in half-millimetres, whose image is 
seen in the mirror, ti, the reading corresponding to the unknown position of 
zero torque, is, of course, not obtainable directly. Calculation gives ti, P, Q, A 


and B. Then, at the origin, 

Uyy-U„ = PclDK, .(33) 

U^ = Qcl2DK .(34) 

= -Acl2DmM .(35) 

Uy, = Bcl2Dmhl .(36) 


These are the four quantities usually measured at any point. and are, 
of course, the same as dgfdXf, and dgfdyQ, the rates of change of g in horizontal 
directions near the origin. The other two quantities represent quantitative pro¬ 
perties of the gravitational field near the origin. Ug. = dgldz^ is not measured 
by this apparatus. 

The quantity c is determined by applying a known displacing couple G to 
the system and measuring the angle 9 produced. Then c = C/ 9 . K is determined 
by an oscillation experiment; m, D, h and I are foimd by ordinary weighing and 
length-measuring methods. 
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12. The Gravity Gradient and Horizontal Directive Tendency. 

In connexion with gr<avitational surveys and the construction of maps 
indicating the results, it has been found convenient to introduce two 
other quantities connected with the earth’s gravitational field and with 
the expressions in equations (33), (34), (35) and (36). These are called 
the gravity gradient and the horizontal directive ^cHdency respectively. 

The term gravity gradient is an abbreviation for “maximum gradient 
of ^ in a horizontal direction near a point ”, where g is dU/dZf the vertical 
gravitational intensity at the point. The gravity gradient is therefore 
equal to dg/ds^ the rate of variation of g per unit of length measured 
in the direction of maximum rate of change of ; it is a vector quantity. 
Let dg/ds make an angle <!> with Ox, and let its components along Ox 
and Oy be dg/dx and dg/dy. Then dg/dx — cos<l>(dglds) and dgjdy = 
sin <j){dglds). Writing g = dUjdz, we have dgjdx ~ d^Ujdx dz = TJ„ and 
dg/dy — dWjdy dz = Uyg. Denoting the gravity gradient dgjds by 0, 
we have 



Gcos<l>y 

t;„=Gsin^J’ 


and 

. . . (37) 


G={UJ+U,.^)i. . . 

. . . (38) 


Hence G can be calculated if we know U^g and Uyg, which may be 
derived by experiments with the Eotvos torsion balance as on p. 29. 

The horizontal directive tendency (H.D.T.) * at any point is a 
directed quantity but not a true vector. It is given by f?=(;(l/ai—l/ag), 
where g has its usual meaning and o^, Og are the maximum and minimum 
radii of curvature of the gravitational equipotential or level surface 
at the point. Its direction is conventionally assumed to be that hori¬ 
zontal direction in which the vertical downward curvature of the level 
surface is least and the radius of curvature greatest. Let its direction 
make an angle 6 with Ox. It can be shown that R is related to the 
differential coefficients in equations (33), (34), (35) and (36), as follows: 


Rsm2e = 2U^y, .(39) 

Rcos2d=U^J^-Vyy^ .( 40 ) 


Rankine has shown that equation (31) may be transformed by the 
aid of substitutions from equations (39) and (40) into the form 

na-n = (DKRIc) sin 2{d - a) -f- (22)mA/(?/c) sin (^ - a). (41) 

This form brings out the separate importance of G and R, and indicates 
what features must be possessed by torsion balances suitable for the 


•Ger. KrUmmungstp-dsse. 
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measurement of G ot R separately. In survey maps, G is represented 
in magnitude and direction by an arrow drawn from the point P 
which possesses this value of G. R is represented in direction and mag¬ 
nitude by a straight line without any pointed or 
feathered end, drawn through P (fig. 17). Curves 
joining those points on a level surface, where g 
has equal values, are called isogams. G is always 
directed along a normal to an isogam. The 
dimensions of both G and R are those of (time)*^, 
and they are usually expressed in the so-called 
Eotvbs units. One Eotvos = 10“® sec,“^. AVith 
a well-made Eotvos balance, a deflection of one scale division corres¬ 
ponds to a change of about one Eotvos unit. Measurements of G, R, 
and other quantities are now employed commercially in the detection 
of heavy ores. The Kursk region of Russia, in longitude 36° 52' E., 
offers an example of an extensive region in which both the gravi¬ 
tational and the magnetic fields of the earth show very marked 
anomalies. 



Fig. 17 


13. Alteration in Direction of the Force of Gravity with Time. The 
Horizontal Pendulum. 

A problem which has recently received much attention is that of 
finding the change in direction, as time goes on, of the force of gravity 
at a point on the earth’s surface. This is equivalent to finding the 
change in direction of a plutnb-line. The point of support of a plumb- 
line is attached firmly to the earth and moves with the earth’s surface, 
and a plumb-line sets itself normal to a gravitational equipotential 
surface. Hence deformations of the earth’s surface and of the equipo¬ 
tential surface cause changes in the direction of a plumb-line. As 
these changes amount at most to 0*1 second of angle, their direct 
determination with a plumb-line is out of the question. 

Perhaps the commonest instru¬ 
ment used to measure temporal 
changes in the direction of the force 
of gravity is the horizontal pen¬ 
dulum, said to have been devised in 
1832 by Hengler. In principle this 
instrument (fig. 18) consists of a 
rod ABy supported in an inclined 
position by two light strings AQ 
and PR, attached to rigid supports 
at P and Q. The straight line PQ 
makes an angle with the direction 
of the force of gravity. The rod AB takes up a position of equilibrium 
in a certain plane, which is parallel to the force of gravity, as shown 
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in fig. 18. When AB is slightly displaced laterally, for example, if B 
is drawn towards the obser\"er and released, the pendulum describes 

slow small oscillations, whose period 
may be calculated as follows. 

to 

The centre of gravity G of the 
pendulum describes a circular arc 
GG' (fig. 19) as the pendulum oscil¬ 
lates. The centre of this circle is 0, 
the point where AB crosses PQ. 
The circle lies in a plane making an 
angle </> with a plane normal to the 
force of gravity. Consider the 
restoring force on the pendulum 
when it has rotated through a small 
angle S in the inclined plane. At G 
there is a force mg acting in the 
direction of gravity. This may be 
resolved into two components: 
{\) mg cos<^ in a direction perpen¬ 
dicular to the inclined plane in 
which the pendulum rotates, and (2) mg sin<^ in the inclined plane of 
rotation of the pendulum. The force mg sin^ may be further resolved 
into two components, along and perpendicular to OG. The com¬ 
ponent mg 8in0 sin0, perpendicular to OG, is important here, as it is the 
force which restores the pendulum to its initial position. Its moment 
about the incUned axis is mgl sin^ sm0, where OG = L When 6 is small 
this becomes mgl sin <{>. 6. The equation of motion of the pendulum about 
the inclined axis PQ is therefore mkW mgl sin <f>. 9 = 0, where mk^ 
is the moment of inertia and frictional or viscous forces are neglected. 
Hence the period of oscillation is 

T = 27r{k“lgl sin .(42) 

In practice 9 ifl made very small, so that T is very great. When 9 = 90®, 
T = Tgo* = 2n{k‘^lgl)i. Hence 

= ( 1 /sin 9 )^ 

and sin 9 = {Tdo’)®/^.(43) 

Oscillation experiments give Tgo* and T, whence sin 9 and 9 are calculated. 
Changes in 9 represent changes in the direction of gravity, taking place in the 
plane of equilibrium A YPBQ of the pendulum (fig. 18). Changes of the direction of 
gravity in a perpendicular plane may be considered as follo^v 8 . Imagine the line 
PQ in figs. 18 and 20 to rotate through a small angle about YQ, a fixed line, 
while Q remains fixed (fig. 20). YP rotates through an angle dB, say, so that 
P goes to P', Then the arc PP' = YP . dB = PQ buk^ . dB. Also the are 
PP* = PQ . dA, where dA is the change in direction of gravity required. Hence 
dA = sin 9 . dB = {T^»)MBfT*, by equation (43). In practice it is the angle dB 
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which is measured. This is done by means of the usual mirror, lamp, and scale. 
T and T 90 ' are measured as before by oscillation experiments, so that dA can 
be calculated. 


P' 




Another method of finding the change of direction of gravity in a perpendicular 
plane is to mount two horizontal pendulums inside one case, so set that by 
the first method one gives 9 = 9 i and the other 9 = 9 ^, in two perpendicular 
azimuths. In very accurate measurements by Schweydar = 0-435 sec., 
T = about 15 sec., and on the scale measuring dA, a deflection of 1 mm. cor¬ 
responds to a value of dA of 0-022 sec. of angle. 



CHAPTER m 


The Newtonian Constant of Gravitation 


1. Newton’s Law of Gravitation. 


According to Newton’s law of gravitation, every particle of matter 
in the universe attracts every other particle with a force which is 
proportional to the mass of each particle concerned and inversely 
proportional to the square of their distance apart. In sjonbols, the 
law may be written 




where F is the force of attraction between the particles, and 
are their masses, and d is their distance apart. G is & constant known 
as the Newtonian constant of gravitation, whose dimensions are 
+3 in length, —1 in mass, and —2 in time. 

Astronomical measurements prove that, except where relativistic corrections 
are appreciable, the law holds even when d is very great. Since two different 
atoms cannot be absolutely superposed on one another, it would seem that a 
repulsive force must come into play between two atoms, when d is of the order 
10”’ cm., and that Newton’s law then ceases to hold. (Actually, conditions are 
complicated by electrical forces which result from the ultimate electrical nature 
of matter.) For all greater values of d it appears to be true. Further, if the 
index of d is written in the form 2 + i, i ^ 1-6 x 10“’, that is, A = 0 within 
the limits of experimental error. 

It is proved in Ex. 2, p. 308, that a sphere or spherical shell of homo¬ 
geneous attracting matter made up of particles obeying Newton’s law 
exerts, as a whole, an attraction upon an external particle as if 
the whole mass of the sphere or shell were concentrated at the centre. 
Thus the attraction of a sphere of mass M gm. on a particle of mass 
m gm. situated R cm. from the centre of the sphere and outside it is 
OMm/R^ dynes. This applies if the sphere is (a) unif orm throughout 
or (6) composed of homogeneous spherical shells. To a first approxi¬ 
mation we may regard the earth as a sphere of type (6), though there 
are actually many local variations of density, even in that part of 
the earth, the crust, which is accessible to direct investigation. More¬ 
over, the shape of the earth’s surface is not exactly spherical, but is 

87 
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that of a spheroid with its minor axis in the direction of the earth’s 
geographical axis. Neglecting these points, we see that owing to the 
earth’s attraction a particle placed at a point on the surface will move, 
if free, towards the centre of the earth. If we denote the acceleration 
by g and the mass by m, the attractive force is mg, by Newton’s second 
law of motion. It is also GMmjR^, by the law of gravitation. Hence 
GMrnlR- = mg and 


GM 



If p is the mean density of the earth and R its radius, M = 
and, eliminating M from (2), we obtain 

g^i^GRp .(3) 

This relation contains four quantities, G, g, R, and p, and may be used 
to calculate any one of them, provided the other three are known. 
The present chapter will be mainly concerned with experimental deter¬ 
minations of G. The value of p can be calculated if g, (?, and R axe 
known. Equation (2) may also be used to determine (? if a value of 
M, derived by astronomical methods, is assumed. 

The gravitational constant has been measxired experimentally by 
(a) large-scale experiments and (6) laboratory experiments. Of the 
former, which are now of historical interest only and in which the earth 
is one of the attracting masses, may be mentioned (a) Bouguer’s mea¬ 
surements in Peru of the relative masses of a mountain (whose mass 
was estimated from its volume and density) and the earth from the 
deflection of a plumb-line placed near the mountain, (6) experiments 
of Airy and others on the relative masses of a spherical shell of the 
earth (whose mass was estimated from its vohune and density) and the 
entire earth, from observations of the times of oscillation of a pendulum 
at the bottom of a mine shaft and at ground level respectively. 

2. Measurement of G. Boys’ Method. 

Perhaps the most important methods of measuring G are those in 
which a torsion balance is used. The original type of apparatus, de¬ 
signed by Michell, has been improved by Cavendish, Cornu, and others, 
particularly by Boys (1889). The delicate torsion balance used by 
Boys consists, first, of a central vertical fibre of quartz, suspended 
from a metal disc called the torsion head. The fibre carries a horizontal 
glass beam; from grooves in both ends other quartz fibres of unequal 
length hang vertically, each supporting a small gold sphere. This 
suspension system is hung inside a glass tube, of internal diameter 
about 3*8 cm., and is thus protected from draughts. Further, the air 
pressure inside can be adjusted to any required value. Outside the 
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tube two equal spheres of lead about 10-8 cm. in diameter are sus¬ 
pended at equal distances from the axis. Tlie centres of these spheres 
are respectively situated in the same horizontal planes as the centres 
of the gold balls, that is, they are at different levels. Each lead sphere 
exerts an attraction on each gold sphere, but by having the two 
different levels, the attraction of a lead sphere on that gold sphere 
whose centre is on a level with its own is made far greater than that 
on the other. The effect of the attractions is to produce a torque about 
the axis, and the central fibre is twisted through an angle 6. The 
suspension system comes to rest when the resultant moment of the 
displacing forces due to gravitational attraction is equal and opposite 
to the moment of the restoring forces called into play in the twisted 
fibre. The position of the centres of the lead spheres is chosen so as 



to make the moment of the displacing forces as large as possible. 
The angular deflection 6 is obtained by use of a mirror, lamp, scale and 
telescope, the mirror being the horizontal glass beam itself. The large 
spheres are then moved to new and similar positions on the opposite 
sides of the gold spheres, so as to produce a maximum displacing 
moment in the opposite direction, and the change in scale reading is 
that which is actually read. 

The value of 6 ^ is calculated as follows. Let M, m represent the masses of 
the two kinds of spheres respectively. In fig. 1, which represents a plan of the 
system after equilibrium has been reached, A, B represent the centres of the gold 
spheres, and (?, D those of the lead spheres respectively. The attractions between 
spheres at different levels are neglected. The attraction along BC is QMmjBC^, 
The moment of this attraction about O is QMmpfBC^f where p is the perpendicular 
from O on the line of action of the attraction. Allowing for an equal moment 
due to the attraction along ADy the total moment of the displacing forces becomes 
ZQMmpjBC*. Now p . BC = 2 . area of A OBC = Ir sin 9 , where OB = f, OC = r, 
and angle BOC — 9 . Hence the total displacing moment is 

2QMrrdr sinf^lBC^ = 2QMmlr sin 9 /{f* + f* — 2fr cos 9 ) 9 . 

The moment of the restoring forces is c6, where c is the torsional constant of the 



40 NEWTONIAN CONSTANT OF GRAVITATION [Chap. 

central quartz fibre and 6 is the angular deflection of the suspension system from 
its equilibrium position. Hence 

0 = cQ{l^ -j- H — 2Zr cos(?}y2Mmlr sin 9 .(4) 

As 0 corresponds to one-half of the change in the scale reading when the 
large spheres are moved from the first position to the second, it is calculated 
by^dividing the change in the scale reading by four times the distance from 
tlie scale to the mirror. The torsional constant c is obtained by measuring 
T, the period of the natural oscillations of the suspension system in the absence 
of the large masses. T = 2n{I/c)K where I is the moment of inertia of the suspen¬ 
sion system about its axis, a quantity which can be obtained by measurements 
of its mass and linear dimensions. 

The value of 0 obtained by Boys is 6 658 X 10”® e.g.s. units, which corresponds 
to a mean density of the earth of 5-527 gm. per c.c. The probable error is not 
calculated by Boys. A few dimensional details are appended. In one experi¬ 
ment the length of the central quartz fibre is 43*2 cm., and its diameter is about 
0 0125 mm.; the beam is 23 mm. long, the scale is 700 cm. from it and is divided 
into half-millimetres. The large spheres have masses of about 7407 gm., and 
the small ones of 2*65 gm. The difference in level is about 15 cm. The scale 
deflection corresponding to a rotation of Oj -1- 02 is 18*48 cm. The angle BOC is 
64® 38'. The distance CD is 15 cm. The period of oscillation T is about 96 sec. 

The principal advantage introduced by Boys is the use of thin 
quartz fibres, which are extremely sensitive and which retain their 
elastic properties. The great reduction in the dimensions of the ap¬ 
paratus which is thus rendered possible (1) ebminates the difficulty of 
convection currents arising from unequal temperatures of different 
parts of the bulky apparatus, (2) enables the size of the cumbersome 
lead attracting spheres to be reduced. 

3. Measurement of G. HeyEs Method. 

Probably the most accurate value of G hitherto obtained is that of 
Heyl * (1930). He uses the “ time of swing method ” formerly used by 
Braim. The suspension system of a torsion balance, consisting of two 
small equal spheres hanging with their centres at the same level, is 
allowed to describe small oscillations in the gravitational field of two 
large masses, whose centres of gravity are also at the same level. 
The large masses are placed in two separate positions, represented in 
plan in fig. 2. The two small masses are placed with their centres at 
the same level, because of the greater precision possible in the im¬ 
portant measurement of the distance between the centres. The accuracy 
is improved, as compared with Braun’s work, by using very heavy 

large masses of about 66*3 Kgm. each. 

The theory of the experiment, when the large masses are in the 
“ near ” position, may be discxissed with reference to fig. 3. Consider 
the total energy of the suspension system when the centres of the 
small masses are in the displaced positions C, D. The eqiiilibrium 


• Heyl, Bureau 0 / Standards Journal of Research, Vol. 6, p. 1243 (1930). 
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positions are at A and B. The centres of the large masses are fixed 

^ total energy is made np of (1) kinetic energy equal 
to 16 /2, where I is the moment of inertia of the suspension system 
about its vertical axis of symmetry, and 6 is the angular displacement; 
(2) potential energy due to torsion of the fibre, equal to 1:6^2, where 




in iar Ihsiiuiit 

Fis- X 


Jc is the torsional constant of the fibre; (3) potential energy due to the 
proximity of the large and small masses, that is, due to the fact that 
D is near X and 7, and that C is also near X and Y. The large masses 
are vertical steel cylinders, and the evaluation of the gravitational 
potential at D and C respectively, due to a cylinder whose centre of 
gravity is at X or Y, involves zonal harmonics and is beyond the 
scope of this book. The final expression for the gravitational potential 


D 



c 

Fig. 3 


energy of the whole displaced suspension system may, however, be 
written in the form A^ is the product of one large mass and 

^e small mass and a purely geometrical function of R and c, where 

" ~ ^ ~ and G is the Newtonian constant sought. If friction 

is neglected, the total energy is a constant. Hence 

7^/2 -j- k6^l2 -|- GAj6^l2 = a constant. 

On difierentiating with respect to time and dropping the factor 6 
we have ' 

IS + (k + GAj)e ^ 0, 
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representing an oscillation whose period, imcorrected for small errors, 
is 

= 277{7/(^ + .(5) 

Here h as well as (7 is regarded as unknown; Ay is calculated from the 
geometry of the system. In a similar way, when the large masses are 
moved to the “ far ” position, and the torsion pendulum again describes 
small oscillations, its equation of motion is + (A: + == 0, 

where the new geometrical constant which replaces Ay. The 
uncorrected period of oscillation is 

T^=27t{1I{]c+GA^)}^ .( 6 ) 

On eli m i n ating k from equations (5) and (6), and solving for we 
have 

G = - Ty^)j(Ay ~ A^)Ty^T^^ .(7) 

As regards experimental details, the large masses are cylinders of forged 
and machined steel, of mass about 66-3 Kgm. each, suspended from a supporting 
system capable of rotation about a vertical 
axis, midway between them. In three sets 
of experiments the small masses are pairs 
of gold, platinum, and optical glass spheres 
respectively, in each case of mass about 
60 gm. They are suspended from a very 
light torsion system, consisting of (1) a 
torsion wire of tungsten about 1 m. long 
and 0‘025 mm. in diameter, (2) a separating 
rod of aluminium 20-6 cm. long and of mass 
2-44 gm., (3) various supporting wires as 
shown in fig. 4. Over 99 per cent of the 
moment of inertia is in the small spheres 
themselves. This system is enclosed in a 
large brass container resting on a plate- 
glass base. The air pressure within is 
reduced to about 2 mm. of mercury. The 
usual arrangement of mirror, lamp, scale 
and telescope is used to observe the 
oscillations, which are started by bringing 

bottles of merc^ near the smaU spheres and then removing them. Transits 
of lines on the image of a scale on glass, across the vertical crosswire of the tele¬ 
scope, aw noted by an observer and recorded on one pen of a two-pen chrono- 
1 j 1 records seconds signals from a standard clock. 

The gold balls are found to absorb mercury vapour from the air of the labora- 
tory. Hence their m^ increases by about 0-138 gm. in 49 gm. in seven months. 
R<»ult8 obtained with them were discarded. With varnished platinum balls the 
v^ue obtained, as the mean of 6ve results, is 0 = 6-664 x lO"® e.g.s. units, and 
with gto balls, as the mean of 6ve results, Q = 6-674 X 10“* c.g.8. units. The 
m^n of the means is 6-669 x lO"® e.g.s. units, as compared with 6-658 X 10"® 
m and Braun a experiments. The cause of the differing results with platinum 
^d glass ba^ is not accounted for, though it has been proved that this is not 
directly due to the differing natures of the materiab. 
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4. Measurement of C. Zahradnicek’s Resonance Method. 

The apparatus * used consists of two coaxial torsion balances, the 
axes being vertical. For the sake of brevity they are called primary 
and secondary. The primary balance is relatively robust and consists 
of a central steel wire with a beam in the form of n. made of brass 
tubing. Heavy equal lead spheres are mounted at the same level, near 
the ends of the vertical arms (fig. 5). The secondary balance is smaller, 
and its axis is vertically below that of the primary. Its beam is 

simply a horizontal piece of 
aluminium wire with small 
equal lead spheres at the 
ends. Each suspension mre 
carries a mirror and has its 
OTO lamp, and the oscillations 
of each balance are registered 
photographically on a drum 
covered with sensitized paper. 
The rest-positions of the two 
balances are adjusted to bo 
in the same vertical plane, 
and each balance when dis¬ 
placed and released describes 
damped harmonic oscillations 
about its rest-position, since 
the two systems exert gravi¬ 
tational forces and couples on 
each other. The damping of 
the primary balance is ex¬ 
ceedingly small. To exclude 
draughts, the secondary bal¬ 
ance is enclosed in a wooden case inside the case protecting the primary 
balance. The experiment consists in the adjustment of the two systems 
until the condition of resonance is established, that is, until the two 
periods of oscillation are equal. An equal number of turning points 
of both systems are noted. Then the masses and linear dimensions of 
each balance being known, G can be calculated. 

The theory is as follows. Take the central point of the secondary 
beam as origin (fig. 6). Let Ox be horizontal and in the rest-position 
of the axis of the beam, Oy horizontal and perpendicular to Ox, Oz 
vertical and upwards. When the secondary beam is displaced through 
an angle let the co-ordinates of the centres of the small spheres 
(mass Till) be = ijjcos^, iJjsini^, Zi= 0, and —jCj, —yi, 0 

respectively. When the primary beam is displaced through an angle tp, 




Fig. 5 


* Zahradnicek, Phya. Zeiia.f Vol. 34, p. 126 (1933). 
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let the co-ordinates of the centres of the large spheres (mass be 
Xg = cos</», = -^2 sinj/f, Zg = c, and *— 2 / 2 > + 2 ^ respectively. 

The attractions between unlike spheres are and 

f 2 = Gm-^m 2 lr 2 ^ respectively, where 

cos (f) — R 2 cos 0)2 -f {Ri sin 0 — 0)^ + 

= + R^^ ~ 272ii?2 cos (0 - 0) + c2.(8) 

and 

^2'=^'+^2'+272ii?2COS{0-0) + c2. . . (9) 



The horizontal components of these forces are ^^d 

^2 = F 2 p 2 l '^2 respectively, where 

= K - * 2 )^ + (^1 - y^f 

= (i?i cos 0 — cos 0)2 (i?! sin 0 — i^g sbi 0)2 

and 

Pz’* = ( ^1 + 2:2)^ + (Vi + ^2)^ 

= (i2i COS0 -f Tig cos0)2 4- (iij sin0 + Tig sin0)2. 

The turning moment of at one end of the secondary beam is 
/jpi, where pi is the perpendicular from 0 to the line of action of /j 
(fig, 7). Also PiPi= TiiTi2sin(0— 0), for each is twice the area of 
the triangle OBC. Hence the turning moment of both forces fi on the 
secondary beam is 

— 2F’iTijTig sin(0 — 0)/ri. 

Similarly, the moment of both forces /g is in the opposite direction 
and is 2^2TiiTi2 sin{0 — 0)/r2. The net moment in the first direction 
is 

S^Tig sin{0 - <f>){FJr^ - ^’g/rg} 

= sin(0 — 0)(l/ri^ - l/rg^}, 
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and when 0 and ip are sufficiently small, this becomes 
where 

A = + c^y - ll{(R^ + R^)^ + c^y. 

Let the difierential equation of motion of the secondary system, in 
the absence of the primary, be 

+ P(j> + D<j) = 0. 

When the above moment is acting, this becomes 

-f* ^4 H" ^4 ~ '^Gm^mJRyR^l:^(\ls — ^) = E{>fi — (10) 


say, where 

Then 

where 


E = 2(?»tiW22^^2^* 

k4 + p4 4 ~ 1^4 ~ 

D=D+E. 



Assume that ijj corresponds to an undamped simple harmonic oscillation 
^ocoswjj/ (for, as we have assumed above, the damping of thf 
primary system is very small). Then 

K4 + P4 + R4 ~ ^4o cosa>2<. 


The particular integral of this is the important part of the solution 
and is obtained by the use of operators or otherwise. It is 


where 



COS (o^2^ ““ 



^0 = ■S0o/-^{(2Sai2)2 H- {o)q^ ~ . . . (12) 


and 


tan€=28a>2/(c4>o2-co22),.(13) 


S = PI2K, w^^^DIK 



Resonance occurs when is a maximum as varies. By differentia- 
tion, this occurs when 28^ = that is, when 


(^0 = EtliJ2Kh{w^ + 82 }*.( 15 ) 

Here and are the amplitudes corresponding to the case of reso¬ 
nance. We now replace E by 2Gin^m2RJl^^ and rearrange. We then 
obtain 

G = ij>aKh{w^ + . . . (16) 
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The value of '^o/’/'o ^ obtained from a number of observed turning 
points of both systems; K is the moment of inertia of the secondary 
balance; Wo = where is the period of oscillation; S = 2A/Ti, 

where A is the logarithmic decrement, and the natural period of 
the secondary in the absence of the primary, ^ obtained 

from the linear dimensions of the apparatus. An important correction 
is applied for the attraction on parts of the secondary balance other 
than the masses e.g. the beam, due to the masses m^. A small 
correction is required for the slight damping of the primary balance. 
Zahradnicek gives G = 6*659 + 0*02 as the value derived from seven 
experiments. The method seems to be very accurate. It has the 
advantage that a large number of values can be obtained in a relatively 
short time. 

5. Measurement of G. Poynting’s Method. 

G has been measured by the aid of the “ common balance ” by (a) 
von Jolly, (6) Richarz and Krigar-Menzel, and (c) Poynting. Poynting’s 
method will be described here. The balance \ised (fig. 8) is of the large 



** bullion balance ** type, that is, it is strongly made, with a gun-metal 
beam and steel knife-edges and planes. From the ends of the beam 
are suspended equal spherical masses A and R, made of an alloy of 
lead and antimony. Each has a mass of about 2T6 Kgm. A spherical 
attracting body Af, of mass about 153 Kgm., made of the same alloy, 
is mounted on a special turntable, so that it can be brought to a point 
vertically \mder A, and then under B. In each case the downward 
attraction is given by F = GMmld^, and this force tilts the balance 
beam downwards on the side where the attraction is applied. The 
tilt is measured in each case by an optical device (see fig. 9) involving 
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the so-caUed double suspension mirror of Lord Kelvin. In this arranpe- 
ment the pointer of the balance is attached to a movable bracket 
supportmg one of two w^es, which in turn support a small mirror. 
The other wire is attached to a fixed bracket. When the balance beam 
moves the pointer and one wire move. Thus the mirror rotates 
about the stationary wire If,. The angular tilt of the balance beam is 
mapifi^ 150 times by this device. Facing the mirror, and about five 
metres from it. is a scale graduated in half-millimetres, and an imave 
of this IS formed m the mirror. This image is viewed by a vertical 
telescope, pomting through a hole in the ceiling, from the room above. 
In this way it is found that the change in the angle of tilt, due to 
movmg M from under A to under fi, is a little more than one second, 
ihis same angle is produced by tlie addition of a weight of 0-0004 gm. 
to one end of the balance beam, a fact which is proved by displacing 
a rider of mass 0-01 gm. a definite distance along the beam and thus 
mcreasing its turnmg moment by a known amount. 

The calculation is as follows. Assume that the beam is horizontal 
when M IS removed altogether. Let the length of the beam be 2a 
and let its md-pomt be b cm. from the central knife-edge. For equi- 
librimn of the beam m the position shown in fig. 8. when M is under 
A, the moments of the downward forces on A and B are equal, and 

{mg -f GMm/d^){a cos 0 — 6 sin 6) = mg(a cos d -f- 6 sin 6], 

where 6 is the angle which the beam makes with the horizontal. A 

similar equation holds when M is placed under B, and the beam is 

depressed on the right through 9. Again, when M is removed altogether 

and a small extra mass m' is attached to A, let the angular tilt once 
more be 6. Then 

(mg + mfg){a cos 0 — 6 sin 6) == mg{a cos 0 -f 6 siu 6). 


From these two equations we have 


and 


GMmjd^ = m'g 


(17) 


O^m'gd^IMm .( 18 ) 


Corrections have to bo applied for (a) the cross attraction of M on the mass 

the metal removed in making boreholes through A and 

uT rods, (c) tho attraction of Jf on the balance b^m itself 

This to correction is made by raising the masses A and B about 26 cm higher 
m another experiment, and finding the attraction of M once more, M being 
m Its former position. Thus the attraction of M on the beam is the same aa in 

be:o^mJ.rtto;ol^^^ ^ ^ 

OMm/di* + Z=m'g 

and 

f?J/m/d,* d- Z = m"g. 
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where Z is the force exerted by M on the beam. By subtraction Z is eliminated, 
and 

Q = (m" - - 1/d,2).(19) 

The change of position of is found to tUt the floor through an angle of about 
one-third of a second. This is eliminated by mounting a mass A//2 on the turn¬ 
table at twice the distance of M from the axis and diametrically opposite M, 
Allowance is made for the attraction of this mass on A and B. The balance is 
enclosed in a case to reduce air currents and the deposition of dust. The beam 
is kept free, supported on its knife-edge and therefore under strain, throughout 
a set of readings, because it cannot be lowered and raised so that the knife-edge 
again comes into precisely the same line. All moving parts, such as supports 
for weights and riders, are supported independently of the balance case. Poynt* 
ing’s final results are 

0 = 6 G984 X 10~® c.g.s. units, 

Mean density of the earth = 6'4934 gm. per c.o. 

The probable errors are not given. 

6. Possible Variations in G, 

Experiments have been made to test whether the force of gravita¬ 
tional attraction is affected by various changes in conditions. Work 
by Eotvbs and others with the torsion balance revealed no change 
in G exceeding the limit of experimental error, that is, greater than 
10“® (?, when the nature of the attracting masses was varied over a 
wide range of substances; in other words, G is independent of the 
nature of the masses. The same researches proved that G is inde¬ 
pendent of the state of chemical combination of the elements in the 
masses. The fact that an element is radioactive has also been shown 
to have no effect on G. Shaw, using a torsion balance in the same 
manner as Boys, varied the temperature of the large lead masses 
from 0° to 250° C., but no change in G exceeding the limit of experi¬ 
mental error could be detected. That is, any variation in G with 
temperature is less than 2 X 10"® G per degree centigrade. Poynting 
and Phillips obtained the same negative result, using the balance 
method. Various experimenters have investigated the gravitational 
attractions of crystals, that is, of anisotropic bodies. The value of Q 
obtained remains independent of the direction of the crystallographic 
axes to within 10“® (?, the limit of experimental error. For example, 
the weight of a crystal does not depend on the orientation of its axes 
with respect to the vertical. Eotvos and hia collaborators, and also 
Majorana and Austin and Thwing, have investigated the effect of 
interposing layers of different media between attracting and attracted 
bodies. Very dense media, such as lead and mercury, were used. No 
effect could be detected. For example, in one case 5 cm. of lead 

produced no detectable change; that is, any change produced did not 
exceed 2 X 10“^ G, 
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7. Relativity and the Law of Gravitation. 

The discovery of the laws of relativity has profoundly changed the 
views of physicists on the subjects of mass and gravitation. A detailed 
exposition must be sought in works on relativity,* but a few special 
points may be noted here. In discussing these it is advisable to consider 
the mass of a body from two points of view. The mass is often defined 
as the quantity of matter in a body. If a body is known to be moving 
with a certain acceleration, Newton’s second law states that it ex¬ 
periences a force equal to the product of the mass and the acceleration. 
The mass in this sense is often called the “ inert ” mass. On the other 
hand, a body placed in a gravitational field of force experiences a force 
equal to the mass multiplied by the strength of the field at that point. 
The mass in this sense is called the heavy *’ mass. As was mentioned 
on p. 48, the experiments of Eotvos and others have proved that the 
accelerations of bodies of different materials placed in the same 
gravitational field of force are the same to within one part in 10®. 
Further, bodies of any “ inert ” mass, light, medium or heavy, have 
exactly the same acceleration in the same field of force. If we write 
“ Force on a body = inert mass X acceleration ”, and “ Force on a 
body = heavy mass X field strength ”, and apply these statements to 
one and the same body, we see that the forces are equal, and after 
dividing and rearranging, we have 

Acceleration = heavy mass X field strength/inert mass. 

Since the acceleration is constant and independent of the nature 
of the body, in the same field of force, we have 

Heavy mass/inert mass = a constant. . . . (20) 

With suitable units the constant is equal to unity. Einstein interpreted 
thia well-known result as meaning that the same quality of a body 
exhibits itself in one set of circumstances as inertia and in another as 
weight. He deduced that it is impossible to distinguish between the 
two following states of a system of bodies: (1) a state of accelerated 
motion in the absence of a gravitational field of force, (2) a state of 

rest in a field of gravitational force. 

One of the consequences of the restricted theory of relativity, 
which has been confirmed by experiment, is that of the inertia oJ 
energy ”; that is, whenever the energy of a body is changed in any 
way the mass of the body also undergoes a change. The two changes 
are connected by the relation 

Change of mass in grammes = change of energy in ergs/t^, 

• For a brief account, see Wilson, Modern Physics^ Chapa. XVIII, XIX (Blackie 
& Sod Lid., third edition, 1948). 
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wEere c is the velocity of light in vacuo, in cm. per sec. This applies 
to all forms of energy, including electromagnetic radiation, heat, &c. 
Thus gravitation is linked up vith light and other electromagnetic 
phenomena. Further, the theory shows that the mass wi of a body in 
motion with velocity v cm. per sec. is not the same as its mass 
when it is at rest, but 

w2o/{l — .(21) 

This expression has been confirmed by experiments with jS-particIes. 

The point of view of the generalized theory of relativity can only 
be hinted at here. All matter or energy modifies the properties of space- 
time in its neighbourhood, producing what is called a field of gravi¬ 
tation. The property of acting upon a body or an electromagnetic wave 
belongs to space-time modified in this way by the presence of matter 
or energy. It is not a direct, instantaneous action at a distance produced 
by an attracting body. The cause of the deformation of space-time 
in the neighbourhood of matter or energy, that is, the cause of gravi¬ 
tation, is still unknown. The generalized theory enables the law of 
gravitation to be stated in its most general form, in tensor notation, 
a form in which it contains the laws of conservation of energy, momen¬ 
tum and mass of classical physics as special cases. As is well known, 
the generalized theory had three important successes. (1) It accounted 
for the displacement of the perihelion position of the planet Mercury. 
(2) It predicted a lateral displacement of rays of light passing through 

a gravitational field. (3) It predicted a spectral shift of solar rays of 
light. 
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Elasticity 

1. Introduction. 

The behaviour of bodies subjected to deforming forces constitutes 
the study of elasticity. If the body entirely regains its original size 
and shape, it is said to be perfectly elastic; if it entirely retains its 
altered shape and size, it is said to be perfectly plastic. Actual bodies 
are intermediate in their behaviour, and the same material will behave 
differently according as it is in the form of a single crystal or a hetero¬ 
geneous mass of crystals such as constitute, for example, an ordinary 
metal bar or wire. Elastic strains are due to distortion of the space lattice 
within a crystal, while plastic deformations and fractures are produced 
by the development of slip planes. The behaviour of single crystals will 
not be considered in this book, as their study involves a fair knowledge 
of crystal structure; besides, it is not representative of the behaviour 
of ordinary matter in bulk. Further, attention will be confined to iso¬ 
tropic substances, that is, substances which exhibit under test the same 
properties in all directions; anisotropic substances require laborious 
and complicated mathematical treatment. 

The change of shape or size (or both) is termed a strain ; the forces 
in equilibrium which produce the strain are often loosely termed the 
stresses. More correctly, the stress is defined as follows. Let F be the 
force acting across a small plane area A at any angle to its surface. 
Then the normal component of F divided by the area A is termed the 
normal stress; the tangential component of F divided by the area A 
is termed the mean tangential stress. The criteria of a perfectly elastic 
body are these: 

(а) A given stress always produces the same strain. 

(б) Maintenance of a given stress results in a constant strain. 

(c) Removal of stress results in complete disappearance of strain. 

2. Deviations from Hooke's Law. 

It was found experimentally by Hooke in 1679 that, over a con¬ 
siderable range, the strain produced is proportional to the stress applied. 
This relation, which is termed Hooke's law, forms the basis of the 

theory of elasticity. If the strain is a simple stretching of the material, 

61 
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the graphical relation between the stress f and the strain (extension) e 
is called the stress-strain curve, the load-extension curve, or, briefly, the 
p-e curve. Typical p-e curves are shown in fig. 1. For steel the graph 
runs somewhat as in fig. 1(a). Each property, proportionabty and 
elasticity, holds only up to certain linuts, termed the limit of propor- 
tiomlity and the elastic limit. These two points do not in general 
coincide. In fig. 1(6), the former is represented by the point P. Its 
definition is comparatively simple and certain, whereas the direct 



Fig. 1 


determination of the elastic limit is a difficult process. Immediately 
after passing the limit of proportionality the curve shows a marked 
kink, which after a short interval, about the point jS, is followed by a 
rapid incr^se of the extension for slowly increasing (and sometimes 
even for di m i nishin g!) stress. The point S at which the material may 
be said to flow is called the yield point. On further increase of the load, 
the stress reaches at the point B its greatest value pg = Pmsa> 
to that point the strains extend fairly uniformly over the whole rod. 
In all materials, however, localized weaknesses due to slight differences 
in structure are present, and beyond B a local constriction (“ necking *’) 
occurs in ductile materials. The constriction increases rapidly, and at 
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some point Z, for values p, and e^, the rod breaks. The maximum stress 
and strain and are termed the /jrcal'itig stress and breaking strain. 

The behaviour of materials under compression is shown by the 
continuation of the curve below the a’-axis. Referring to the p-e curve 
for steel, we see that a region of jiroportionality is again initially 
observed; the point S\ which is the yield-point under compression, is 
also known as the crushing limit\ finall)’’ a region of flow is obtained, 
which for ductile materials like steel may extend for a considerable 
distance without fracture occurring. With brittle metals like cast iron, 
fracture occurs immediately at the end of the region of proportionality, 
or after a kink and a short drop in the curve. There is no yield-point 
and no “ necking Materials like marble, concrete and wood are 
characterized by no proportionality between stress and strain, even for 
small stresses, as is shown in figs. 1 (c), (d), (e) and (/). In most cases, 
when fracture eventually occurs it is produced by the action of shear. 


3. Moduli of Elasticity. 

The method of measuring a strain varies according to its nature. 
For simple stretching of a wire, the strain is measured by the increase in 

length per unit length of the wire. 
j Now consider a cube of side 
ABCDy fixed at the base and under 
the action of tangential forces in 
the direction AA'BB' (fig. 2). The 
cube takes up the form A'B'CD, that 
is, the vohune remains unaltered; 
such a strain is termed a shear and 
is measured by the angular deforma¬ 
tion 9. 

Finally, if an isotropic body is 
uniformly compressed in all direc¬ 
tions, it mil retain its original shape 
but will undergo a volume compression. The strain is measured by 
the change in volume divided by the original volume. 

The ratio of the stress to the strain produced in a body is termed 
the elastic modulus. There are three elastic moduli, according to the 
nature of the strain, namely: 

_ Applied load per unit area of cross-section 



Fig. 2 


Young’s modulus q = 
Rigidity modulus n = 


Increase in length per unit length 

Tangential stress per unit area 
Angular deformation 6 


Bulk modulus K ~ tensile) force per unit area 

Change in volume per unit volume 
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It is found experimentally that when a body undergoes a linear 
tensile strain it experiences a lateral contraction as well. Since 
this contraction is directly proportional to the extension, a fourth 
elastic constant termed Poisson^s ratio and denoted by a is introduced; 
this is defined as the decrease in width per unit width divided by the 
longitudinal strain. The four elastic constants are interdependent, 
since any change in size and shape of a body may be obtained by first 
changing the size but not the shape (volume strain) and then changing 
the shape but not the size by means of a shear. 

4. Components of Stress and Strain. 

Consider a parallelepiped ABCDEFGH of the material with its 
sides parallel to the axes of co-ordinates Ox, Oy and Oz as in fig. 3. 
Then simple considerations of equi¬ 
librium show that if no translational 
or rotational motion is to occur, 
the most general distribution of 
forces reduces to three different 
normal stresses X^, Yy, and 
three different pairs of tangential 
stresses Xy^Y^, Z^=X^, Zz=Zy. 

The notation is such that the 
subscript indicates the axis per¬ 
pendicular to the face across which 
the normal or tangential force is 
acting. The strain may likewise 
bo resolved into six components 

Cyr. = where the former con¬ 
stitute the strains produced by the 

normal stresses and the latter the shearing strains. Thus is the 
relative displacement of planes perpendicular to Oy and Oz respectively 
and initially at unit distance apart. 

5. Strain Ellipsoid. 

Consider a sphere with radius r and centre 0, and let (x, y, z) be 
the co-ordinates of a point on its surface (fig. 4). Suppose that it is 
strained into a symmetrical figure with centre O', that O'A', 

O'O' have magnitudes a', b', c' and correspond to OA, OB, 00, 
and that {x', y', z') corresponds to (x, y, z). 

Since the ratio of parallel lines is unaltered by strain, we see by 
fig. 4 that ^ 

y 

r a" r b" r ~ f' 
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Now 



Hence 

a^ 0 “ c ^ 



or (x\ y', z') is a point on an ellipsoid with a\ b\ d as conjugate dia¬ 
meters. Since there are only three diameters of an ellipsoid which are 
mutually perpendicular, there arc, in general, only three mutually 
perpendicular diameters of the sphere which remain mutually per¬ 




pendicular after straining. These are termed the axes of strain and the 
corresponding strains are termed the jrrincifal strains. 

6. Relations between the Elastic Constants. 

Since for isotropic substances the directions of the axes of strain 
will be those of the normal stresses, the most general stress at a point 
will be Ply P^y Pz along Oxy Oy, Oz respectively. Hence == Piy 
Yy = p 2 and Z, = P^. while Xy~ 7, = Z* = 0. The corresponding 
strains will be 

e.. = ^ {Pi — a(P^ + Pg)}, 

evv ^ “ “'^^3 + ^1^)’ 

e„ = ^ {P 3 - a(Pi + P 3 )}, 

while Bgy — Cyj = e,a =• 0 . 
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Solving for Pj, Pg have 

Pj = AS + 2n'€„, 

Pg = AS + 2n'ej,y, 

P3=AS+2n'e„, (1) 

where 

^ = ^xx~\-€vv~\-^zzi ^=o' 2 /(l + o'){l — 2 ct) and 2 n'= 5/(1 + a). 

The dilatation S measures, to a first order, the fractional change in 
volume, since it is the sum of the principal extensions. 



5 


For a uniform compression or dilatation Pj = Pg = Pg = P. 
Hence, adding equations (1), we have 



3P 

3A + 2n' 



Now the bulk modulus K is defined by 

K = P/S. 

Hence 


K= _?_ 

3(1 — 2ff) 



It remains to identify n' with n, the rigidity modulus. We see 
from fig. 6 that if a simple stress Q acts on four sides of a cube 
ABCDEFGH, the stresses across the diagonal planes ACGEj BDEF 







THE ELASTIC CONSTANTS 


57 



will be compressive and extensive respectively and each of magnitude 
Q. Taking the axes Ox, Oy, Oz as parallel to OB, OA, 00^, we have 
■^e= Q, Yy= ^Q, 2, = 0, with corresponding strains 


Then 



U.DA-ff = 


1 + gxi _ 1 ~f gjj ! 

1 + fiyy AO 1 ByJ 


where the dashed letters correspond to the strained cube (see fig. 2). 
Since the shear strain 9 = lBA’B — lOAB = 2Ll>AO* — 7t/2, 


9 ta,n DA'O'—I 
2 ~ 1 + tun DA'O’ 


€xx 

2 + e** + e 


vv 



For small angles, therefore, 

^ — eyy = 2(1 + a)Qlq. 


Now the modulus of rigidity is defined by 

«=Q/0=?/2(l + a).(4) 


and, by comparison with equations (1), n' = n. 

Eliminating a from (3) and (4), we obtain the important relations 



9n/f 1 
^~ZK + n 

^ ZK-2n 

^ 6iiC + 2n. 



The expression for Poisson’s ratio may be written 3^(1 — 2a) = 
2n(l -f- a). Since K and n are both positive, a cannot be greater 
than J nor less than —1, 


7. Principle of Superposition. 

The preceding theory is based on the assumption that the eSecte 
produced by the different stresses are quite independent of one another. 
The applicability of this principle of superposition is confirmed by ex¬ 
periment. In particular, Guest * made a careful study of the behaviour 
of thin tubes under combined stresses. He showed that various stresses, 
such as internal compression, tension, and torsion, could be applied 
simultaneously and combined in different proportions, but that initial 
yielding occurred only when a specific total shearing stress was attained. 

•Phil. Mag. (6), Vol. 60, p. 60 (1900). 
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8. Bending of Beams. 

^^^len a beam is bent by an applied couple, the filaments of the 
beam are compressed in the region nearest the inside of the curve and 
extended in the region nearest the outside. The filament which ex¬ 
periences no change in length when the curvature is applied is termed 
the neutral filament or neutral axis. 

Suppose a rod ABCD (fig. 6) is bent into a circle and that the 
radius of the neutral axis PQ is p. Then if we consider a filament 
P'Q' of the rod, a distance z from PQ, we have 

FQ' ={p + z)<t>. 

Hence the extension of the filament is 


e = FQ’-PQ=(p + z)4>^ p4>=.z^ . . (6) 


and the strain, since the origuial 
length was p^, is zjp. If the 
area of cross-section is a, the 

force across the area is — a. 

P- 

The couple due to these forces 

is thus — az, and the total 

P 

couple, or bending moment, due 
to all the filaments in the rod, 
which must equal the external 
applied couple G when the rod 
is in equilibrium, will be 

G = ^ Eaz^ . (7) 

P 



The quantity is analogous to the moment of inertia about the axis 
s = 0 and is termed the geometrical moment of inertia of the cross-section 
about that axis, which is perpendicular to the plane of the paper. If 
the actual area is A and the radius of gyration is denoted by k, 

G = . 

P 

The quantity qAh^ is sometimes termed the flexural rigidity. 


( 8 ) 
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9. Beams under Distributed Loads. 

Consider an element of the rod, of length dx, at a distance x from 
some origin on the neutral a.xis, and let the load per unit lentrth be 
w (fig. 7). Then w dx is the bail on 
dx; let the shearing forces and the 

bending moments be (r, F + i//’, 

G -{-dG at X and x-{-dx respec- ~1 G+dG 

tively. Then 


and 


or 


dF 


dx~ ^ 

... (9) 

dG 


= F 
dx ^ ’ 

• • (10) 

d^G 



• • • (11) 



'^F-*-dF 


10. Relation between Bending Moment and Deflection. 

If p is the radius of curvature of the beam at a point where the 
depression is y (fig. 8), we have 

1 ^ d-yMF- 


1 + 


'dyV\^' 


dx 



Fig. 8 


Since 



1, it is approximately true that 


Hence, from (8), 


1 _ + dy 

p ~da^' 

0.,AP g. 


♦ ( 12 ) 


Combining equations (10), (11) and (12), we have 




• ( 13 ) 


and 




(14) 
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11. Solutions of Beam Problems. 

The four constants of integration required for the solution of (13) 
are determined by the end conditions of the beam. Three cases usually 
occur: 


(1) Free end with no load. 

F = hence ~ 


and 


dx^ 


0 , 






If a load TF is attached to the free end, F = TF. 

(2) End supported hut not gripped. 

i 

G = 0, hence = 0, and y is kno™. 


(3) End clamped. 


dy 

dx 


is known and 


usually equal to zero, and y is known. 



Fig. 9 


In the solution of beam problems care must be taken that the 
boundary conditions inserted after integration apply to that portion 
only of the beam w^ithin whose limits the differential equation was 
originally formulated. It is often convenient to divide the problem into 
two or more parts at some convenient point such as a support, as 
illustrated in the solution of Ex. 4, p. 310, and then to equate elevations 
and slopes at the jimction. 

Example,— Uniform beam clamped horizontally at both ends under a 
uniformly distributed load (fig. 9). 

This example of the application of equations (12), (13) and (14) will now be 
worked out; other examples for the reader will be found on p. 309. 

Writing D for djdx, Lfi for d^da^, &c., and using (13), we have 

qAJirD^j = w. 
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Integrating four times, we have 


qAk^D^y = U’X -f- id, . . 
qAk^D~-y =+ Ax + B, 


qAIADy = -^ + + Bx + C, 


/jJW,, , Ai? . Bx^ , n , rj 

qAky =. . 


6r 

. (15) 

. (16) 

. (17) 

. (18) 


From case (3) above, the end conditions are 

= P = 0 foT z = 0, Dy = y = 0 for z = I, 
where I is the length of the beam. 

Hence, from (17) and (18), C = H = 0, 

+ iAP + = 0, 

Bl + ^AB + IwP = 0 . 

Solving for A and B, we obtain 

i4 = — 5«'?, 

B = r^^ivlK 

The complete solution is therefore 



qAk^y = 



- - 2/x + P) = -^vx^^z - l)K 

. . • (19) 

Further, 

0 = qAB^D^ 



= - C/x + P), . . . 

. . . (20) 

and 

F= —qAIc^D^y 



^ u)(if - x). 

. . . (21) 

By (20). 

the bending jnoment is zero when 



Gx* - Qlz 4 = 0, 

and the maximum deflection occurs at the centre of the beam and is given by 

v= 

^ ZUqAk^ 


12. Thin Rods under Tension or Thrust: Euler’s Theory of Struts. 

It can be shown that the bending moment is always equal to qAh^jp, 
even if a tension or thrust is present in addition to the bending couple! 
Let a thrust P act at the ends of a thin rod of length I (fig. 10). 
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As P is increased there occurs a critical value at which the rod will 
buckle, unless it is constrained, when it will ultimately fail by crushing. 

To find the critical value of P, let the rod be initially slightly bent 
and consider any point S on the rod with co-ordinates (x, y). If 0 
is the bending moment, and we take moments about S, 
we have I 

G=-Py .( 22 ) 

But ^ \ 


Hence 


G^qAF-D^-y. 

qAkmhj = -Py. 


If we wTite this in the form B-y=—m^y, where 
m- = PjqAk^, the solution is 

y ~ A cosmx -f B sinma;. 

Substituting for the boundary conditions 


y=0 when a: = 0, y=0 when x=ly 


we have 


^ = 0, and B sin ml = 0. 


NfS 


Fig. 10 


The latter condition is satisfied if P = 0, when the rod is straight, or 
for sinml = 0, when ml = tt, Stt, &c. 

The first stable bending position therefore occurs when m = tt//: 
the force is then 

P=qAF-^^IP .(23) 

and 

y=Bsinnxll .(24) 

Since at the centre of the rod x= //2, from (24), B= The 

rod may therefore bend to any extent within certain limits, provided 
P reaches the critical value given by (23). In the calculation the cur¬ 
vature has been put equal to D^, and this approximation gives the 
value of the limits of bending. 

When m = Stt/?, equihbrium is again obtained: the various 
positions clearly correspond to multiples of half a sine-wave. 

Euler’s theory is only in approximate agreement with experiment; 
Southwell has given a more satisfactory but much more complicated 
treatment. 


13. Uniform Vertical Rod Clamped at Lower End. Distributed Load. 

The problem of a uniform vertical rod under a distributed load 
and clamped at its lower end has many important applications. Thus 
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e.g there IS a limit to the height to which a tree can grow before it 
bends under its om-u weight. In fig. 11 consider two points Q and Q', 

mth co-ordinates (x, y) and (x', y'), on the 

bending rod 05. The weight per unit length 

w is generally a function of x; let the 
weight of an element of length at 0' be 

wdx\ 

The moment of this element about Q 
will be ivdx'it/ — ?/), and the total bending 
moment about Q, due to the length above 
Q, is 

G iv{y - y')dx'. 



Fis. i t 


dG^f 

dx 


where I is the length of the rod. 

DifEerentiating both sides with respect 
to the upper liinit x, we have 


= /■ 
dxJi 


/ wdx\ 


Now the total load above Q is — wdx' ~ W, say. Hence 


or 


dx~ dx 

qAk^f-y=-W^. 

dj? dx 


(25) 


The solution of (25) depends on the nature of W and may be very complicated, 
tor the special cose of a uniform distribution of load, IK = u{l — x). Then 

.( 26 ) 


or 


where 


0—- 


P(f — x)p. 


p = ^ and p = wlqA k\ 


Finally, putting I — a: *=* z, we have, since 

ax* dz* 




. (27) 
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Then 


To solve equation (27) we express p in terras of a power series 

p = Og H- a,z 4- + ^3^ +.(28) 


= 2a2 + 2.3ajz + 3.+.(29) 


Hence, corabining equations (27), (28) and (29), and equating coeflBcients of 
powers of z, we obtain 

202 = 2.3 , Oj = — pOo, &c. 

Hence 

The constants o^, Oi are determined from the boundary conditions. 


Hence Oi s= 0 and 


p = 0 when z = /, = 0 when z = 0. 

dz 


* 1 


180 


(30) 


The smallest value of pP which will satisfy equation (30) is found by trial and 
error and successive approximation to be 7*84. Instability therefore occurs when 
xvl^lqAk- = 7-84. 

If p is the density, then w = and the maximum length is given by 


.(31) 

If p = 0-6 and q= 10“ dynes/sq. cm. for deal, 0 


the maximum height of a pine tree 15 cm. across 
is about 27 metres. 

14. Torsion of Rods. 

Consider an element of a circular rod, 
of area a and at a distance r from the 
axis of symmetry 00' of the rod (fig. 12). 

I^et the rod be fixed at its lower end at 
a distance I from a and let a be twisted 
through an angle ^ by an external couple. 

Then if the tangential stress across a is 
F, the element of couple about the axis 
which this contributes is 

dQ = Far. 

Fig. 12 

Now if the angle of shear is B, 



r(l) = 10. 
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Also, since n = Fjd, where n is the rigidity modulus, 




Hence the total couple about the axis is 

Since the rod has a circular cross-section, Sar- is the geometrical 
moment of inertia of the section of the rod about the axis. Since 


Sar2 


-I. 


27Trdr . = Ak\ 


«_ 1 Trnj>R^ 

^ “ 2 ~r~'' 


(32) 


where R is the radius of the rod. The quantity Qllj> is sometimes 
termed the torsional rigidity. 

For rods of any other cross-section Qlln<j> is less than Alc^. The 
solutions for elliptic, equilaterally triangular and square sections were 
given by St. Venant, who show^ed that the torsion involves a longi¬ 
tudinal displacement in the cross-section. The treatment of St. Venant 
is based on a general principle enmiciated by him, that the strains 
which are produced in a body by the appUcation, to a small part of 
its surface, of a system of forces statically equivalent to zero force and 
zero couple are of negligible magnitude at distances which are large 
compared with the linear dimensions of the part. 

It is only with cross-sections of a high degree of symmetry, how¬ 
ever, that mathematical expressions can be obtained for Ql/n<l). Re¬ 
course must otherwise be made to analogous equations in other branches 
of physics, which are more susceptible to investigation. Thus Prandtl 
pointed out that the deviation from a plane of the surface of a soap 
film which covers a hole of the same size as the cross-section of the 
bar, and which has an excess pressure on one side, may be used to 
obtain the form of the function determining The values for 

Qllncf) and for the geometrical moments of inertia of different sections 
about the axis are given below. 


Circular area, radius R. 

Qllncl>^^7TR*; AIc^^^nR^ 


Elliptical area, semi-axes a and b. 


Qlln(l> = 


rra^b^ 


Ak^ = \7Tab(a^ + b^). 
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Bcctangular area, sides 2a and 26. 


Qlln<t> 



-tanh 

(2m -h 1)^ 


(2m + l)7ra( 

26 y 


whore ni has the values 0, 1, 2, 3, . . . : 

Ak^ — ^ab{a^ + 6^), 

For a square, this gives 

Qljn4> = 2-2492aS AB = 8aV3 = 2*667aA 


If a = 36, the sura of the inhnite series of h 5 ^erbolic tangents 
differs by less than 1 part in 5000 from T0045. 

For a flat strip, therefore, 

Qlln<j> = - 3-3616/a). 


Hence for circular, elliptic, and rectangular strips of the same 
cross-sectional area and length, the relative tor¬ 
sional rigidities are in the ratio 1 : 26/a : ^TrbjZa. 

Rectangular suspensions have the double ad¬ 
vantage of small torsional rigidity combined with 
large surface area for radiation of heat and are 
therefore often used in the construction of gal¬ 
vanometers. 


15. Energy in a Strained Body. 

(a) A bent beam. 

Consider a short length dl of a filament of a 
bent beam (fig. 13). Let the cross-section of the 
filament be a and let it be situated at a distance 
z from the neutral axis. Then if we use the results 
of section 8, p. 58, the work done in stretching 
this filament by an amount e will be 

Force X Distance = Stress X Area X Distance 



Fig. 13 


= Elastic Modulus X Strain x Area X Distance 
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Hence the total energy of the whole cross-section A of the rod of 
length dl is 

_ 1 ? 


But 


dV=~\dlI,az^ 

2p- 

dl .,2 


Hence the energy of the whole rod is 

/ Q2 


*'0 


2qAJc- 


dl 


(33) 


(6) A rod of circular cross-section under torsion. 

H the couple applied to a rod under torsion is Q, the work done 
twisting the rod through an angle d<f) is 

dV=Qd<f>. 

Now from equation (32) 


in 


Hence 


^ _ 7in<f>R^ 


or, alternatively, 






- r Qo' 


y=f 


nnR* 

where dl is measured along the rod. 


dl. 


. (34) 


2a 


16. Spiral Springs. 

Let the coils of a spiral spring (fig. 14) be inclined 
at an angle a to the horizontal plane when the spring 
is stretched by a force W* We consider any point A 
on the coils; if a is the radius of the cylinder on which 
the coils are wound, the external couple at ^ is Tfa. 

This couple results in a torsional shear F = W cos a 
m the tangent plane to the coils at A and a tension 
T=: Wsina along the tangent to the coils. 

couple across the section at A can be resolved into a torque 

am section and a bending moment 

u— vVasma with its axis perpendicular to the section at A. 
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Then if x is the final extension of the spring, the work done in stretch- 

ing is V = / 11 dx, where IF is now the final stretching force and is 

equal to the suspended weight Mg if the extension is produced in 
that way. V must be equal to the sum of equations (33) and (34). 


Hence 


^= 1 /+/ 




ttuR^ 


dl, 


or 


/ 


Vi, =!-^ + 

0 2qAk^^ TrnR^^ 


Substituting for G and Q, we have 


L 


_nWZsin2a , 

0 2 qAlc^ 


ttyiR^ 


DiSerentiating both sides with respect to x, we have 


dx __ ^Jsvci^a 2 cos^ 
dW ^ TmR^ 



Since IF = 0 when x = 0, 


X 


TTT oi/sin^a , 2 cos^aX 


« % 


■ (35) 


If a is small, this becomes approximately 

2IFa2I 
ttuR^' 


X — 


(36) 


Substituting the value Alc^ = ^R^ for a wire of circular section in 
(35), we obtain 


2TFa2//2 sin^a , cos 

"=^(—+ 



(37) 


In addition to the vertical motion of the free end, there is an angular 
displacement in the horizontal plane. If the end of the wire is twisted 
through the torsion gives rise to a horizontal angular displacement 
/S = ^ sin a. Since 

g = TFa cos a = 


;8 = 


2TFa7 sin a cos a 
ttuR^ 


this will cause the spring to coil up, since it acts inwards. 


(38) 






SPIRAL SPRINGS 



On the other hamh tlic bending moment produces a liorizontal 


angular rotation of the free end amounting to 


L 


^//cosa ITusinaCOSa 


(jAl:- 


I = 

v'U 


•Dirt/ sina cosa 


and tliis causes the spring to uncoil, since it acts outwards. 

The total angular displacement as the spring coils up is therefore 

2Wal sina cos a / I 2^ 

• • • * 


(39) 


and is greatest when a = 45®. ^ o 

The spring will coil or uncoil according as - ^ Since for most 
^ ® ° n q 

metals q > 2«, spiral springs of circular section generally coil up when 

stretched. For a spring made of flat strip of rectangular section of 

sides 2a and 26, the total angular displacement is 


3TFi?/sina cosa f 1 4] 

\«(1 - 3-3G1 X 36/lGa) q] * 


(39a) 


17. Vibrations of Stretched Bodies. 

The general treatment of the vibrations of stretched bodies is 
beyond the scope of this book. A few simple cases, however, are of 
considerable importance. 


(a) Transverse vibrations of a loaded bar. 

Consider a light rod projecting horizontally from a clamped end, 
with the free end carrying a weight TF. 

If the restoring force is F when the deflection is 

F = -Wd-^fdC^. 


Further, from Ex. 3, p. 309, qAli^yi = 


Fl^ 

3* 


Hence 




where = ZqAk-jiWl^). The solution of (40) gives 




(6) Vertical oscillations of a loaded spring. 

In the case of a flat spring, only the torsional energy comes into 
account. The potential energy when the spring is subjected to a couple 
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IIV/ has boon shown to he V = II'V//(7r«7?^). 
vertical extension is x = 2IIVr/ 


Hence 



But from (36), the 
.... (42) 


Let the velocity of the ino^niig mass be dxjdt at the instant when 
the extension is x. Then the kinetic energy of the mass is ^W(dxjdtf-. 
The kunetic energy of the spring itself must also be taken into con¬ 
sideration. If the extremity of the wire moves with a velocity dxjdt, 
the kinetic energy of an element ds of the wire a distance s from the 


fixed end will be | 


/ s dx\- 

fZi ) ^ ^^ss per unit length of 

the spring and / is its total length. The total kinetic energy associated 
with the .spring is therefore 



where w is the mass of the whole spring, 
of the system is therefore 


1 

2 


(I(’ + 


'"KjO 



The total kinetic energy 


Since the sum of the potential and kinetic energies of the whole system 
is con.stant, 


«»■+»A)( jy + ^,'2' - 


= const. 


An additional term (IT + \oj2)gx representing the change in poten¬ 
tial energy under gravitational forces should be included for vertical 
motion, but it makes no difference to the period of oscillation, which 
would be unaltered if g were ineffective as in horizontal oscillations. 

Differentiating with respect to t, we have 


(TF + xojZ) 


d^x 




d^x 

This is of the form = —m^x, where 


_ 7rnR*l2la^ 

~ IT -h w/^' 

The period is t = ^Trjm = 277. 


(43) 
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18. Experimental Determination of the Elastic Constants. 

Methods for measuring q and n will now be described; the measure¬ 
ment of K is described in the chapter on compressibility (p. 8G). 

Extension may be measured in the follo\ving wa^^s: (1) by a micro¬ 
meter screw, (2) by an indicating dial, (3) by a microscope, (4) by a 



Fig. 15 

(From Sear)e» Experimental ElaiiUity (Camb. Univ. Press)} 


multiplying lever (mechanical magnification), (5) by optical magnifica¬ 
tion, (6) by optical interference, (7) by change in electrical resistance 
(e.g. Bridgman’s work. Chapter V, p. 87), (8) by Whiddington’s method* 
of observing the alteration of pitch of a heterodyne beat note, produced 
by the change in capacity of a condenser when the distance between 
the plates is varied. 

* Whiddington, Phil. Mag., Vol. 40, p. 634 (1020), 
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19. Young’s Modulus. 

(a) Searle's statical method. 

The apparatus coasists of a framework CC'D'D (fig. 15), which i.s supported 
by two vertical wires A, A' listened to clam|‘)S at F {K and K' being loosely 
pivoted). Inside the framework rests a spirit-level L supported by the horizontal 
bar II and the end of a thick screw S. A large graduated drum-head is attached 
to S and moves over a vertical scale R, as shown. From one side of the framework 
is suspended a heavy constant weight M and from the other a heavy scale-pan 
P. In using the apparatus the spirit-level is first adjusted to the horizontal 
position by turning the drum-head on S. A known load is then placed in P and 
the distance through which S lias to be turned in order to bring the level back 
to a horizontal position is noted. Further loads are then added and the process 
is repeated until a given maximum is reached. Reading.s are then taken with 
decreasing load. 



Since Young’s modulus is defined by stress/strain and in this case 
stress equals load per unit area of cross-section of the wire and strain 
equals increase in length per unit length, the diameter and length of 
the wire have still to be determined. The diameter is measured in 
several places with a micrometer screw gauge, while the length of the 
wire is obtained by means of a calibrated steel tape. Young’s modulus 
is given hy q= WgLjnrH, where r is the radius of the wire, L its 
original length, and I its extension under the load IF; the value of 
IjW is determined from the slope of the load-extension diagram. 

(6) Ewing's extensometer. 

The preceding method is suitable only for wires; an extensometer 
such as Ewing’s may be used for thicker specimens (fig. 16). 
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Two horizontal arms AD and CD are pivoted at E and F by screws wliich 
pass through the specimen G. The arm BA is bent round to form tlio vertical 
rod which carries at its lower end a point P; the point rests in a V-shaped 
slot cut in the arm CD. Between H. and P there is a tine screw-head which may 
be used to adjust the position of P and to calibrate the instrument. From B 
w suspended the microscope which carries a micrometer scale in the eye¬ 
piece and which is focussed on a fine horizontal scratch on the end of CD. When 
a load is applied to Q, P acts as a fulcrum and the extension of the rod is given 
by FPjDP times the displacement observed in the microscope. Extensions as 
small as 1/50,000 of an inch may be measured. 


(c) Bending of abeam. 

The most convenient experimental arrangement is with the load 
m the middle of the beam and the ends free but supported by knife- 
edges. Then by a simple extension of Ex. 3, p. 309, the depression is 
given by 

_TF1/Zy 1 

2 3 V 2 / qAk^' 

The depression may be measured by any one of the eight methods already 
enumerated. Konig introduced the use of two mirrors fixed vertically at either 
of the free ends of the bar, together with a telescope and scale. Then if d is the 
total change in the scale reading when a load W is applied, s the distance between 
the mirrors, and 8 the distance between the scale and the first mirror, it c an be 
8 ho^vn by simple geometry that 

d — ( 2 s ~f- 


where 9 is the actual angle of twist of either of the mirrors. 
But by Ex. 3, p. 309, 


Hence 


so that 


^ ^ 2 2/0 

_W \ P 
2 qAlP 8 

„_W P (25 + 45) 

^ 2 8AIP d 


(d) By angular oscillaiions of a loaded s-pring. 

This method is a direct application of the solution of Ex. 9, p. 309. 

(e) By transverse vibrations of a rod. 

It may be shown,* by using an analysis somewhat more complicated 
than that of section 17, p. 69, that for a rod of circular cross-section 
fixed, for example, in a lathe-chuck and allowed to execute transverse 
vibrations, the frequency of oscillation is given by 

mV la 


•O. P. 0. Searle, Experimental Phyeice, pp. 64-8 (Camb. Univ. Press, 1934), 
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where q is Yoimg’s modulus, I length of rod, p density of material of 
rod, r radius of rod, and m is given by coshm cos 1. The frequency 

may be determined by resonance with a tuning-fork, and since the 
remaining quantities are easily found, a value for q is obtained. 


20. Measurement of the Rigidity Modulus. 

(a) Bartotis statical method. 

Tliis method is a direct application of 
formula (32), 

^_ 1 7Tn<l>R^ 


The specimen AB hangs vertically (fig. 17), 
being clamped at A and having a brass cylinder 
attached firmly to it at B by means of a set¬ 
screw. The torque is supplied by weights W 
carried in small scale-pans, and is made effective 
by cords acting tangentially to the brass cylinder. 
The twist between two points a distance I apart 
on the specimen is obtained by fixing two mirrors 
il/i and M 2 to the points by means of set-screws 
and using the usual lamp and scale method. If a 


is the radius of the brass cylinder, 



nrjT 1 tmoR* 

2Wag= ^ 





so that when 2R has been determined for several 
positions on the specimen n may be found. 



(6) Vertical oscillations of a loaded spring. 

This method is a direct application of equation (43), p. 70. 


21. Searle’s Method for n and q. 

Two equal brass bars A and C of square section are joined by the wire W 
as shown in fig. 18. The system is suspended by two paraUel torsionless threads. 
If the ends P and P* are made to approach one another symmetrically and are 
then liberated, the bars will vibrate in a horizontal plane. The centres of the 
bars 0 and O' remain approximately at rest, so the action of the wire on the 
bar and vice versa is simply a couple. If each bar is twisted through 6 and I is 
the length of the wire, the radius of curvature of the circle into which W is bent 
is given by 20 = l/p. Hence if / is the moment of inertia of either bar about a 
vertical axis through its centre, we have 

t(PQ_ qAB_ 2qAm 

~dP p ‘ f * 


This is of the form where 

aP 



2qAIP 

ii 
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where 




2qAl^ 
tzR* 


(44) 


To determine n for the same the suspensions are removed, and one of 
the bars is hsod horizontally while the other is suspended from the now vertical 




Fig. 18 


Fig. 19 


wire. If the suspended bar is twisted through an angle 9 and allowed to oscillate, 
the equation of motion is 


which is of the form 


j _ toiR^ 

^ di^~ ~2r 

= -mV. 


imR* 


where m* = and hence the time of oscillation is 


211 




(46) 


The ratio g/n is therefore given by and for the determination of this the 

values of i(, I and I are not required. 


22 . Determination of Poisson’s Ratio. 

(a) Direct method. 

The lateral strain is measured directly with a micrometer screw 

gauge, while the longitudinal extension is determined by Searle’s 
method or with an extensometer. 


(6) Bar method. 

When a flat bar of rectangular cross-section is bent by an applied 
couple, besides the curvature in the plane of the paper (see 19), 
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there is an anticlastic curvatuxe of radius p' in the plane perpendicular 
to this. It has been shoTO that the longitudinal strain e at any distance 
2 from the neutral axis is zjp, where p is the radius of curvature of the 
axis. The lateral contraction/is similarly given by zjp. Hence Poisson’s 
ratio o = fje = pjp . The radii may be determined directly by clamp¬ 
ing pointers to the rod and observing the distances and angles traversed 
when a given couple is applied. 

(c) Use of thin tubes as in hulk modulus determination. See Chapter 
V, § 3, p. 84. 

23. Optical Interference Methods for Elastic Constants. 

Since the determination of strain involves a measurement of change 
of length, the change produced in an optical interference pattern aSorda 
a sensitive method for the determination of elastic constants. A few 



Fig. 20 

(From Searle, MisttUaneom Experiments (Camb. Univ. Press)) 

examples of various experimental arrangements which have been used 
are given below. 

(a) Young's modulus by Searle's method. 

As fig. 20 shows, DF is a portion of a circular vertical rod AA under test. 
Two arms DD and FF carry an optically flat glass plate and a lens to give Neu-ton’a 
rings. A third arm BC is loaded by a force Mg^ gradually applied, at a distance 
c from the axis of the rod. As the weight Mg is applied, a certain number of 
rings {N) will disappear at the centre of the interference pattern. The effect of the 
applied couple is to compress and bend the rod, and it is left as an exercise to 
the reader to show that Young’s modulus is given by 

_ 2MgliAac — f^) 

^ Ntz>j* ’ 

where r is the radius of the rod, a the distance of the centre of the lens from the 
axis of the rod, and X the wave-length of the light used to produce the interference 
pattern. 
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(6) Rigidity modulus by Searles method. 

The apparatus (figs. 21 (a) and (6)) consists of the horizontal rod PQ under 
test, carrying clamped cross-pieces AB and DE at either end. The piece AB is 
pierced by a horizontal axis, so that the bar is free to turn and will consequently 
experience no bending moment when weights M are applied to either D or E. 
An ivory point C resting on a plane surface S supports the end Q of the bar and 
also serves as a fulcrum about which the torsion couple arising from the weight 
M acts. A glass test-plate rests on the centre of the bar. 



Fig. 21 a 

(From Searle, Slitccllaneous Experimenti (Camb. Univ. Press)) 

Under the action of the couple, the central plane of the bar takes the form 
of a helicoid surface, the section of which by the horizontal plane gives rise to 
hyperbolic fringes, as shown in the figure. It may be proved that if t = |(Ti -f Tg), 
where t, = X{n — !)/(«„* — u,^) and t, = X(n — l)/(y„^ — Ui-), and u and v are 
the distances from the centre 0 to fringes measured along directions at 45° and 
- 45° to the X- and y-axes, 

^ Mgl 

” - 3-3616/a)* 



(From Searle, Miseellaneout Experiments (Camb. Univ. Press)) 


whore n is the coefficient of torsional rigidity, Mg the applied load, 21 the distance 
DE^ and 2a, 26 the width and thickness of the bar respectively. 

(c) PoissorCs ratio. 

(1) Cornu’s method. 

method is applicable only to a good reflector, such as glass or a metal 
which will take a high polish. 

A rectangular bar of the material is taken and a plane optical test-plate is 
p^ed m contact with it. The bar is then loaded symmetrically as shown in fig. 22; 
the system of interference fringes produced between bar and test-plat© is then 
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observed. Tlie fringes are hyperbolas (fig. 23). and it may be sho^ 
the asvinptotes make an angle a with the .r-axis, a = p/? = cot a. ine 
angle niav be measured flirectly uith a goniometer eye-piece. Alternatively, it 
Pv Vn^ ?ri the distances of the first and nth fringes from the origm U 



(From Searle, MiiceUaneous Experiments (Camb. Univ. Press)) 


these two directions are given by 


„ _ (Pn - Pi ) 

^ X(n-l) 

and 

X(n-l)’ 

whence 

• 

1 1 

11 

CL. 

II 

0 



I 



Fig. 23 

(From Handbuch der PItysik, Springer, Berlin) 


The method is capable of many variations. For example, the optical test-plate 
may be replaced by a lens, giving Newton’s rings. On bending the rod the rmgs 
will become increasingly elliptical in shape; finally, when the radius of curvati^ 
of the rod in one direction equals that of the lens, rectilinear fringes will be 
obtained. 

(2) Method of difEraction haloes. 

When lycopodium is dusted on a plane polished surface and ill umin ated by a 
email source placed in front of the surface, the illuminated particle and its image 
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Bend BMondary wavelets to the eye and the small source appears surroimded 
by a diffraction halo. If the surface is bent, the normal will rotate, the an<de at 
which the light enters the eye will change, and the halo will appear deformed. 
In the experiment of Andrews * (fig. 24) a uniform rectangular brass plate P, 
one surface of which is polished and dusted with lycopodium, is bent by applied 
couples and plwed a few feet from a small light source Z,. An observer at B 
measur^ the diameter of the elliptical haloes upon the superposed imago of the 
scr^ S which is seen by reflection in the plate-glass plate 0. The lengths of the 
major and minor axes are observed, the couple is increased, and the process 
contmued. Let 0, 9 be the angles subtended at the eye by the diameters in the 
plane of bending and perpendicular to it respectively. When the couple is 
increased, let these angles change to O', 9 '. Then Poisson’s ratio is given by 



The haloes are generaUy small and diffuse and do not improve when the plate 
IS bent: great accuracy therefore cannot be attained. 

24. Variation of Elasticity with Temperature. 

For small ranges in the region of room temperature, there exists 
an approximately linear relation between elasticity and temperature. 
In general, as the temperature rises the elastic moduli fall and for 
temperatocs up to within 150^ C. of the melting-point, Andrews + 
has found the general relation 

q = 

where b takes some other value b, at an absolute temperature 
about half that of the melting-pomt. There is a general correlation 

• Andrews, Phil. Mag. (2), Vol. 2, p. 945 (1920). 
t Andrews, Proc. Phya. Soc., Vol. 37, p. 3 (1925). 
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between degree of thermal expansion and change in the elastic modulus. 
Thus quartz, which has a neghgible coefficient of expansion between 
0° and 800° C., exhibits an almost constant value of q within this 
temperature range. Using a torsional oscillation method, Horton* has 
shown that the rigidity modulus, although showing approximately 
Linear variation \\'ith temperature over small ranges, depends largely 
upon the previous treatment of the specimen. Irregular behaviour 
is also found at very low temperatures. The classical work of de Haas 
and Hadfield t has shown that the ductiUty of steel completely disappears 
at —252-8° C., whereas the mechanical properties of nickel, copper, 
and aluminium are much improved. In general, the eSect is not 
permanent, the metal regaining its original elastic properties as the 
temperature returns to its original value. 

25. Isothermal and Adiabatic Elasticities. 

For small changes of temperature, the changes in the elastic 
properties of bodies are reversible; it is therefore possible to take 
e.g. a stretched vriic through a Carnot cycle. Consider a wire of length 
I and cross-section A, subject to a strain e under a stress P and situated 
in a uniform temperature enclosure at a temperature T. Let the wire 
undergo an increase in strain Be: the work done on the wire is PAlBe. 
Now let the wire be transferred to another uniform temperature 
enclosure at temperature T + 8T, the elastic properties changing so 
that the stress becomes P + BP. Finally, let the wire contract until 
it regains its original strain e, after which it is brought back to the 
first temperature enclosure to complete the cycle. The work done by 
the wire at the higher temperature is 

(P+ 

and hence the net work done by the wire is 

8P^;8e. 

If h represents the heat given out reversibly by the wire on being 
stretched at temperature T, by a well-known thermodynamical relation 

Net work done during cycle _ BT 
Heat given out at temperatme T T * 
or 

BPAlBe_ BT 
h T* 

or 

AlSe. 

e const. 

• Phil. Trans., A. VoL 204, p. 1 (1904). t Trans., A, Vol. 2.12, p. 207 (1933). 


A - T 

~ w) 
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If p is the density of the material of the wire, C its specific lieat, and 
J the mechanical equivalent of heat, the change in teinperature due to 
the elongation is then 



The change in strain 8c might have been produced by changing the 
temperature of the wire while maintaining the wire under constant 
stress. If a is the coefficient of linear expansion, the required tem¬ 
perature change is given by Sc = a ST. If we represent Young’s 
modulus by the wire may be brought back to its original length by 
decreasing the stress by 8P, where 8P = —qSe = —qaBT, or 

= — qa. 

e const* 



Hence h6 — —Tqa hej(pCJ). Now q Sc is the additional stress SP re¬ 
quired to produce the change in strain Sc. Hence the increase in 
temperature hS produced by an increase in stress SP is given by 



TaSP 

pCJ’ 



Equation (46) was first verified by Joule, using thermocouples inserted 
in loaded bars. A more recent application has been made by Bates 
and others to calibrate an apparatus used to measure changes of tem¬ 
perature in ferromagnetic rods undergoing short steps of magnetic 
hysteresis cycles. 

In general, the increase in strain Sc due to the application of an 
increased strain SP is due partly to the increased stress and, if the heat 
does not escape, partly to the rise in temperature. The equation is 

Sc = SP/^ + ahO. 


Now 80 is given by equation (46); 


hence 





Sc _1 a^T 


4 


(f103) 
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If we denote the adiabatic value of Young’s modulus by q, we have 

le _ \ _ \ _a-T 

hP q q pCJ 

In agreement with thcor}’, experiment shows that (/' is always greater 
[\ii\nq, but the numerical agreement is often far from satisfactory. 

2G. Rayleigh's Three Reciprocal Relations. 

From consideration of the work done in elastic deformation under 
isothermal and adiabatic conditions, Rayleigh deduced tliree reciprocal 
relations: 

(g) The displacement of a point B due to a force applied at A is 
equal to the displacement of a point A due to an equal force at B. 

ib) If the point A be held fixed while B receives a displacement, the 
force required at A is equal to that required to hold B fixed when A 
receives an equal displacement. 

(c) AVhen a force is applied at A, and B is held fixed, the ratio 
which the reaction at B bears to the force at A is equal to the ratio 
which the displacement of A bears to the displacement of B, when a 
force acts at B while A is free from force. 

To establish these (see Searle’s Experimental Elasticity), the dis¬ 
placements X and y, in the direction ot the forces X and Y, are given 
by X = aX + cF and y = cA + bY, where a, b, and c are constants. 

Hence 

(а) yy^Q = cX and x.v^o = whence, if X = Y, Xx^o = Vy-o- 

(б) Solving for X and Y, and putting x = y, = ^y-o- 

(c) Applying the conditions stated, —F^.o/A^.o = ^x~olyx^o* 

The validity of the relations can be tested by direct measurenaent 
of the quantities involved using a horizontal rod subjected to various 
loads and displacements. 
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CHAPTER V 


Compressibility of Solids and Liquids 

1. Introduction. The Production of High Pressures. 

The determination of the compressibility of liquids and solids 
presented for hundreds of years a problem of great experimental 
difficulty. In 1600, members of the Florentine Academy concluded 
that wator was incompressible, since it was exuded through the pores 

of a hollow lead sphere when the latter was 
compressed in the jaws of a vice. Some years 
later Boyle demonstrated the compressibility 
of gases, communicating his results in a paper 
entitled “ Touching the Spring of Air ”. Owing 
to the large magnitude of the effect in gases, 
work in this direction continued to progress 
satisfactorily. 

With liquids and solids, however, the efiect 
is so small that it was not until 1762 that 
Canton first showed that water was definitely 
compressible. The experimental arrangement 
adopted was one which was used subsequently 
by the majority of experimenters until the 
recent work of Bridgman, when a new technique 
was devised. A large bulb fitted with a fine 
capillary is filled with the liquid, which is then 
ZZl subjected to pressure by a compression pump. 

The change in height of the liquid in the 
capillary indicates to a first approximation the change in the volume 
of the liquid. The method was developed by Regnault and is 
described in detail on p. 88. 

Th© apparatus designed by Bridgman is shouTi in 6g. 1. The liquid L is 
contained in a case of hardened steel, the pressure being applied by th© advance 
of the steel piston P. The pressure is transmitted by the intermediary ring of 
steel D pressing on the soft rubber packing C, which is enclosed between the 
copper rings B, to th© mushroom-shaped steel bead A and thence to th© liquid. 
Th© ingenuity of the apparatus lies in the fact that there can be no leak of liquid 
past the packing, since th© pressure down the sides from above always becomes 
automatically greater than that up from th© liquid. This action is achieved by 
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leaving a vacant space E behind the truncated stern of the head A; the whole 
of the doN^-nward force must then be supplied by the pressure on the rubber rings 
C, and this pressure will be greater than that in the liquid in the ratio of the 
area of the head A to the area of the rubber ring C. Pressures up to 20,000 Kgm. 
per sq. cm. can be used and measured ^^th an accuracy of 0-1 per cent; in the 
interests of the economic bfe of the apparatus pressures above 12,000 Kgm. per 
sq. cm. were not often used, but owing to the absence of leak the only limit to 
the pressure is the cohesive strength of the walls of the container. 


2. Measurement of High Pressures. 

(i) Primary gauges. 

The simplest tyipe of primary gauge is some form of manometer, 
and the liquid commonly used is mercury. Such gauges were used by 
Regnault, Cailletet, and Amagat, but the height of the column which 
is practicable soon reaches a limit, and the method is not suitable for 
pressures above 1000 Kgm. per sq. cm. 

The other type of primary gauge is the free piston gauge which 
was introduced by Amagat. This consists of a piston which is accurately 
htted to a cylinder so that the leak along the sides is inappreciable. 
The pressure is then measured directly from the load which must be 
applied to the top of the piston in order to maintain it in equilibrium. 
The joint between piston and cylinder may be luted with molasses, 
but this treatment is eSective only up to a pressure of 3000 Kgm. per 
sq. cm. The piston is rotated just before a measurement is made, to 
eliminate the efiect of friction. 

(ii) Secondary gauges. 

The simplest of these is the Bourdon spring gauge, which consists 
of a plane spiral of metal or glass tubing which is flattened at the closed 
end. When the pressure is transmitted down the tubing, the spiral 
tends to straighten out and a pointer may be made to register the 
pressure. The gauge is useful up to pressures of 4000-5000 Kgm. per 
sq. cm.; its accuracy is limited by elastic hysteresis. 

Bridgman has also used the variation of electrical resistance of a 
manganin coil with pressure as a secondary gauge. The method is 
particularly useful at high pressures. 


3. Change in Volume of a Cylindrical Tube under Pressure. 

As the change in volume of a cylindrical tube under pressure is 
involved in many determinations of the compressibility of solids and 
liquids, an expression for this quantity will now be obtained. Consider 
a cylindrical tube with flat ends, exposed to an external pressure f 
and an internal pressure P. Lame has shown that the strains produced 
involve a radial displacement a given by 

o- = ar 4" 


( 1 ) 
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at a point in the cylinder wall a distance r from the axis, a and p 
being constants. There is also a longitudinal displacement parallel to 
the axis of the cylinder. 

If X, y, Z are the normal stresses along the radius, tangential to 
it, and along the axis respectively, the corresponding strains being 
^xxj ^ifv> reference to Chapter IV, section 6, p. 55, shows that 

Z ™ (/i d- 4n/3)e„ + {K — '2njZ)(e^y + e„) 
y = (A + 4n/3)e„, + (A - 2»/3)(e,, + O . . (2) 

Z = (A d- 4n/3)e2j -f (A — 2n/3)(ejj -f ^yy) , 


Now since = dajdr and = o/r, we have from (1) 

= a — p/r-. . . . 


and 


^yy = a d- Plr^- 


Hence from (2), (3) and (4), at the limits and rg, where X 
and X = —p respectively, we have 

-P = 2Aa + 2n{a - + (A - 2w/3)e„ . 

and 

—p = 2Aa d- 2n(a - + {K — 2n/3)e„. . 


(3) 

(4) 

= -P 


(5) 

( 6 ) 


Again, the force tending to stretch the cylinder parallel to its axis 
is ^(r-^P — r^p)t and the longitudinal stress is therefore 


(T,^P - T,^p) 




(7) 


From equations (2), (3) and (4), however, 

Z = (A + 4n/3)e„ + — 2n/3)2a. 


. . . ( 8 ) 


Hence, from (7) and (8), 

r^P - 

(^ 2 ^ - ri^) ' 


= (A d- 4n/3)e„ -f - 2n/3)2a. . (9) 


Finally, from equations (5), (6), and (9), 

3A 

and 

p n V(^ - p) X 

^ (r/ - Tj^) 2n 

The radial displacement a is therefore given by 


. . . . ( 10 ) 


. . . . ( 11 ) 


rj^P — Ji_ I —P) 1 

- f^) 3A - r^) 2nr 


. ( 12 ) 
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If L is the length of the unstrained tube, its internal volume is originally 
t’j = TTTy-L, and hence the approximate change in internal volume is 


Sui = 2Trr^aL TTrj^e^gLy 

since o- = 8ri and e^gL — BL. 

From equations (10), (12) and (13) we have 


(13) 






K 


+ 


-P) 


n 


(14) 


and the change in external volume Sug similarly given by 

X„ = ^2^^ ( ri^P - ri%P - p) 

^ (r/-V)l K ^ n 


. ( 15 ) 


i. The Bulk Modulus of Solids. 


The bulk modulus of solids may be determined 
as follows: 

(i) Indirectly from the known relation (equation 
(5), Chapter IV, p. 57) between q, n and K, when 
q and n have been determined for the specimen. 
The disadvantage of the method is that the same 
specimen is rarely used for the determination of 
q and n and subsequently for the problem for which 
the value of K is required. 

(ii) Many direct methods depend on the measure¬ 
ment of the strains of a thin hollow cylinder subject 
to given stresses. For example, Mallock has used an 
optical device to measure the longitudinal strain in a 
thin-walled tube under internal pressure. If the 
internal and external radii are and fg respectively, 
the pressure is P, and the longitudinal strain is IjLy 
from equation (10), putting e„= IfL and p equal to 
zero, we have 



Pr^L 

6?(»*2 — 




Fig. a 


since (fj + fg) is approximately equal to 2ri. 

Alternatively, a load may be suspended from the end of the 
cylindrical tube arranged vertically and the change in internal 
volume registered by a liquid contained in the tube. The type of 
apparatus used by Amagat is shown in fig. 2; the change in volume 
is measured by means of the transparent graduated open capillary 
tube fixed to the top of the main tube. From equation (3), Chapter IV 
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(p. 56), or the theory given in section 3 of this chapter (p. 85), the 
change in volume is given by 


^ ^ P(1 - 2g) _ ^ 
Vj q ZIC 



where P is the applied stress. <t is Poisson’s ratio, and is the 

volume strain. 



Fig. 3 

(iii) Bridgman’s methods are the most reliable; the general arrange¬ 
ment is shown in fig. 3. 

A heavy steel cylinder PQ encloses the specimen AB, which 
is in the form of a rod. A uniform external pressure is then 
applied hydrostatically by immersing the cylinder in a high- 
pressure chamber (6g. 1), and the contraction /j of the rod relative 
to the cylinder is measured by the movement of a loose-fitting 
ring Bi, which during the contraction moves to i? 2 » which 
position it remains after the pressure is removed. Giving to the 
extension in length fj of the cylinder, the tnie contraction of 
the rod is given by f — fg. The change in length of the 
cylinder, which is only a few per cent of the change in the rod, is 
determined by comparator measurements. The volume strain is 
then given by 31, since the method actually measures the longi¬ 
tudinal strain. In place of the ring recorder a sliding 

contact may be used, the change in length being determined in 
terms of a change in electrical resistance. 

The absolute compressibility of one metal, for example 
iron, having been determined, relative and hence absolute 
compressibilities of other materials may be rapidly ob¬ 
tained. 

In fig. 4, the specimen in the form of a long rod 8 is kept 
pressed against the bottom of the holder of iron by the spring M, 
(From Bridg- Attached to the upper end of the rod is a high-resistance \vire 
qpH^h^Prai^e sliding over a contact D, attached to the holder but insulated 
(Bell). ) from it. The spring N keeps the wire pressed against its contact. 

The relative position of holder and vrire is determined by a 
potentiometer measurement of the difference of potential betw'een the sliding 
contact D and a terminal E fixed to the wire. One current terminal is at 2^ and 
the other is earthed to the apparatus. The whole arrangement is placed in a 
high-pressure chamber and exposed to hydrostatic pressure; the relative linear 
compressibility is directly determined from the change in resistance. 
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5. Compressibility of Liquids. 

(i) Older Experiments .—Tlio early experiments are of historical 
interest only, owing to the uncertainty in the correction for the change 
of volume of the containing vessel. The instruments as a whole arc 
termed piezometers. If 8 V| is the apparent change in volume of the 
liquid contained in a piezometer under a pressure P applied simul¬ 
taneously internally and externally, the true contraction will be 


Su = -f- 8vi, 


(18) 


where 8 U 3 . is the decrease in the internal volume 
of the container. For a cylinder of isotropic 
material, with flat ends, we obtain from 
equation (14), putting p~P, 

B^_P 


V- 


(19) 


and hence if Jc has been determined for the 
material by an independent experiment, 8 vi 
may be calculated. Finally, if K is the bulk 
modulus of the liquid, its value will be given by 

The method has been used by Regnault and others 
to determine K. As fig. 5 shows, the liquid is contained 
in the bulb A and extends into the graduated capillary 
tube B, the upper end of which is connected to a 
compression pump and manometer. The pressure is 
transmitted to the outside of A by liquid contained in 
the outer vessel D, which can be placed in communi¬ 
cation with the compressor by the side-tube C and the 
tap E. This tap, together with the remaining taps F 
and O, allows the pressure to be communicated (1) to 
the outside only, (2) to the inside only, or (3) to the 
outside and inside simultaneously. While the last 
arrangement is all that is required to obtain K from 
equation (20), if and Sv^ represent the apparent contractions in volume 
under conditions (1) and (2), it may easily be shown, by applying equations 
(14) and (20), that 



-f- = Svj, 


( 21 ) 


if the container is truly isotropic; a useful check on the applicability of equation 
(20) is therefore provided. In Regnault’s experiments the container was actually 
a cylinder with rounded ends, and the corrections to be applied to equation (20) 
are of doubtful validity. 


(ii) Bridgmards Experiments .—The classical experiments on the 
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compressibility of liquids and the standard pressure-volume iso¬ 
thermals are due to Bridgman. 

The liquid is contained in a steel cylinder similar to that shown in 6g. 1, but 
fitted with an accurately-fitting steel piston carrying a contraction-measuring 
ring exactly like that showm in fig. 3 for the experiments on solids. The arrange¬ 
ment is then immersed in a high-pressure chamber of the t}T)e described on p. 33, 
the pressure being registered by means of a manganin resistance. The whole 
apparatus is placed in a thermostat; for water, isothermals up to 80® C. were 
obtained. To correct for the expansion of the containing vessel, the liquid is 
partially replaced by steel and the combined compressibility of the two is obtained. 

6. Behaviour of Solids and Liquids at High Pressures. 

The properties of matter at very high pressures are of fundamental 
importance, since atomic changes may be expected when forces of 
the order of the interatomic forces are applied. Pressures of 10^ 
per sq. cm. would be required to produce large efiects: up to the 
present the maximum pressure attained is about 20,000 Kgm. per 
sq. cm., but even before this value is reached many interesting pheno¬ 
mena have been observed. A few of the more important observations 
of Bridgman will now be tabulated. 

(1) Change in volume is entirely reversible with pressure; up to 
25,000 Kgm. per sq. cm. no permanent change is produced. 

(2) With liquids the volume change becomes relatively smaller; 
the compressibility at 12,000 Kgm. per sq. cm. is only about 1/20 of 
its value at moderate pressures. 

(3) The coefficient of thermal expansion decreases, but to a lesser 
extent than the compressibility, and at very high pressures the same 
value is approached by all liquids. 

(4) While a large part of the compressibility of liquids (and gases) 
is due to a decrease in the space between the atoms, with solids almost 
all the change of volume is produced by actual shrinkage of the atoms. 
The compressibility of solids is irregular, some decreasing and others 
increasing with increasing pressure. 

(5) Ajiisotropic solids exhibit a great difference in the compressi¬ 
bilities along the different crystal axes. Tellurium actually expands 
along the trigonal axis when a uniform hydrostatic pressure is applied. 

(6) There is no critical point between liquid and solid, and no 
maximum melting-point temperature above which only the liquid 
phase can exist, no matter how high the pressme. 

(7) The coefficient of viscosity increases, and at enormously dif¬ 
ferent rates for difierent substances. The approximate relation is 

rj — n logp, where n is a constant depending on the nature of the sub¬ 
stance. 

(8) The elastic moduli of some solids increase, while those of others 
decrease. 

4 * 
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(9) The effect on thermal conductivity is irregular. Out of 48 metals, 
39 show a decrease in electrical resistance; thermoelectric properties 
varv in both directions, while the Wiedemann-Franz ratio between 
thermal and electrical conductivities * increases in 9 examples out of 
II. This behaviour indicates that the connexion between thermal 
and electrical conductivities cannot be completely explained on the 
existing electronic theory of metals and that there must be a con¬ 
siderable difterencc in the electron mechanisms mvinc rise to electrical 
resistance and thermoelectric effects. 

7. Fixed Points and the Construction of a Pressure Scale. 

The measurement of absolute pressure beyond about 13,000 Kgm. 
per sq. cm. is very difficult. Mercury manometers are obviously im¬ 
practical, and the limit of the ordinary free-piston gauge has been 
reached. However, by mahing use of certain constant physical pro¬ 
perties, a pressure scale is being constructed with the aid of fixed points, 
the number of which is continually increasing. T^'pical among these 
are the freezing pressures of mercury, 7640 and 13,700 Kgm. per sq. 
cm. at 0® and 30® C. respectively. Another point is the transition of 
bismuth I to bismuth II at 25,000 Kgm. per sq. cm. This point is 
marked by a discontinuity in the bismuth compressibility curve; it 
is not critical with respect to temperature. The manganin resistance 
gauge is then calibrated against the two mercury points and the bis¬ 
muth point, and the change of resistance is e.xpressed as a quadratic 
function of the pressure, the relation being almost linear over the 
initial portion of the range. In some experiments with sodium chloride 
Bridgman estimated the pressure at 200,000 atmo.spheres; such esti¬ 
mates involve wide extrapolations of the pressure curv'e and are liable 
to errors exceeding 20 per cent. For certain crystalline substances, the 
fundamental theory of which is fairly well developed, assistance is 
provided from a theoretical estimate based on calculations of ionic and 
interatomic forces. 


Reference 

P. W. Bridgman, The Physics of High Pressure (G. Bell & Sons. Ltd., 1931). 


* See Roberts, Heat and Thernuxiynamics (Blackio), fourth edition, p. 280. 



CHAPTER VI 


Seismic Waves 


1. Introduction. 

Seismology deals with the problem of ascertaining the structure of 
the earth by means of the various waves which are produced by earth¬ 
quakes. The source of these waves is the focus ot the earthquake, that 
is, the place where the earth actually undergoes fracture. This region 
is some distance below the surface of the earth. The nearest point of 
the earth’s surface to the focus is called the epicentre. By means of 
instruments called seismographs, records of the vibrations propagated 
from the focus to various points on the earth’s surface are made. Great 
progress has been made in detecting and analysing these records and 
in assigning causes to the various types of vibrations. 

2. Velocity of Longitudinal Waves. 

After an earthquake has occurred, the first signal recorded by 
seismographs at distant stations is that due to the so-called primary 
or P wave (fig. 1). In this type of wave the vibrations are longitudinal, 



that is, the particles of matter of which the earth is composed vibrate 
along the line of propagation of the energy. If the earth were a homo¬ 
geneous sphere, these vibrations would travel along rectilinear paths, 
starting at the focus of the earthquake. The path between focus and 
recording station would be a chord of a great circle of the earth. In 
this book, this elementary view of the situation is adopted, and the 
velocity of the P waves through a homogeneous earth is calculated. 

ei 
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Consider the body xmdergoiug strain, mentioned on p. 54. As in 
Chapter IV, p. 5(1, the three equations (1) hold, namely, 


where 


Pj = AS + 

Pg = AS -|~ 

Pg = AS + 2n'e„, 


^<1 

(1 + a)(l - 2(7) 




_ 

(1 + <^)' 



Here q is Young’s modulus of elasticity, a is Poisson’s ratio, and n' is n, 
the modulus of rigidity; e„, e„ are the strains and Pj, Pg, P 3 the 
stresses along the three axes respectively; and S = 611 + 

Consider the special case in which the only strain is ej-a- = 5 along 
the x-axis, e„v and e„ being each equal to zero. In this case P^, the 
stress along the x-axis, is equal to Xbxx + 

That is, 

■Pi = exx{X + 2 n) 

^ _+ g- 

(1 + a)(\ - 2(7) ^ (1 + a) 



where 


^ gx^7(I — g) 

(1 + a)(l - 2a)’ 

= jexx, say, 

^ (1 + a)(l - 2aY 


( 3 ) 

( 4 ) 


The coefi&cient j is called the elongational elasticity. As equation (3) 
shows, it is the modulus or factor connecting Pj and when e^y and e„ 
are each equal to zero. In other words, equation (4) represents the 
relation between the stress and the strain in any direction, when 
lateral strains perpendicular to the first are prohibited. Now these 
are precisely the circumstances which arise when a longitudinal wave- 
train passes through a homogeneous medium which is practically 
unlimited in lateral directions. They are in sharp contrast with the 
circumstances attending the passage of longitudinal waves along a 

rod or wire. 

Let a train of longitudinal waves of the above type traverse a 
homogeneous medium (fig. 2). Consider the forces on an element of 
matter AB, of unif orm density p and unit cross-section, displaced 
longitudinally along the axis Ox to CD. Let the medium be unlimited 

1ftt BPillly • 

Let the displacement AC be 1. Then BD is the same function of 
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X dx as lis o( X. By Taylor’s theorem, /{x + cZx) = f{x) + J'{x)dx, 

if we neglect small terms. Here BD =f[x-\- dx) = I — dx. Hence 
CD, which is equal to BD — BG, is equal to 

Hence CD — ABy which is the extension of the clement AB due to 
its displacement, is equal to {bljdx)dx. The fractional extension is 
dljdx. By equation (3) the average tensile force on the element CD 
is jifiljdx). If, however, equal tensions acted on the element at 
C and D, no longitudinal waves would be propagated. One tension 
must exceed the other. Only a small error of the second order is made 
by assunoing ji^ljdx) to be the tension at one end of the element CD, 




Fig. a 


say at C. The value of the tension at D is the same function of 
X + dx as jidl/dx) is of x. Hence, by Taylor’s theorem, it is 


.az 

]^+jdx 


0X2’ 


approximately. At C the force on the element CD is j{0Z/0x), towards 
the origin 0. At D the force is 




0 x 2 ’ 


away from the origin. Now the mass of the element is pdx. Applying 
Newton’s second law of motion to the element, we have 


or 




02 Z 

0^2 


02 / _jdH 

0^2 p dx^ 
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This type of difierential equation is well known under the title of 
the wave equation A general solution of it is Z = any function of 
(x — v^t) =f{x — say, where 




This means that longitudinal waves travel alon 
velocity 




?(l-cr) 

p(l + a){l - 2a)/ • 


a 

o 


the x-axis with 



In a homogeneous earth, P waves woiJd have this velocity. The 
adjectives 'primary, irrotalional, condensational, and push, as well as 
longitudinal, are applied to these waves. In practice three distinct 
sets of P waves, arising in diilercnt ways, are often observed in the 
seismographic record of a single earthquake. 



X*<Ll 


3. Velocity of Transverse Waves. 

The second section of the vibrations recorded by distant seismo¬ 
graphs after an earthquake is due to the so-called secondary or S 
waves (fig. 1). These vibra¬ 
tions have no component in 
the direction of propagation; 
they are transverse vibra¬ 
tions. In a homogeneous 
earth they too would piusue 
rectilinear paths starting at 
the focus of the earthquake, 
that is, chords of great 

circles. It will now be shown o _— 

that the velocity of such 
transverse waves in homo- /n\* 

geneous matter of density p is Ug = I - ) , where n is the modulus of 
rigidity. 

Assume that the particles of matter vibrate in planes perpendicular 
to the direction of propagation, in rectilinear paths. Even if a trans¬ 
verse vibration is elliptical or circular, it can be resolved into two 
perpendicular rectilinear vibrations. Let Ox be the direction of pro¬ 
pagation of a transverse plane wave (fig. 3). Consider a slice of matter 
ABCD of thickness dx, normal to Ox. When a plane wave passes 
along, let every particle in the plane AD undergo the same lateral 
displacement in the plane of the figure, so that A goes to A and D to 
U. Let AA' = DU = y. Similarly, let every particle in^the pla^ 
BC undergo a lateral displacement y dy. In this case BB = CC — 
y -|- dy. In such circmnstances the slice undergoes shearing in the 


Fig. 3 
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y-diroction. The angle of shear is the relative disjilacemeut dtj divided 
by the thickness dx, that is. it is given by dyjdx. By Chapter IV. 
p. 53, the average tangential force per unit area producing tliis shear 
is ndyjdx. If the same tangential force were applied to both faces, 
AD and BC, a static shear would ensue, but no propagation of waves. 
Waves are propagated when there is a greater tangential force on one 
face, say on B*C\ than on A'U. Assume, as a close approxunation to 
the truth, that the tangential force per unit area acting on A*D' is 

which is a fimctiou of x. This acts in the direction D'A'. The 
force per unit area acting on B’C is the same function oi x dx as 
^ ^dx Siven by f{x dx)=f (x) + f'{x) dx, approxi ■ 

mately, where f{x) = n that is, f{x + dx) = n -f ndx ap¬ 


proximately. This force acts in the direction B'C\ The net force per 
unit area tending to displace the slice in the y-direction is the difference 

02y 

^dxg^ 2 - Let the length AD be 1 cm, and let the thickness of the slice 

perpendicular to the plane of the figure also be 1 cm. Then the mass 
of the element ABCD is pdx. Its equation of motion in the y-direction, 
derived from Newton’s second law, is 


which reduces to 



dhj n d^y 

^2 ^ p ^ . 

where t represents time. 

This is a partial differential equation of the second order, of the 
same form as equation (5). A general solution of it is 


y=f 



where/means any function. This can be written in the form 


y—f{x — VgO* where ~ 

This equation represents a disturbance travelling in the positive direc¬ 
tion of X wdth velocity Ug = O' . The adjectives secondary, equi- 

volutnifial, distorlional and shake are also applied to these waves as 
well as the adjective transverse. In practice the S waves arrived at the 
observing station in a direction inclined at some angle to the horizontal. 
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It is ciistomaiy to consider tlie component \’ibrations in (a) the hori¬ 
zontal direction (the SH waves) and (6) the vertical plane containing 
the direction of propagation (the *SF waves). Three difterent types of 
S waves, arising in diUerent ways, are usually recorded in the seismo¬ 
gram of a single earthquake. 


It may be noted that I® the expression for the velocity of trans¬ 

verse waves in any homogeneous elastic solid, and thus represents the velocity 
of light through the ether of space according to Fresnel’s elastic solid theory. 
In that case n and p are the modulus of rigidity and the density of the ether 
respectively. 


4. Rayleigh Waves. 

There is a third type of wave, discovered by Lord Rayleigh, in which 
the vibrations are confined to a relatively thin layer close to the surface 
of the earth. In this case the waves do not arrive at the observing 
station along a chord starting from the focus of the earthquake, but 
along a great circle starting from the epicentre. Further, the dis¬ 
placement of particles of matter at any point on the earth’s surface is 
in the vertical plane containing the direction of propagation, and can 
be resolved into (a) a vertical component, (b) a horizontal component 
in the direction of propagation. There is no horizontal component 
normal to the direction of propagation. No other kind of wave trans¬ 
mitted along the earth’s surface would persist over long distances. 
The calculation of the velocity of Rayleigh waves is too long to re¬ 
produce here,* but it may be stated that the velocity would be constant 
if the earth were homogeneous. In the real earth, composed as it is of 
heterogeneous layers, a disturbance starting out as a single p^se 
becomes dispersed, that is, broken up into a set of waves with various 
periods and wave-lengths, all travelling with different velocities. At 
distant observing stations a series of oscillations is recorded, instead 
of a single throw such as would be observed if the earth were homo¬ 
geneous. 

5. Love Waves. 

In the real heterogeneous earth a fourth type of surface waves, 
the Love waves, exists, in which the displacements of the particles of 
matter are horizontal and transverse to the direction of propagation. 
At any point on the earth’s surface after an earthquake, a series of 
oscillations corresponding to Love waves of various velocities is pro¬ 
duced. It can be deduced, from the fact that these waves actually 
exist, that their velocity is less in the surface layer of the earth’s crust 
than in the subjacent matter. In actual seismograms recorded at 
distant stations the arrival of the P and S waves is well marked, but 


• See Jeffreys, The Earth (Cambridge University Press). 
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the S wave is followed by a long series of oscillations, as in fig. 1. These 
are due to the Rayleigh and Love waves intermingled, and their 
complete interpretation is not yet settled. These complicated vibra¬ 
tions are referred to as the long or L waves, or as the main shock. 


6. Seismographs. 


The purpose of a seismograph is to register movements of the 
ground at the place where the instrument is situated. Any vibration 
of the groimd may be resolved into three components, (a) vertical, 
(6) horizontal (say east and west), (c) horizontal (say north and south). 
Components (6) and (c) are of the same type, so that the problem is 


o O’ ;v/x X 



Fig. 4 


to record vertical and hori¬ 
zontal vibrations. 

We first consider hori¬ 
zontal \dbrations. To record 
these, one general method is 
to use some kind of pendu¬ 
lum, formed by a body sus¬ 
pended from a stand resting 
on the ground. It is in¬ 
structive to consider the 


theory of the vibrations of a 
rigid “ vertical ” pendulum, 
when the ground and there¬ 
fore the stand and the point 
of support are displaced 


horizontally. 


Case 1 .—Friction neglected. 

Let (yOS (fig. 4) represent a rigid pendulum vibrating about a horizontal 
axis through O', perpendicular to the plane of the figure. By the horizontal dis¬ 
placement of the ground, O' itself has undergone a horizontal displacement 5 
to the right, from a fixed point 0. Let (x, y) bo the co-ordinates of the centre 
of gravity 0, referred to fixed axes Ox, Oy. Then x — ^-fasinO, y — a cos 6, 
where O'O — a. Let the forces on the pendulum be (a) the weight Mg, acting 
vertically downwards through 0, and (6) certain other external forces acting at 
O', including the reactions of the supports, and let these forces be expre.ssed in 
the form MX and M Y, acting along O'x and O'y respectively. Add two pairs 
of equal and opposite forces MX, MX, and MY, MY, at the point 0, parallel 
to the respective axes. The three forces MX now acting are equivalent to a force 
MX at O, to the right, and a clockwise couple of moment MXy, acting on the 
body. The three forces MY are equivalent to a force MY at 0, vertically down¬ 
wards, and a counterclockwise couple MY{x— 5)» acting on the body. The 
equations of motion of the pendulum for translatory movements of O, if we 
neglect friction, are 


Hence 


Mx = MX and My = Mg MY, 
£ — X and y=g+Y. 


(10) 
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Taking moments about G, we obtain the equation of rotatory motion, namely, 

= MY{x -D - MXy. 

Hence 

= Ya sinO — Xa cosO 

= (y — sin0 — xa cos0, . . . . (II) 

from (10), where K is the radius of g 3 Tation of the pendulum about an axis 
through its centre of gravity 0. Now since 

a: = ^ + a sinO, 

X = ? + a(cos0.6 — sinO. 0-). 

Assume that 9 is small and that 6 is negligibly small. Then 

X = I + a cosO. 0.(12) 

Further, y is approximately constant and y = 0. Equation (11) becomes 

A^d = -1700 - al- a^d.(13) 

£^0000 

(Aa + a2)0 + yaO + a? = O.(14) 

Let (A* -b a*)/o= l\ I is the distance between O' and a certain point C, called 
the centre of oscillation. Then 

^0 + ffO+? = O.(15) 

Put g/l = n*. Then 

^ + ^^0 + ^=0.(10) 

The actual displacement ^ due to a distant earthquake is usually a com¬ 
plicated function of tlic time, but by Fourier’s theorem it may be supposed to 
be resolved into a series of cosine terms, each of the form ^ = to cosco^. Taking 
one of these terms, we insert ^ = to cosco/ in equation (16). It becomes 

d -b 7t20 — < *>^^0 coscof ^ 

t 

Hence 

B ■!_ T,zn - <->”o .(17) 

The complete solution of this involves the complementary function and the 
particular integral. The complementary function is the solution of 

d + n^O = 0, 

wliich is 

Q = A cos(n^ -b <p). 

Tlie particular integral is found by WTiting 

{D^ -b n*)0 = 

whence 

fl - <*>^^0 . . ( 18 ) 

f(«3-G>2). 

The complete solution is 

ft A I A , \ I 0>*HftCOSCi)i 

Q = A cos(n< -b 9 ) + -j-. 

l{n -(i>®) 


( 19 ) 
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As the second term is the one produced by the eartbq\mkc, it is more interesting' 
to us than the lirst. Write 


since ^ cos to/, wo liave 


A _ to^Eo cos to/. 

— r;—o-•>-,» 

/(h- — to*) 

^ ^ Q,/[*r — to*) 

CO” 



This represents one of tlie Fourier terms into which the actual displacement has 
been resolved. If a style or pen is mounted at tlje end S of tlie pendulum, such 
that 0'S — L cm., the apparent linear displacement of the style is LO, approxi- 
mately» of which is due to the earthquake: 



Z,to“£f, costo/ 
/(«"“ - 0 ) 2 ) 

/(« 2 ~< 0 *)’ 


( 21 ) 


where E = Eo cos to/. The total displacement of the style is LO + E* 


Case 2 .—Friction taken into account. 

Assume that a frictional force is present, which is proportional to the angular 
velocity of the pendulum. Insert a term of the form aO, to represent this retarding 
force, in equation (14). On reducing to the form of equation (IG), and WTiting 
the frictional term as 2k(), we obtain the equation 

ft -p 2/.-0 + n^O + ^ = 0.(22) 


Again assume that the actual seismic displacement E of fhe support can be 
expanded by Fourier’s theorem in a series of cosine terms of the form E = Eo cosco/. 
Substitute E == Eocosw/ in equation (22). It becomes 


0 + 2itO + n20 = 


6>*Eo cosoj/ 
I 



As before, the complementary function represents that part of 0 which is 
not produced by seismic displacements. To find the particular integral, assume 
a solution of the form 0 = cos (to/ — tp). On substituting in equation (23) we 
have 

—cos(co/ — tp) — 2 A:toOo sin(o>/ — <p) -j- cos{o)/ — 9 ) = ^ ^0 cosai/^ 


which is true for all values of /. Substitute w/ = then 

(—n*) sin 9 = 2 fxo cos 9 


and 


tan 9 = 


2koi 


n*- w* 



Now put utl = 9 . Then 

(-o," + «% = “!52p5> and O, = 
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From equation (24), 


and 


_ (n* - oj®) 

{(n2- u=)= + 



_ to 40 _ 



The case when k= n is of practical importance; for example, Galitzin’s seismo¬ 
graphs utilize this critical value of the damping. Then equation (25) becomes 



toso 


/(n2 -f <o2) 



The quantity IOq, which is the apparent maximum displacement of the centre of 
oscillation due to one Fourier term of the seismic displacement, is equal to 


n® + co^ 



that is, equal to Eq multiplied by a constant factor. A pen at a distance L from 
the point of support or knife-edge has the apparent maximum displacement 
Z.0y, whicli is also proportional to Eq. The pen faithfully reproduces the move¬ 
ments of the support with the same frequency, but on a ditTcrent scale, provided 
the support moves with a definite frequency and amplitude for a suflficient number 
of oscillations. The magnification is the ratio of the pen’s displacement to that 
of the support or grouml. For a displacement ^ — Co cosof, the magnification 
is Z.0y/Ho (comparing maximum displacements). This is equal to + «*) 

in the important case of critical damping. 


7. Horizontal Pendulum Seismograph (Galitzin). 

Seismographs belonging to the class of vertical pendulums just 
discussed are actually used to measure horizontal displacements, 
velocities, and accelerations of the earth’s crust. They have, however, 
the disadvantage of being very heavy. Pendulums tvith masses up to 
20 tons arc required in order to reduce the friction involved in the 
registration of vibrations, when great magnification is needed. Another 
disadvantage is that the period of oscillation is small. To avoid these 
defects, seismographs belonging to the class of horizontal pendulum 
described in Chapter II, p. 34, are frequently used to measure hori¬ 
zontal movements.* The student should therefore refer to pp. 34-36 
before proceeding further. Only slight additions are required to 
convert a horizontal pendulum into a very sensitive seismograph. 
When the earth moves horizontally, the supports of the pendulum do 
likewise and the “ boom ” of the latter is set in motion. 

Various types of recording device are in use. In Galitzin’s method, the boom 
of the horizontal pendulum extends beyond the bob. At a point on it beyond 
the bob a flat coil of copper wire is mounted, so that when the boom moves the 
coil moves in a strong magnetic field produced by a pair of horseshoe magnets. 
An induced current proportional to tbe angular velocity of the boom is produced 
in the coil, which is connected to a very sensitive galvanometer. The movements 
of the suspended part of the galvanometer are recorded by means of the usual 

* For details of seismographs for measuring vertical displacements, see e.g. 
Handbiich der Experimentalphysik, Vol. XXV, Part II (1031). 
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mirror, lamp and sensitized paper device. The developed trace on the paper 
forms the seismogram. At a second place on tlie boom a copper plate is mounted. 
This also moves in a strong magnetic field produced by two other horseshoe 
magnets. The eddy currents induced in this plate introduce damjiiug forces, 
which act on the pendulum. This damping is necessary in order that the seismo¬ 
gram obtained shall faitlifully correspond to the movements of the earth, and 
that it shall be possible to calculate the horizontal displacement of the earth from 
the seismogram. The damping of both the pendulum and the galvanometer 
is pranged to be critical (dead beat). This arrangement simplifies the calcu¬ 
lations. Galitzin’s electromagnetic method of registration has the advantage of 
great magnification, of the order 1000, and also enables the recording apparatus 
to be housed in a different compartment from the pendulum. 

8. Position of the Epicentre. 

The shortest distance of the epicentre of an earthquake from a 
recording station, measured along the earth’s surface, and reckoned 
as an angle subtended at the centre of the earth, is called the e-picentral 
distance. In order to ascertain the position of the epicentre of a distant 
earthquake, use is often made of certain tables compiled by Zoppritz, 
Turner, and others. These contain values of epicentral distances of 
past earthquakes, the position of whose epicentre was known, tabulated 
alongside observed time intervals between the moments of arrival of 
the first P and S waves at the corresponding stations. The tables 
therefore show epicentral distances as a function of corresponding time 
mtervals S~P. When a fresh earthquake occurs, examination of a 
seismogram gives the time interval S-P, and inspection of the tables 
then gives the epicentral distance. A similar procedure is applied to 
the data from two other stations recording the same earthquake, 
whose epicentral distances are thereby ascertained. On a suitable 
map or globe circles are drawn, whose centres are the stations and 
whose radii are the corresponding epicentral distances. The point 
of intersection of the three circles fixes the epicentre whose position 
is required. In practice the three circles do not give an exact point, 
but enclose a small area. Hence, data from a large number of stations 
are used, and the method of least squares is employed to ascertaia 
the most likely position of the epicentre. The result is stated with a 
certain probable error. 

9. Depth of Focus. Seebach’s Method. 

As earthquakes are probably caused by “ fault slipping ”, that is, 
breaking of the earth’s rigid crust and slipping of the resulting portions, 
the focus is not a geometrical point but a more or less extended region. 
In the present elementary treatment, however, it is sufficient to regard 
the focus as a point source of seismic waves (fig. 5). As an example 
of methods of estimating the depth of the focus F vertically below 
the epicentre Ey Seebach’s method is selected. It is assumed that the 
medium between the earth’s surface and a concentric sphere passing 
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tliroup:li F is homogeneous. Let the velocity of P waves in this medium 
be V cm. per sec. Let S be the position of any seismograph station 
on the surface. Let the distance FE be d cm. and ES x cm. The time 
T required by the first P vibration to reach S is FSjv see. = (x^ + d^)^jv. 
Write T — t — Iq, where t Is the actual time of arrival of the first P 
vibration, and Iq is the time of occurrence of the earthquake at F. 
The quantity (q is unkno\Mi but is 
constant, and t varies when x varies. 

Hence 

( j :2 4 - (P)i _ 

V 

and 

d-~ v\t 

The velocity v may be regarded as 
known, since it is obtained by other 
methods. A number of pairs of 
measured values of x and t are obtained from various stations. A 
graph connecting x and vt is plotted, giving a hyperbola from which d 
can be calculated; or, better, the method of least squares is employed 
to obtain the most probable values of d and It has been sho^Nui 
that the great earthquakes originate at depths of the order of 100 Km. 

10. Geophysical Prospecting. 

The modern technique of prospecting for minerals, oils, &c., makes 
use of methods arising out of the study of seismic waves and of the 
earth’s gravitational field, as well as of electric and magnetic methods. 
The last two do not come within the scope of tliis book. As for gravi¬ 
tational methods, the Eotvos torsion balance (p. 29) has become a 
most useful instrument in the detection of ores. For example, if a 
large mass of a hea\'y or light mineral happens to be embedded in the 
earth, the variation of g in the neighbourhood reveals its presence. 
By a systematic survey, in which the various quantities discussed in 
Chapter III are measured, the mass of mineral, known as an orebodg, 
can be located with considerable precision. Gravimeters used for the 
purpose have already been described. 

As an example of the application of seismic methods, the case of 
salt domes may be mentioned. These formations occur in Texas, North 
Germany, and elsewhere, and consist of large subterranean masses of 
rock salt. On their flanks valuable mineral oils are found, rendering 
their discovery highly profitable. One of the seismic methods of sur¬ 
veying for salt domes may be described as follows. Seismic waves 
of the P type are produced artificially by exploding a charge of gun¬ 
cotton or gelignite at a point S on the earth’s surface (fig. 6). The 
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time of the explosion is noted. Seismographs situated at other points 
W.-1, B, C and 2), all in one plane, record the times of arrival of the first 
P waves. The distances «SY1, SB, SC, and SD, rliords of the earth, are 
measured. The mean velocities alonji the various paths are calculated. 
Should one of the paths, for example SD, traverse a salt dome, the 
mean velocity along that path will he cpiite different from the mean 



velocity along the other paths. Similar measurements in a direction 
perpendicular to the first, using waves from a fresh source, confirm 
the first results. A more detailed survey then enables the position of 
the top and flanks of the dome to be accurately ascertained. 

II. The Reflection Method of Seismic Prospecting. 

At the boundary between two kinds of rocks, an incident wave 
gives rise to both a reflected and a transmitted wave. Since that form 
of seismic prospecting for oil called “ the reflection method ” lias ])ro\-ed 
so successful in recent years we shall give a short account of it here. 

Consider the problem of locating inside the earth a bed of rock with 
a plane upper surface XY {see fig. 7). Suppose an observer to be situated 
at a point S on the earth’s surface. The plane upper surface of the 
lied is properly located by him when he knows (a) the length of the 
perpendicular SN drawn from S to the plane, the angle of dip (f) (f 
the plane, i.e. the angle which a straight line of deepest descent XNY, 
in the plane and passing through N, makes with its own projection 
X'SA in a horizontal plane, (c) the direction of that horizontal projection 
X'SA. A horizontal straight line SB (not shown), perpendicular to the 
last, gives the direction of the so-called strike of the bed. The reflection 
method is applied in several forms called (1) correlation shooting or 
depth shooting, (2) continuous profiling, and (3) dip shooting. 

Correlation Shoolimj. 

This form of reflection method is used when the beds of rock to be 
located have extensive plane upper faces and low dip. The apparatus 
used includes a number of receivers arranged at regular intervals along 
a straight line on one side of a point called the “ shot point ”, at which 
an explosion is arranged to take place. Fig. 7 represents such a system. 
S is tlie shot point and H,, .. . K,; are six receivers with equal spacing 
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a. When the shot is fired at S, longitudinal seismic waves pass down¬ 
wards and are reflected bv the upper plane XY of the bed to be located, 
whose nature differs from that of the rock above it. Consider the 
simple case when the nonnal SX and all the ray paths ST^, T^Ri, STg, 
TgK.,, &c., are coplanar straight lines. The time taken by the various 
reflected waves to reacli Rj, Ro, &c., can be calculated as follows. 
Let S' be the image of the shot point in the plane XY, regarding XY 
as a plane mirror. SXS' is normal to the plane. Let SN = NS' = p 



Fig. 7 


and let SRj = R 1 R 2 . &c., = a. {a is of the order 20-100 ft.) Let 
(j) = angle of dip of the plane XY. From the geometry of the figure 
it is seen that NSR = 90 + Also STj TiRj = S'Rj, and STg + 
ToRg = S'R 2 , &c. Let v be the velocity of the waves, and let 2p = P. 
Then the distance traversed by the waves from the shot point to the 
first receiver is STj + T^R^ = S'R^. From the trigonometry of the 
triangle SS'Rj, 

S'Ri = {S'S2 4 - SRi^ - 2SS'. SRj. cos (90 + 
and the travel time taken by the waves to go from S to Rj via T^, is 

= S'Ri/i; = {P2 + a" + 2Pa sin.^}V« 
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t' 2 /j 2 _ pi ^2 _j_ 2Pa s\n(l>, where P = 2p, 


or 

Quite generally, if there are n receivers, then 

v-tn“ = P- 4" (««)“ + 2P . . sin^. 


(30) 

(31) 


The times are measured by six receivers, the interval t(. — sometimes 
being as large as 0*04 sec. Keeping in mind the object of the measure¬ 
ments which is to find p — P/2 and or siiK^, a general method would 
be to write = X and P sin (^ = 1'. The six equations would take the 
form 

X + 2«ay 4- — v-fn~ = 0 after rearranging. 


To find the most probable values of X and Y in these circumstances, 
one of the methods of § 6, Chapter XII, would be needed. It is simpler 
and sufficiently accurate to adopt alternative methods. 


First Method. 

The method of least squares and the like are sometimes too laborious 
for the practical geophysicist. He may prefer a less accurate and 
shorter method. In one of these let the distance SR from shot point 
to a receiver be x. Suppose the receiver to be on the “ down-dip ” 
side of S. If the travel time of the reflected waves from shot point to 
receiver is then, as in equation (30), 

^2^2 „ 4p2 _|_ 2^ gJjj^. 

Next, if a receiver is placed at the same distance x from the shot point, 
but on the “ up-dip ” side of S, the travel time is given by 

= ^p^ -f- a:2 _ .^33) 

On adding (32) and (33), we get after rearranging 

4p2 = ^ ;^2)y2 _ a:2^ .... (34) 

so that p can be calculated from measured values of v, and x. 

Thus 

V = + < 2“)/8 - xV4}*.(35) 

On subtracting (32) from (33), we get after rearranging 

sin(^ = i^{t^ — t^) 

and ^m^ = v^{t^^ — t^)l%px .(36) 

Writing = and — <2 — we get 

sin^ = 1)2 . i. ^ijipx. 


. . (37) 
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Here ^ = {^1 + ^ 2 ) - average time and A/ = /j — (2 is the differ¬ 

ence of the times. Equations (35) and (37) give p and <(> in terms of 
measurable quantities. 


Second Method. 

The following method is sometimes used to combine the measure¬ 
ments of times made by a pair of down-dip receivers at distances 
and Xg from the shot point. In this case two equations of the same kind 
as (32) hold, giving 

u 2 q 2 _ 4^2 _|_ 3.^2 q_ 4 ^ 53 -^ .... (38) 

= 4/)- + x.^ -\- 4/>X2 sin^.(39) 

It is left to the student to prove that 

= {l.-2(^2x, — q^x^) -t- Xj^Xg — X22Xi}/4(Xi — Xg) . (40) 

and sm<j> = {u-(h^ — f 2 ^)li^i “ ^ 2 ) “ (^1 + ^ 2 )}l‘^P- ■ * 

Therefore to get sin«^ we must use in equation (41) the value of p 
derived from equation (40). 

These exact expre.ssions for p- and sin <j> are frequently replaced by 
approximate formulae when (f> is small. 


Continuous Profiling. 

The second reflection method, called “ continuous profiling ”, is 
applied when the dip is small and the reflecting beds are not so well 
defined over large areas. In this case, the shot point S and receivers 

to R,. are first arranged as for correlation shooting and the shot is 
fired. Times are measured. The shot point is then moved to Rg, the 
position of the sixth receiver, which is moved back to S. Thus, when 
a shot is fired, reception is carried out in the reverse direction (see fig. 8). 
In this way almost twice as many reflections as before are obtained 
from a given portion TjTu of the upper face of the bed. T^T^ is, so 
to speak, examined more closely than before. 

The double process is ne.xt applied to the portions of the reflecting 
plane adjacent to TjT^ either on the down-dip or up-dip side. By 
proper arrangement of the receivers, “ holes ”, i.e. unexamined portions 
of the plane left under the shot points, may be eliminated or made 
small. The spacing a is generally from 100 to 150 feet. 

Dip Shooting. 

A third reflection method, called “ dip shooting ”, is used when 
the angle of dip is large and when the reflecting beds are not so well 
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Fig. 8 

defined over large areas. It has several forms. One is the same as the 
continuous profiling method. Another form involves shooting once in 
each hole with half the receivers on one side and half on the other 
side. A series of shots is taken with the shot points and receivers dis¬ 
tributed along a closed loop enclosing a considerable area of the district. 
In this way the underground structures can be mapped systematically. 

A typical example of the disposition of such beds is shown in the 
graph in fig. 9 which expresses the results of a survey made by the 
Boliden gravimeter (p. 25). A layer of the heavy mineral pyrrhotite, 
7-8 metres thick, was known to be below the surface of the ground 



Fig. 9 
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at Kfirrbo, Sweden. Values of Agr were measured along a straight line 
on the earth's surface, crossing over the so-called “ orebody ”, and 
using the first point as a standard position. Ordinates are values of 
A(/ in milligals; abscissae are distances measured from the first point. 
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CHAPTER VII 


Capillarity 


1. Elementary Principles. 

It is assumed here that the student already has some elementary 
knowledge of capillary phenomena. The customary \icw is adopted, 
namely, that in every surface film separating a liquid and a gas, two 
liquids, or a sohd and a liquid, a surface tension exists. This is defined 
as the force per centimetre exerted in the tangent plane to the surface, 
in a direction normal to an element of a line drawn in that surface 
through any point. This quantity is assumed to have the same value 
at every point in a given film, whatever the shape of the film may be. 
From a second point of view the surface tension is also the free ” 
or ^ available ” energy, in the thermodynamic sense, of one square 
centimetre of film surface. Tliis definition is equivalent to the first 
smce, if a portion of film, one centimetre wide, is extended so as to 
increase the area by one square centimetre, employing a force equal to 
the surface tension defined in the first manner, acting through one linear 
centimetre, the work done is equal to that surface tension. By reversing 
the process and letting the film contract, an amount of energy, equal 
to the work done previously, is now released by the film, and hence the 
second definition follows. According to the problem under discussion, 
use is made, sometimes of one, sometimes of the other, definition. 

When a hquid and a solid meet along some line, a certain angle is 
included inside the liquid between a tangent plane to the surface of 
the hquid and a tangent plane to the surface of the solid at any point 
on the curve of contact. It is known as the angle of contact of that 
particular liquid and sohd. The measured value of an angle of contact, 
and indeed of surface tension, depends on various conditions; 

(а) Whether the hquid is advancing, receding, or at rest on the 
sohd. (This has been called a hysteresis effect.) 

(б) Whether the sohd is covered by a complete layer of matter 
foreign to itself, i.e, by a contamination film 
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(r) Wlietlior the liquid is contaminated in any other way. (The 
sui face of the liquid should he swept clean before measurements are 
made.) 

{(1) On the interval of time (the time of immersion) in which the 
liquid and solid have been in contact. 

(e) On the amount of friction between solid and liquid. 

]\Icasurements of angles of contact have meaning only if a quan¬ 
titative account of these conditions of observation is given. 

Theorem .—The excess of pressure on one side of a film of constant 
surface tension over that on the other side is equal to T(\jR^ + 1 /-^ 2 )j 
where T is the surface tension, and 7?^ principal radii of 

curvature of the film at the point in question. 

Proof .—Consider a surface film separating two regions containing 
fluids (%. 1). In general it will be curved. Let a small curvilinear 



Fig. I 


rectangle be drawn, enclosing any point 0 in the film, such that the 
sides are in “ principal sections ” of the film passing through A, B, C 
and Dy the film being regarded as a geometrical surface.* Let the sides 

S/j and S/g respectively, and let the radii of curvature of 
these siQ^ be and respectively. Let both centres of curvature lie 
^on the same side of the film. Neglect slight differences in length and 
radius of curvature of opposite sides of the rectangle, and suppose that 
the film is in equilibriiun with an excess of pressure p of the fluid on 

* Tho two principal sections at a point are such that tho curves of section have 
maximum and minimum radius of curvature. 
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one side of the film over that on the other side. Let tlie film, pusliod 
forward by the excess pressure p, undergo a small displacement Bx cm. 
along the outward normal through 0. As a result of this displacement, 
let the sides of the rectangle be increased from to S/i(l + a) and 
from 8?2 to hh{l + p) respectively, where a and p are small com¬ 
pared with muty. Thus the area of the rectangle is increased, and as 
this involves stretching of the film, work is done against the surface 
tension. Since the system was initially in equilibrium, it can be 
assmned that the work done by the excess pressure in pushing back 
the film is equal to the work done in stretching it. After the stretching, 
the new area of the element of film is 

81,(1 + a) 8/^(1 + jS) = 8/, 8/o(l + a + + a^). 


If we neglect the small term ajS, we have 8 ?^ 8L(1 + a + /S). Tlu^ 
initial area was 81, 81 . 2 , so that the increase in area is 8 ?i 
sq. cm. Referring to fig. 1 , we see that + a) = (i?i -h Sx) h6 ami 
also 8 Ij = 80, so that a = 8x/72i. Similarly, ^ = 8 x/ 7 ? 2 - Hence 

the increase in area is 

iJl J?2 


^ sq. cm. 


8 x 8 /, hi 



If we assume, as in elementary work, that the smface tension R 
may also be defined as the work required to stretch a surface film by 
one square centimetre imder isothermal conditions,* and if we further 
assume that the stretching in the present case is isothermal, the work' 
required to stretch the patch of film by the above amount is 


T 8 x hi, 8^2 


+ 



ergs. 


Now consider the work done by the excess pressme p in pushing for¬ 
ward the elementary area of film through 8 x cm. The initial tlirust 
on the patch of film is the excess pressure multiplied by the area, i.e. 
p^lihl 2 sq. cm. The final thrust is phlihl 2 (l -k a -4- jS). As a and ^ 
are small compared with unityj we may assume the thrust to be constant 
and equal to p 8 I, 8 Z 2 . When a force of this magnitude advances its 
point of application through 8 x cm., the work done is p 8 x 8 /iS/ 2 ^rgs. 
Equating the two quantities of work and cancelling factors, we have 



• Strictly speaking, this definition requires correction by the theory of § 3G, 
pp. 109, 170. 
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If the centres of curvature of the sides AB and BC are on opposite 
sides of the film and if the equation has the form 

. ® 

2. Shape of an Interfacial Boundary. 

Consider a system of two incompressible liquids in contact and in 
equilibrium, the lighter one resting on the heavier. Fig. 2 represents 
a principal section of such a system; the cxir\^e is a section of the 
surface of contact. It is required to find an equation for the curve 

AB. 

Take a point 0 far below the interface as origin of co-ordinates, and 
axes Ox, Oy. Let the interface luidergo an elementary virtual displace¬ 
ment in which each element of surface moves from its initial position 



to its final position along a normal to itself, the displacement at a 
point P being 8n cm. Let the element of surface have sides of length 
5/^ and cm,, and let S/j + S/g = the excess pressure on the 

concave side be p dynes per sq. cm. Then, as in the last theorem, this 
pressure gives rise to a force p8S dynes, which does work on the element 
of interface amounting to phShn = pSF ergs, where 8F = S5Sn is an 

element of volume. / 1 1 \ 

By the last theorem this work is equal to ^ ^ 

where R^ and Ro are the principal radii of cur\'ature at P. The sum 
of all such quantities taken over the whole of the interface is 


dV ergs. 
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As a result of the displacement, the system gains or loses potential 
energy. The gain of energy may be calculated as follows. Let the 
initial vertical co-ordinate of the typical clement of siuface just con¬ 
sidered be y. Since the liquids are incompressible, the liquid removed 
from any one region is replaced by an equal voliune from another. 
The displacement of the surface, S/i, has the following effective result 
so far as gravitational potential energy is concerned. An clement of 
volume 8F of mass piSF, with vertical co-ordinate y, is removed 
from its initial position and replaced by an element of volume 6F of 
mass with the same co-ordinate y. This particular element of 
volume gains potential energy (p 2 “ Pi)9y^^ ioia\ gain 

of energy b 


///(- 2 - Pi)9ydy ergs, 


the integration being taken over the whole of the interface. Since 
the system b initially in equilibrium, the work done by the hydrostatic 
pressure b equal to the gain in potential energy. Hence 

II (i+ i) =I 11^''‘ ~ 

that b, 

111[^{i, i) “ 

Now JIJdF, which represents the total volume change of the 
system, is zero, since the liquids are incompressible; hence 

t(I-+ Pi)gy = a constant, . . (3) 


an equation which may be regarded as the differential equation of the 
surface whose section b AB. 

The above reasoning holds in the case when one of the media b an 
incompressible liquid and the other a gas, for /J*J*dF will still be zero. 
If we put p 2 “ Pi “ P> obtain equation (3) in a convenient 

form, 

/ ^ ^ \ 

(4) 


S’ (i + i) - gpy = constant. 


Equation (4) b of great importance and forms the basis of many of 
the particular problems elucidated in the following sections. 


3. Rbe of a Liquid along the Side of an Inclined Plane Plate. 

Let AB represent a transverse section of one face of a plane plate 
dipping into a liquid (fig. 3). The plate may be supposed to be of 

& (F 103 ) • 
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infinite length in the direction perpendicular to the plane of the figure. 
BEC represents a principal section of the free surface of the liquid. 
Assume that it is horizontal at a great distance from the plate. Let 
the angle of contact of the liquid with the plate be that is, let DB^ 
the tangent to the curve BEC at the point of contact B, make an 
angle ip with the plate. If we take an origin 0 below the surface, as 
in the last section, the equation of the curve BEC is 

^ + 1 

where p = P2 — Pi find the other symbols have their previous meanings. 
In the present problem all sections of the surface parallel to the plane 


\ — gpy = constant, ... (5) 




of the figure are similar in shape, that is, the surface is cylindrical 
and one radius of curvature is infinite. Equation (5) therefore becomes 

T 

- = gpy constant. .(fi) 

li 

If we take O', in the “ general level ** of the free surface at a great 
distance from the plate, as origin, the constant becomes zero, for when 
y =: 0 the free surface is plane and R is infinite. 

Consider the tangents PL, QM and normals PS, QS drawn at P 
and Q, two points on the curve, an elementary distance Ss apart 
(fig. 4). Let the ordinate of P be y. Let the tangents make angles B 
and 0+80 with the axis O'x. The normals meet at S, the centre of 
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curvature. The angle PSQ — BO; PS — QS — 7?, and PQ — Bs. From 
the figure RB9~ Bs; hence 1/72 = BO/Bs and 


Now 


hence 


T ^Bd 

R = T^^ = gp,j. 

By . . ,1 sin 0 

= and 

T~By = T sin 0 BO = gpyBy. 
os 



On integration we have 

—T cos 0 = i gpy^ + constant, 


that is, 


gpy^ + 2T cos0 = constant. 


When y = 0, 0—0, co3 0 = 1, hence the constant is 2T. That is, 

5r/)y2=: 2^(1-cos 0).(7) 

This is the equation of the curve BEG, 


Comments. 

(1) If the plate makes an angle 9 with the horizontal, a tangent to the curve 
at B, where the liquid meets the plate, makes an angle (9 — with the horizontal 
is the angle of contact), and the vertical co-ordinate y of B is given by 

ppr* = 2T{1 — cos (9 - 4f)}.( 8 ) 
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(2) (a) If the plate is vertical, 9 = 90^ and 

(/py2= 27’(1 - Sim];).(9) 

(i>) If t|) = 0 in addition, 

g^Y^ = 2T, ( 10 ) 



(3) The general reasoning still holds if the plate is horizontal and the liquid 
is attached to the lower face; in 6 g. 5, for example, at a point of contact B we 
have 9 = 180®. Hence 


(/py® = 2r(l -f cos4'). 

When 

i> = 0, gg7^=4T, 

(4) The expression T/gg is often 
called Laplace’s constant • and is 
expressed by o®. 

(5) When a “ sessile ’* drop or 
bubble, resting on or pendent from a 
horizontal plate, is large (fig. C), a 
central portion of its surface, HKYZ, 
does not depart appreciably from the 
cylindrical shape, and the equation to 



a profile curve for a central section such as MN is given approximately by 
equation ( 8 ), with 9 = 180®. 


4. Rise of a Liquid between Two Vertical Plane Plates making a Small 
Angle with one another. 

Fig. 7 shows the plates with the liquid between them. Let the 
angle of contact of the liquid with the plates be zero, and let the angle 
between the plates be a radians. YFQ and YSR represent the curves 
of contact of the upper surface of the liquid with the plates. Take an 
origin 0, and horizontal and vertical axes Ox^ Oy. 

Consider the equilibrium of that element of liquid which is bounded 
by the vertical planes PADS and QBCRj where OA = OD = 

• Among the authors who uso TIgp = a* are Ferguson, Rayleigh, end Dorsey. 
Among those who prefer 2Tlgg = a® are Sugden, Adam, and Lenard. 
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FA = SD — y, and AB = Sx. The do^Tiward force on it, namely, 
its weight, is equal and opposite to the resultant force vertically up¬ 
wards, due to surface tension. Assume that the upward force on the 
element due to displaced air is allowed for by using p= P2 — Pi as 
the density. The weight of the element = volume X density x 
g dynes = y . AD . ABpg dynes, where p= p^~ p^. Now PS = 
AD = xa, approximately, since a is small. Hence the weight of the 
element is yxaBx . pg dynes. 

The forces due to surface tension are applied to the upper edo-es 
PSj SR, QR and PQ. Let PM, a tangent to the curve PQ at P, make 



Fig. 7 


an angle 9 with the horizontal. There is a force T x PS acting on PS 
in a direction parallel to PM, due to the adjacent liquid. Resolved 
vertically upwards, the force becomes Txaein^. This force can be 
regarded as a function of x, say f(x). Acting on QR there is a corre¬ 
sponding force downwards to the right, due to the adjacent liquid, 
which when resolved vertically is the same function of x-\- hx as 
Txa sin 9 is of x. Since, by Taylor’s theorem, any function of x + 8x 
can be written/(x -f Sx) =/(x) +/'(x)Sx plus small terms, the differ¬ 
ence /(x -f Sx) — /(x) = f'{x) Sx, very nearly. Since /(x) = Tax sin 9, 

f'{x)hx=Ta^^^^Sx dynes. 
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This difEerence gives us the resultant of the forces of surface tension 
on PS and QR resolved vertically downwards. 

The two equal forces due to surface tension acting on PQ and SR 
act along normals to PQ and SR respectively, that is, in directions 
making angles 6 with the vertical. Let PQ ~ 8 $. Each force has the 
value TSs along the normal, i.e. TBs cos 6 vertically. Their resultant, 
resolved vertically upwards, is 

2T 85 cos 6 = 2T Sx. 


Thus the four forces of surface tension give rise to a resultant 
upward force, which when equated to the weight gives 

d{x sin 9) 


yxapg Bx= 2TBx — Ta 


dx 


8x, 


that is, 


xy = 


2T 

<^P9 


T d(x sin 9) 
99 


dx 


. . ( 11 ) 


This may be regarded as the equation of the curve YPQ. As a first 
approximation the second term on the right may be neglected, givmg 


2T 

xy = — = a constant = ky say. 
<^P9 


( 12 ) 


The curve YPQ is approximately a rectangular hyperbola. Neglect 
of the second term on the right is equivalent to the assumption that 
the forces due to surface tension acting 
on PS and QR are equal and opposite. 

Ferguson and Vogel * have sho^n how to 
obtain a more exact approximation to the 
shape of the curve YPQ, and have used it 
to devise an improvement in Griinmach’s 
method of measuring surface tension. Their 
procedure is as follows: 

Since xy k, approximately, 



y — approximately. 

X 


Fig. 8 


Hence 


tanO = — ^ , approximately. 

dx sr 


From tigs. 7 and 8 we see that sin 6 is positive. Hence 

k » . L'x 


einS = 


'V/^-\-x* 


and 2 ; sin 6 


Vlp + z* 


• Ferguson and Vogel, Proc. Phys. Soc., Vol. 38, p. 193 (1920). 
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On differentiating and then putting k = xy, wo Cud tliat 

d VI v’* — 

-- (, 0) = -' 


{y^' H- x=)r 


Substitute in equation (II). This gives 


2T _ Ty{,/ - ar- ) 

Put r/p <7 = a* in the first term on the right and T — \Qpaj:y in the small second 
term. This gives 

_ 2a^ gjtyHrf - 

•' a 2(r -H r^)i * 


By choosing new variables 


Y 

{y^ + x^)? ’ 




we can reduce the equation to the linear form 


2«3 


^2 a’ 


(13) 


whose intercept on the 7-axis is 2a*/a. 


5. Rise of a Liquid between Parallel Vertical Plates. 


Let fig. 9 represent a vertical section of a system in which a liquid 
rises between two vertical parallel plates. The angle of contact is 
not assumed to be zero. The profile curve ACPB is the same in all 
parallel sections perpendicular to the plates, and the surface of the 
liquid is cylindrical, i.e. one radius of curvature is infinite. Take an 
origin 0 in the general level of the external liquid, midway between 
the plates, and take horizontal and vertical axes Ox, Oy. The theory 
0^ § 3, p. 113, applies here; if y is the vertical co-ordinate of any point 
P on the profile curve, equation (5) holds, giving 



— 9py — constant, where 




As in § 3, one radius is infinite and the origin lies in the general level, 
so that the equation becomes 


T 

R = 9Py' 


From fig. 4, p. llfi, we have Rh9= Bs. Further, Sy = Ss sin0, hence 

TByjR = T sin 080 = gpyBy. 

Integrating, we have 

—2’ cos 0 = igpy^ + constant. 
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At C let y = and 0=0; then 


By subtraction, 


—r = \gpy^ + constant. 


2T(\ - cos 0) = gp(y^- - y„2), 


which can be written 


where 



2T 

— (B — COS0), 

9P 




2T * 


(14) 

(16) 



The profile curve ACPB may either be concave or convex upwards 
or it may have a point of inflection, according as the liquid m^es an 
acute angle of contact with both plates, with neither, or with one 
plate only. Thus when the constant B of equation (15) exceeds +1, 
tj^ is positive, and y may be either positive or negative, but not zero. 
The equation then gives the profile curve when the liquid makes an 
acute angle of contact with both or neither of the plates. 

Equation (15) is the differential equation of the profile curve. A 
rigorous integration is difficult, but the co-ordinates of various points 
can be obtained by a method of successive approximation, of which a 
sketch is now given. 

At C (fig. 10), the radius of curvature is given by equation (6), 
that is, T/Rq = gpy^ or R^ = Tjgpy^. 

Near C, it may be assumed that an elementary portion CD of the 
profile crxrve is circular and of radius Rq. Let K be the centre of this 
circle; then KC = KD. Let CKD be a small angle 2<ft. 
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In fig. 10, 

CE = FD = CD cos(^ = cos^, 
DE = CD sm<l>— 27?„«^ sin (p. 

The ordinate of Z) is + DE 

= yo+ sm(^. 


2/ = 2/o H~ sin<^ is now substituted in the equation T/R = gpy, 
a value oi R= say, is obtained, which may be taken as the radius 
of curvature of the next element DH of the profile curve. Thus 



H 



T _ 

0P(yo+ 2/?o<^sin0)‘ 


By an argument similar to the one 
used in obtaining DE and CEy the incre¬ 
ments DG and GH may now be found: 

DG = 2R^ip cos 2^ and GH ~ 2R^<p sin 2^. 

To obtain the relation between the 
ordinates of the points of contact, we 
proceed as follows. Let the liquid make 
angles of contact with the plates on 

the left and right respectively, and let the 
ordinates of the points of contact be 
and respectively. 


By equation (14), 


- y^) = 2r(i - cose,) = 2r(i - sing,), 

- Vo^) = 22’(l - cose^) = 2T(1 - sinQ^). 


By Bubtraction we obtain 


— ^2^) = 2r(sinQ2 — sinQi), 



which is the required relation. 


6. Rise of a Liquid between Two Parallel Vertical Plates close together. 

In determining the height of the lowest point of the surface, let us 
assume the plates (fig. 11) to be of the same material, the angle of 
contact to be zero, and the distance between the plates to be X cm., 

where X is very much less than a, that is, than VT/gp. As the plates 
are close together and the length of the profile curve is small, it may 
be assumed to be semicircular. The elevated portion of the liquid is 
in equilibrium. Consider a column of it, 1 cm. thick, measured at 
right angles to the plane of fig. 11, The downward force on it, i.e. its 
weight, is equal to the sura of the two upward forces due to surface 

(F103) 
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tension. The area between the sections of the meniscus and the 
tangent plane at its lowest point is equal to the area of a rectangle 
minus the area of a semicircle, that is, its area is X^I2 — TrX^jS. 

Hence the volume of the 
slice of unit thickness is 


^ 2/0 + -2 - 


8 ' 


The equation of equilibrium is 

Weight of sbee of unit 
thickness = 2r, 
or 

Xy,gp + gpX ^= 22’; 


CLSERAL 


LEVEL 


X 


Fig. II 


hence 




(17) 


which is the required height. It is left to the student to calculate 
when the angle of contact is not zero. 

7. Horizontal Force on One Side of a Vertical Plane Plate Dipping in a 
Liquid. 

Take an origin 0 in the general level (fig. 12). Let the liquid under 
consideration extend indefinitely to the left of the figure. Take any 
point K on the left-hand i—. 

face of the plate; let OK be 

y. Consider the horizontal T 

force on an elementary area J 

of the plate, whose section /L 

is KQ = Sy, and whose /R y 

length, measured at right / / 

angles to the plane of the _k 

paper, is 1 cm. Since E is 

y cm. above 0, the pressure - jo\ y ;_ 

there is the atmospheric 7 0 

pressure P minus the / 

quantity gpy\ accordingly, 
the force on KQ towards the 

right is (P — gpy) 5y dynes. On the whole surface up to Aj where 
OA = Y, the whole force acting horizontally to the right is 

f {P — 9Py)^y = — i9P^^ 


Fig. 12 
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Further, at the top there is a force 2’sint/t acting horizontally to 
the left, where ^ is the angle of contact. The resultant force to the 
left is T sini/f — PT -f- d)Ties. 

Now by equation (9h p. 110, 

gpY^=2T(l~^\n4>). 

Hence the net force to the left is T — -PF, provided we neglect any 
fo-ces acting on the plate above A. 


p2-prP 


8. Horizontal Force on One of Two Parallel Vertical Plates Dipping 
in a Liquid. 

In fig. 13 let the point Kha y cm. above the general level. If the 
atmospheric pressure is P, the pressure at is P — gpy. Consider 

the forces on a strip 
of plate of height 
between two horizontal 
planes LQ and MK, 
per centimetre length 
measured at right 
angles to the plane of 
the figure. On LM 
there is a force Phy 
dynes to the right. On 
QK there is a force 
{P — gpy)hy dynes to 
the left. The net force 
is therefore gpy 8y dynes 
to the right. The total 
force of this kind acting on the plate to the right up to the level of 

pT or 

B is gpydy dynes, where Y = AB, that is, IgpY^ dynes. If the 

angle of contact at B is there is another force Tsin^ acting to 
the right, making \gpY^ -j- T sin0 altogether. Outside the plate and 
acting to the left, there is a force which by the theory of the 
previous section is T — PZ, where Z is the height of the point P. 
If, as usually happens, Z is negligible compared with F, this force 
reduces to T, Hence, if we take into consideration forces both 
inside and outside, the resultant force acting to the right is 



KOFS'CnM. LEVEL 


Fig. 13 


igp F2 -j- P sin ^ — T dynes. 


( 18 ) 



124 


CAPILLARITY 


[Chap. 


9. Rise of a Liquid in a Vertical Circularly Cylindrical Tube. (Narrow 
Tube: Angle of Contact not Zero.) 

Fig. 14 represents a central vertical section of a circularly cylindrical 
tube dipping into a liquid. The profile or meridional curve is repre¬ 
sented by LMN. Let the angle of contact be ifi. In the present case 
of a narrow tube the profile curve is short in length and may be assumed 
to be nearly circular, that is, 
the surface may be assumed 
to be nearly spherical.* 

Let p=. p^ — Pj. Let r 
and R be the radii of the 
tube and of the meniscus 
respectively, and let II be 
the height of ilL, the lowest 
point of the meniscus, above 
the general level. It is 
assiimed that the same at¬ 
mospheric pressure P exists 
above the liquid inside and 
outside the tube. Since the 
elevated portion of the liquid is in equilibrium, its weight is equal to 
the upward force due to surface tension, acting around the circle 
whose section is LN. Hence 



^tttT cos Ip = TTr-Hpg -{- weight of liquid lens between! 

LMN and AMB / 



If the weight of the liquid lens is neglected, equation (19) reduces to 

27rrT cosp = TrrMIpQf 

whence 

T=z 

2 cos^* 

When the volume of the liquid lens LMNBA is not negligible, it is 
calculated by elementary mensuration and is found to be 

F = 7t 7^{sec ip + tun^ip — f sec®0}, 

expressed in terms of the angle of contact and the radius of the tube. 
In this case the equation of equilibrium is 

27rrT cos^ = Ttr^Hpg -j- Trr^pg{secp + f tan^^ — | sec®^}. 



• Rayleigh, Collected Papers, Vol. 6, p. 351. 
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^ + s sec i/r taa»- g SQC*<f}. 


When 


«/r=0, T = 




If we put Tjpg = a-, we may write this equation in the form 



10. Rise of a Liquid in any Vertical Circularly Cylindrical Tube Dip¬ 
ping into an Open Vessel of Liquid (Angle of Contact not Zero). 


Fig. 15 represents a central vertical section. The surface of the 
liquid is not assumed spherical, nor is the profile curve assumed circular. 
By symmetry, however, the surface must be a surface of revolution. 

Equation of the Mei idional Profile Curve .—Take an origin 0 at the 
point where the axis of the tube meets the general level. The vertical 
co-ordinate y of any point P is given by equation (4) of § 2, namely, 




— gpy = constant. 



where in this case neither Ri nor R 2 is infinite. One of these 
principal radii is the radius of curvature of the meridional profile 

curve. Let it be Ri. 
The other principal 
radius R 2 is equal to 
PC, where PC is the 
normal at P, because of 
the symmetry about the 
axis OC, Thus 
PC = x/sin^, where 
MCP = <{>. 

— Further, if we note 
that at M, which is one 
of those points which 
in solid geometry are 
known as umbilics, the radii of curvature are equal, they may each 
be denoted by 6, say, and if we put OM = Y, equation (21) becomes 





Fig. 15 


2T 

- gpY ^ constant.(22) 
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Hence at any point P, by equations (21) and (22), we have 

^(s,+• ■ « 


Divide throughout by Tjb and put y 

1 . sia<i 


— Y — z; then 


1 sm(j) _ 

R^/b xjb 


2 + 


Tjb' 


. . (24) 


Write Tjgp — or and 

62 


Then 




If Pj and sin arc expressed in terms of x and z, this equation 
takes the form of a differential equation of the second order, whii^h 
has not yet been integrated by rigorous methods. However, Bash- 
forth and Adams * devised a special method of obtaining numerical 
values of xjb and zjb corresponding to various values of (f) from 0 to 
180° and of p from +0T to +100. To use the important tables pub¬ 
lished by them, values of ^ and </) are chosen and then the tables give 
the corresponding values of xjb and zjb. The value of xjb fixes that 
of /3, and vice versa. 

11. Application to the Measurement of 
Surface Tension. 

Sugden t has described what some 
authorities regard as the best form of 
the capillary rise method of obtaining 
surface tensions of liquids in the presence 
of their ovm vapours. He makes the sub¬ 
stitution 2Tjgp = a^. The theoretical part 
of the determination involves three cases, 

(1) r/(7i < 0*25, (2) 0-25 < rja^ < 2-24, 

(3) rja^ > 4-24. There is a hiatus between 

(2) and (3), referred to again on p. 128. 

We begin by considering the second Fir »6 

case. 

Case (2), 0-25 < r/oq < 2*24. The liquid is placed in a vertical 
U-tube (fig. 16) with one narrow limb and one wide limb, the radii 
being r, and respectively. Further, 0-25 < r/cq < 2-24 for the 



* An Attempt to Test Ike Theory of Capillary Action (Cambridge 
1883). 

t Sugden, Joum. Chem. Soe„ Vol. 119, p. 1483 (1921). 


University Press, 
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narrow limb. The limbs are regarded as two separate tubes standing 
in an open vessel. We see that equation (5) or ( 2 J) holds for each 
mnbilic, that is, 



— gpY^ = constant, 


— gpY^ = the same constant, 


where 63 ladn of curvature at the points il/j, il/g and Yj, Yg 

are the heights. 

On subtraction, 

2r(l-= y,) = 5/,Z/.sa7. . . (27) 


Tube (1) is narrow and tube (2) is wide. As a first approximation, 
put bi = rj and 63 = <x>; then, if w'e use the measured value of H, 
which is easy to obtain, an approximate value of ^Tjgp = a-^ is cal¬ 
culated. 

From the measured values of and r 2 , r-yja^ and fg/oj are calculated. 

Assume that the angle of contact, 0, of the liquid has been measured; 
tj) is 90° minus the of Bashforth and Adams, when the point P is on 
the line of contact of liquid and tubes, and their tables give the 
corresponding j3. 

Now, by the definition of a^, equation (25) becomes 



hence 

1 

and 



r 


<h 







Sugden has constructed a table of corresponding values of r/ 6 , 
and r/oi obtained from equation (29), for values of rja^ between 0*25 
and 2*24. 

Using the approximate values of ri/a^ and rjoi obtained above, 
Sugden’s table gives values of r-^jb^ and rjb^, and hence I /61 and 1/63 
are calculated. Substitute these new values of 1 Jb-i and 1 /62 in equation 
(27) and calculate a more accurate value of 2Tjgp ~ and hence 
of rj/oi and rg/oj. Again use Sugden’s table to get more accurate values 
of rjbi and rjhzy and again use equation (27) to get a new value of 
and Oj. After a few repetitions of this process the value of cq 
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obtained becomes practically constant and an accurate value of T is 
derived from it. This is the value of the surface tension of the liquid 
in contact with its own vapour. 

Case (1), r/aj < 0-25. Consider a narrow vertical capillary standing 
in an open vessel of liquid. The equation 2T(\\= g 
holds, but, since one tube is infinitely wide, we may neglect 1/^2 
and write, for the narrow tube, 2Tjb = gpH, or 


2 

— — = bli. 
9P 


.(30) 


This value of is substituted in Rayleighformula * for very 
narrow tubes, namely, 

0,2 = r J - 0-1288 + 0-1312 

the proof of which is too long to give here. Then, by equation (30), 


from which b can be calculated. Substituting in (30), we obtain a 
numerical value of and hence find T. 

Case (3), rja^ > 6. Consider a wide vertical tube standing in an 
open vessel of liquid. In this case Rayleigh’s formula for very wide 
tubes is used, namely, 

--log, ^ = 0-8381 + 0-2798 ?+s log/, • • (31) 

CL ±1 f L Of 

where 

- <h „ [T 
V2 V gp 

The proof of (31) is also too long to reproduce here. 

From experimental values of r and //, a and T can be calculated. 
For tubes in which 2*24 < rja < 4-24 no exact formula giving the 
capillary rise seems to have been put forward, but Sugden gives an 
approximate graphical method of extrapolation for use in this case. 

12. Measurement of the Surface Tension of a Liquid Available only 
in very Small Quantity. 

If the volume of liquid available is only about two cubic millimetres, 
the method of Ferguson and Kennedy f is very suitable, especially as 
a knowledge of the density of the liquid is not required. 


•Rayleigh, Proc. Roy. Soc.^ A, Vol. 92, p. 184 (1915). 
t Ferguson and Kennedy, Proc. Phys. Soe., Vol. 44, p. 611 (1932). 
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Some of tho liquid under tost is placed in a clean gloss capillary tulic C, 
mounted vertically, with an open end douinvartls, Tliis tube is connected at tho 
top to a manometer system wlilch enables the air pressure above the liquid to 
bo varied and measur<^. The liquid is thus contained in the capillary as a short 
vertical column. Tho press\ire above is adjusted until the lower end of the liquid, 
at the mouth of tho tube, is plane and horizontal. Since tho liquid is in equi¬ 
librium, the resultant upward force on it is equal to the resultujit downward 
force. Assuming that the angle of contact is wo get 

2wr cos^ = Weight of liquid + Thrust on the top 
= + To^/n} + 

where p = pj — pj is tho excess density of tho liquid under test, pj is tho excess 
density of tho manometer liquid measuring tho pressure at tho top, and A, aiul 
^2 are the heights of tho liquid and manometer columns respectively; the term 
pp7rr^/n represents the weight of the plano-concave liquid lens under the meniscus, 



Fig. 17 


n being a pure number whoso value is 3 when is zero and the meniscus is hemi¬ 
spherical. On reduction, wo have 




(32) 


The tub© Q (fig. 17) with tho liquid in it is next mounted in a horizontal position, 
and tho air pressure is altered until the meniscus at the open end of C is exactly 
plane. The liquid is again in equilibrium, and the pressure on the plane end is 
atmospheric. The excess pressure on tho other end is again given by the mano¬ 
meter and is ffpjAj, say, that is, there is a thrust ffpa^aTrr* acting to the left. There 
is also a force towards the right of value 2wTcos<|;, due to surface tension. 
For equilibrium we must have 


27rr2’ cost}/ = ffPsA^Tir*. 


(33) 


This assumes that the capillary tube is so narrow that the gravitational forces 
causing a distortion of the right-hand meniscus from tho spherical shape are small 
compared with the forces duo to surface tension. In other words, it is assumed 
that tho distortion is negligible. 

Comparing equations (32) and (33), we see that 


pA = p(Ai "f" Pa*« 


(34) 
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[Tnvin,: fountl, by cxpcnniciit, that the two sides of this equation are equal, 
we ut-'cd only use equation (33) to get 

2 cosi^ 

Ferguson an<l Kennedy show by experiments with liquids for which = 0 
that equation (34) is satisfied by tubes for which r < 0-05 cm. They have also 
used the method to determine interfacial surface tensions. 



13. Pendent Drop at the End of a Tube, 

Fig. 18 shows a pendent drop of liquid in equilibrium at the lower 
end of an open vertical tube, 
tube above the drop. Let 
its total height above the 
bottom of the meniscus be 
li. This height is usually 
so great that the effect of 
the curvature of the meniscus 
at the top on the pressure 
at any point in the drop is 
negligible. Here we shall 
assximc that this is the case. 

Consider the equilibrium, 
as regards vertical forces, of 
the portion of liquid whose 
meridional section by a 
central vertical plane is 
CODG. It is subject to the 
following forces. Vertically 
dov-Tiwards there are the weight mg and a force due to hydrostatic 
pressure on the plane Z)C, namely, 

‘nGC^{P^gp(H-OG)}, 

where P is the atmospheric pressure. Vertically upwards there are 
the forces ttGCPP due to atmospheric pressure below the drop 
and 2ttTGC cosB due to surface tension. If we restrict the discussion 
to cases in which DC is not much above 0, we may assume that the 
profile curve is parabolic and has the equation y = hx^. If the co¬ 
ordinates of C are (x, y,) i.e. if GC = x, OG = y, then the mass of 
CODGy regarded as the sum of the masses of elementary horixontal 
slices, is 

and its effective weight is Trpgy^ftky where p= p^ — pi. 


Let there be a column of liquid in the 
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The equation representing the equilibrium of CODG, on which 
the total do\\'nward forces are equal to the total upward forces, is 

2k 


( 

+ 7T2^pg(H — y) = 27 tTx qos0, . . . (3G) 


D 



1 

G 


X / 

rV 


A < 

J 


1 


O 

Fig. 10 


Next, consider the equi¬ 
librium, with respect to hori¬ 
zontal forces, of that half ol 
CODG which is convex towards 
the reader. There is a horizontal 
C{X.y) equal to T X length of 

arc COD away from the reader. 
^ Y Another horizontal force T sin ^ 
^ per cm. length acts normally 

_ to the circumference of the 

circle whose diameter is DC. 
This amounts to a resultant 
T X DC sin 6 = 2xT sin 9 to¬ 
wards the reader. The hydrostatic thrust of the other half of the 
bottom of the drop, acting towards the reader, is calculated as 
follows (fig. 19); 

Thrust on an elementary strip UK 
= pressure at J X area of strip 

= (pressure at 0 — pressure due to OJ) x area of strip 
= 9P{H- Y)2XdY, 

J cy 

2gp(Il — Y)XdY, 

0 

If we put Y = kX'^y the integral becomes 

r2gp{H - kX^}X2kXdX 

A 




5 


and if we put j/= Jex\ this becomes igp(^ dy„os towards 
the reader. \ «> 0 / 

Let the length of the arc COD be 1. The horizontal forces on the 
front half of CODG balance. Hence 

n=2xTsm9 + igp^-igp^. . 


• • ( 37 J 
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On elimiuating 11 from eqiiations (36) and (37), we find that 

2()pX7/ 




15[2xsin0 + ?^^-i]' 


(38) 


Ferguson has applied this formula to the measurement of T. The 
method is of particular use in measuring T for molten metals. 

14. Sentis’s Method of Measuring the Surface Tension of a Liquid. 

A piece of clean glass capillary tubing (fig. 20) is drarni out to a fine jet and 
dipped into a liquid. The latter is sucked up inside the tube and is then allowed 
to fall gently. A drop forms 
around the end and rises a little 
way up tlie outside of the tube. 

Inside, the level is at A. While 
the drop is in equilibrium its 
radius in a certain horizontal 
plane DC is measured by an 
optical method. A dish containing 
more of the same liquid is placed 
on the table of a spheroraetcr 
underneath the drop, and is raised 
until the liquid just touches the 
bottom of the drop; the sphero- 
meter is then read. The liquid is 
now raised until the level of tlie 
liquid inside the tube is at A once 
more, and the spherometer is again 
read. 

The assumption is made that 
the portion of the drop below the 
plane DC is hemispherical. Then 
the upward forces on this portion 
are equal to the downward forces. 

2tt 




Let P be the atmospheric pressure. Then 


2tzET -f PizIP = — (hydrostatic pressure at level DC), 

3 

where PnR^ is the effective upward force due to atmospheric pressure acting on 
the underside. 

Substitution for the hydrostatic pressure gives 

2i,RT + IP eg + kR^[p + P!7(//, - R) - y). 

where r is the radius of curvature at the lowest point of the meniscus. That is, 

2T = |iPpy + geR(lh -R)-^. 

The second part of the experiment, for a liquid making zero angle of contact 
with the walls of the tube, gives 

27n^ = 


- 



SENTIS’ METHOD 




approximately, if wo assume that the meniscus is licmispliorical and neglect the 
liquid lens immediately below the meniscus. Hence 

2T = - i?) - Iill,}gp. 


Putting a* 


—, we have 


99 


2a2 = l-R* + i?(F, - i?) - i?//. 


or 


2a» = R(H, - fl.) - f 



15. Drop Weight Method of Measuring the Surface Tension of a Liquid. 

Method of Harkins and Brown. 

Instead of a pendent drop, consider a drop of liquid of volume F c.c. 
which has just ceased to make contact with the lower end of a rod 
or tube and is falling under gravity. Such a lower end is called a “ tip 
Let its external radius be r cm. The shape of the drop is complicated, 
but its weight Mg may be regarded as a function of the surface tension 
T of the liquid, the radius r of the tip, the volume F of the drop, and 
other variables. Now the products Mg and Tr have the dimensions 
of a force. Hence, applying the method of dimensions, we have 

Mg = Tr X Q> non-dimensional function of the various variables, 

= Trx fi(x, yyZ,.. .), say. 


We may take the non-dimensional factor 27r out of the function, 
leaving 


Mg = ^nTrfzix, y,z, . ..). 


Since the function must be non-dimensional, we may try the special 
cases 

Mg = .(40) 

or 

Mg = ^TrTrfJ - V where a® = —, the capillary constant. (41) 

\®/ 9P 


The constant a has the dimensions of a length. 

For any particular drop, /jCr/F*) and /Jir/a) will be numerically 
equal. 

In their researches with water and benzene, Harkins and Brown * weighed 
the drops of a liquid falling from a given tubular tip. The density was knoun and 
hence was calculated, and thus, from a measured value of r, r/Vi was obtained. 
By the capillary rise method, a value of T was obtained experimentally and a 
value of r/o was calculated. The value of Mgj2vrTt that is, of/ 3 (r/Ei) = / 4 (r/a), 


• Harkins and Brown, Joum, Amer. Chem. 5oc., Vol. 1, p. 499 (1910). 
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wa-s tiion computed. Thus, corresponding to each value of f/Ft, a value of 
L(r/I i) was obtained, and corresponding to each value of r/a, a value olj^{rfa). 
Uepetitinn of the e.xperiincnt with the same liquid but other tips gave sets of 
such values. Curves connecting (1) r/Fl and/jIr/Fi) and (2) rja and/ 4 (r/a) 
were {jl(.)ttcd. The actual determinations of Harkins and Brown dealt with 
values of r/a ranging from 0-025 to 2-GO. The corresponding values of fiiTja) 
did not remain constant, but varied from 0-924 to 0*5352. Precisely the same 
curves connecting rja and f^irfa) were obtained for four liquids of such varying 
densities and viscosities as water, benzene, carbon tetrachloride, and ethylene 
dibroraide. That is, the curves were absolutely superposed on one another when 
plotted on the same sheet of paper. A similar result was found for the curves 
connecting r/Fi and /afr/Fl). The curves were almost exactly those of a cubic 
equation. 

The unchanging form of the function f^irja) for four dissimilar liquids justifies 
the belief that from such a curve as the one connecting r/Ff and /^(r/Fi), 
together with a simple drop experiment, the surface tension of any liquid can 
be found. All that is necessary is to carry out a drop weight experiment with the 
liquid, measure and r, and calculate r/Ff; in the tables of Harkins and 
Broun or on the appropriate graph determine f^ir/V^), which is equal to fiirja), 
and on the other graph find the corresponding value of rja and calculate a and T. 

Practical Details .—The apparatus is placed in a thermostat. If a drop were 
allowed to form and fall under gravity alone, it would take its fuD “drop time” 
of more than three minutes. A large part of it is therefore formed by suction on 
the part of tlio operator and it is then allowed to complete its growth and fall 
under ^avity. Usually a thirty-drop run is taken, w’hich requires about 30 min. 
A run involves the following operations: (1) the cleaning, mounting and levelling 
of the tip; (2) the adjustment of the liquid in the supply bottle to a suitable level; 
(3) the forcing of the liquid back through the capillary so that no drop is on the 
tip; (4) the placing of a clean weighing bottle around the tip; (5) the ^justment 
of the protecting box in the thermostat; (6) a pause for a period up to 40 min. 
to allow the liquid to reach the proper temperature; (7) the drawing over of a 
drop and keeping it a full size for 6 min. before falling, to saturate the receptacle 
for weighing with vapour; (8) the drawling over and w'eighing of 29 other drops; 
(9) the forcing back of the residual drop into the supply cup; (10) the removal of 
the apparatus from the thermostat; (11) the cooling of the weighing bottle with 
ice-water for half a minute; and (12) the stoppering and weighing. The radii of 
the tips vary from 0-09940 cm. to 1-0028 cm. 

Comments. —(I) The equation Mg = sometimes called Tate’s law, is 

seen to be incorrect. 

(2) The ratio of the surface tensions of two liquids is not equal to the ratio 
of the weights of drops falling from a given tip, as is often assumed. 

(3) Any departure from a circular shape of the edge of the tip introduces 
error. Hence a special method of grinding is used. 

(4) The method can also be applied to interfacial surface tensions; indeed, 
Harkins and Brown consider the drop weight method to be the most accurate 
and convenient method of measuring interfacial tensions between liquids, as 
distinct from the commoner case of a liquid in contact with a gas. The capillary 
rise method is superior in the latter case, but for interfacial tensions it is inferior 
in that it involves some uncertainty about the angle of contact. 

16. Force on a Horizontal Disc Pulling a Liquid Upwards. 

Elementary Treatment .—Consider the extra forces on the underside 
of a counterpoised horizontal circular disc, which has made contact 
with a liquid below it and has been raised through a short distance 
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H cm. Assume that the liquid spreads to the edge of the disc, as it 
does in many cases. Contact will then be made at the edge of the disc. 
Fig. 21 represents the meridional curves bounding a central section 
of the liquid. Let the tangent to the curve at any point B make an 
angle 0 with the horizontal, and let the tangent at jS, a point of contact, 
make an angle 0, with the horizontal. This is not assumed to be 
equal to the angle of contact with the disc. In addition to its weight, 
the following forces act upon the disc: (1) a downward atmospheric 
thrust of P-nR^ dynes; (2) a downward pull of 'IttRT smOg dynes due 
to surface tension round the edges; (3) an upward thrust due to liquid 
pressure on the under face, of value {P — gpIJ)7rRr dynes, maldng a 
total force 

F = 27tRT sm0, + gpHnR- vertically downwards. (42) 



When the disc is raised from the position H = 0, the angle 6, has tlie 
initial value 180°, and decreases to zero, and then detachment takes 
place. The maximum value of H is that corresponding to 0, = 0. 
The maximum value of F occurs when H has a smaller value, and 
may be calculated approximately as follows. 

From equation (42), 

dF = 27 tRT cosOgddg -}- gp-nR^dH. 

When R is large, the surface film is approximately cylindrical in the 
sense of § 3, p. 114, and the approximate equation (7) of § 3 may be 
used, namely, 

ffpH2=2T(l-cos0.).(43) 

Differentiating this, we have 

gpHdH = Tsme,de„ 

Substitute for dH in the equation for dF. Then 

dF = 27rItT cos e.dO, + 


■ ■ (44) 
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Now dF/dO, = 0 whea F has a masiiniun value. Hence F has a maxi¬ 
mum when tan^ 3 = —2HjR, and this value of ^ 5 , which is small, is 
a root of the equation cos| 6Jeos6^ = — 2 a/i?, obtained by substitut¬ 
ing for II from equation (43) above and using the relation Tjgp = aK 

17. Liquid Pulled Upwards by a Horizontal Flat Ring. Extra Down¬ 
ward Force on the Ring. 

Fig. 22 represents a central vertical section of a horizontal flat 
ring pulling a liquid upwards. The two cross-sections of the material 
of the ring are rectangular. Let the tangents to the profile curves 
make an angle with the horizontal at By C and D respectively. 



Fig. zz 


As the surface tension acts around the circumference of each circle, 
the extra downward pull due to surface tension is 27t(E^ + -^ 2 )^ sin 0 , 
dynes. The upward force due to liquid pressure on the lower face is 

~ 99^) dynes, since this face is raised H cm. above 
the general external level at which the pressure P is atmospheric. 
The downward force on the upper face is P7t(R^ — R^) dynes. Thi^ 
the total extra downward force, in addition to the weight of the ring, is 

F — 2'it(R^ + R^T sin^j -f 7rgpH(R^ — dynes. (45) 

A special case occurs when 6, = 90° and R-^ and /?2 are nearly equal. 
In this case 

F = ^irRTy approximately, .... (46) 
where R is the mean radius. 

The approximate expression F = ^ttRT is often used to measure 
the surface tension of liquids for which ^, = 90°. It gives T = F/4fl’i2, 
F being taken to mean the maximum extra force required to detach 
the ring of rectangular ribbon or circular wire. 
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A more accurate expression * for ttie surface tension when tiie ring is muclo 
of material with a rectangular section, and when = \){)°, is 




8284 + 0-6095 



+ 3 + 2-585 



+ 0-371 



where F is the maximum extra force, R is the mean radius of the ring, h = , 

P “ Pi Pi> 28 is the thickness of the ring, measured vertically. '^R'PQ 


18, Measurement of Surface Tension by the Ring Method. 

The ring method is particularly useful in studying the progressive 
changes which occur in the surface tensions of various liquids with the 
passage of time. 


(1) Lecomle du Nouy's apparatus f viU now be described. A ring of platinum 
containing 10 per cent of iridium hangs from an inverted V frame of the same 
wire, to which it is “ sweated ”. This system can be cleaned by heating. It 
is suspended from an arm A of a special horizontal torsion balance, called a 
tea^meter. The wire of the ring is of circular section, about 0-3 mm. in cliaraetor, 
its mean circumference being about 4 cm. The torsion wire is steel piano wire 
of diameter 0*25 mm. The liquid lies in a clock glass. In the experiment a pointer 
F attached to the torsion wire rotates over a fixed circular scale as the ring is 
raised. The beam A is kept horizontal by lowering the support carrying the 
liquid. The maximum angular reading 0 of the pointer is noted. The scale is 
calibrated in the absence of liquid by attaching Imown weights to the ring, so 
that 0 corresponds to a certain maximum extra pull P. The ring is of such thin 
wire that du Nouy assumes that 

P — ^tzRT .(47) 


The method has the following advantages: (1) Only a small quantity of liquid 
is required. (2) Each reading takes only about 20 sec. (3) The pull is measured 
to within 0-1 dyne. (4) Comparisons \rith standard liquids are quickly made. 


(2) The Ring Method of Harkins, Young and Cheng.X—Consider a metal ring 
of circular wire, suspended horizontally in a liquid. As the ring is gradually 
raised out of the liquid, the extra downward pull on it in addition to the weight 
passes through a maximum value. If the ring is made of thin ^\'i^e, the maximum 
pull is given approximately by P = 4nRT, where R is the mean radius of the 
ring and T is the surface tension. More accurately, FP = iv:RT, where F is 
a non-dimensional factor. To avoid difficulties connected with the calculation 
of F, Harkins, Young and Cheng proceeded, in effect, as follows. Since 4nRTfP 
is a non-dimensional function of the variables connected uith the experiment, 
they assumed that 


4nRT 

P 



(48) 


or 


4kRT _ f (R?\ 

p ^Avr 


(49) 


where F is the volume of liquid held up by the maximum pull of the ring (which 
is equal to Pjpg, where p is the density) and r is the radius of the wire. 

* Verschaffelt, Comm. Leiden, Suppl. No. 42cl, (1918). 
tLecomto du Notty, Joum. Qen. Physiol., Vol. 1, p. 621 (1919;. 

X Harkins, Young and Cheng, Seienu, Vol. 64, p. 333 (1926). 
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tlsin:: water, benzene and broinobenzene, liquids of known surface tension, 
tbev measured the maximum pull on three rings of different R and r but constant 
R/r. They plotted graphs in which the abscissse were values ol R^jV and the 
ordinates were values of -iriRT/P. The points for all three liquids were found 
to lie on one smooth curve. They inferred that if the same rings and other liqui^ 
had been used, the values of R^/V and AT.RTjP would have given points on the 
same curve. 

To obtain an accurate value of the surface tension of another liquid, the pro- 
ce<lure is as follows. Take a ring of the same metal and same Rjf as one of those 
used by Harkins, Young and Cheng. Use it to measure the maximum pull as it 
is raised out of the given liquid. Calculate IPfV — R^gpjP. Find the point on 
the graph of Harkins, Young and Cheng, for rings of the same R/r as that used, 
which has the abscissa R^f V. Read off the value of the ordinate y, which w 
^t:RTIP, and from it calculate T, the surface tension, which is given by yPI4:nR. 

The practical precautions employed may be summarized as follows: 

(1) The whole apparatus is enclosed in a thermostat to keep the temperature 
constant. 

(2) The surface of the liquid is swept by barriers to clean it before an experiment. 

(3) The liquid is covered by an inverted glass funnel to reduce evaporation. 

(4) The thermostat is supported independently of the rest of the apparatus, 

to prevent agitation of the liquid uinder test. j * * 1 , 

(5) The dish containing the liquid is made wide, to prevent errors due to the 

curvature of the meniscus. 

19. Measurement of the Rate of Spreading of a Substance over the 
Surface of a Liquid. 

The ring method has been applied to measure the rate of spreadmg of a 
substance over the surface of a liquid, by Cary and Rideah* A crystal of a fa y 
acid, e.g. myristic acid, is brought into con¬ 
tact with the surface of an N/lOO solution 
of hydrochloric acid in water. A film of 
solution of the myristic acid is formed, which 
spreads out from the crystal. More acid con¬ 
tinues to dissolve and to spread until the 
strength of the solution forming the film 
reaches a certain value, when spreading ceases. 

The direct object of Cary and Ridcal’s experi¬ 
ment is to compare the surface tension at 
points on the circumference of a circle at 
whose centre the crystal touches the liquid, 
at various instants following contact, with 
that of the N/lOO hydrochloric acid before 
contact, measured at points on the same circle. 

From the values of the surface tension thus 
obtained, the mean strength of the solution at 
points on the circumference of the circle at 
various instants can be calculated, and hence 
the rate of spreading of the molecules of the myristic acid. , 

In the experiment the actual quantity measured is the force 
detach a horizontal platinum ring from the surface of the liquid, and this 10 
is proportional to the surface tension (see equation (47)). ^ 

The apparatus is shown in fig. 23. The platinum ring LR is suspended 
one arm of a balance, so as to hang just below the surface of the liquid, w 

* Cary and Rideal, Froc. Roy. Soc., A., Vol. 109, p. 306 (1925). 
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is containod in a funnel F, The ring is counterpoised by a light eye-glass chain 
C, so supported at one end that weights can be gradually added to that side of 
the balance. The weight contributed by this chain at any time is knoun from 
a previous cahbration experiment in which the ring is replaced by weights, and 
in which a pointer Q, attached to the chain, moves over a cahbrated scale M. 
The instant when the ring is on the point of being detached is registered by the 
movement of a long pointer P on an arbitrary scale S. 

The experimental procedure is as follows. Some N/lOO hydrochloric acid is 
poured into the carefully cleaned funnel, and the force required to detach the 
ring is measured. The ring is again dipped in the liquid. The end of a glass rod 
1 mm. in diameter, coated with mjTistic acid, is then lowered into the surface of 
the liquid, and at the moment of contact a stop-watch is started. Before long 
the surface tension falls and the pointer P begins to move down. The time is 
noted. The chain is raised to bring the pointer P above the zero, but it soon 
falls past the zero again. The time and the force are noted as it passes through 
the zero. The chain is again raised and the process repeated. The temperature of 
the liquid is recorded. 

Results. —^Myristic acid and similar substances are foimd to spread 
in two stages. 

Stage I. The surface is covered by a unimolccular “ expanded ” 
film* under zero compression, and if a crystal of constant circumference 
is used the time required for the spreading is proportional to the area 
of surface of the hydrochloric acid solution covered. From a crystal 
of myristic acid of circumference 2*51 mm., used by Cary and Rideal, 
at 25° C. it was found that 9*06 X 10^^ molecules left the crystal per 
second, i.e. 36T X 10^® molecules per sec. per cm. length of crystal face. 

Stage 11. The expanded film of stage I becomes packed more 

closely with molecules of myr¬ 
istic acid, although it remains 
unimolecular, that is, one 
molecule thick. The pressure 
in the surface increases until 
there is equilibrium at the sur¬ 
face of the crystal between 
surface solution and rcconden- 
sation, that is, until as many 
molecules retiirn to the crystal 
per second as leave it. 

20. Lenard's Frame Method for 
Surface Tension.')' 

In this method the experi¬ 
ment consists in the measure¬ 
ment of the maximum pull required to detach a frame ABODE 
(fig. 24) with a cross wire XY from the surface of a liquid. In 
particular, as the frame is being dragged out, a film of liquid attached 

•See p. 181, t Lenard, Ann. d. Phys., Vol. 74, p. 381 (1924). 
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to tlie wire XY along its whole length pulls downwards on the frame. 
It is the maximum value of this pull which is measured. 

Regard ZY as a horizontal cylinder of length I cm. and radius r cm. 
Fig. 25 shows a section of the cylinder and film below it. Let the 
angle of contact be zero, and let 6 be the angle made with the 
horizontal by tangent planes to the liquid and wire at the points 
of contact K and M. In addition to the weight w’hich the frame 
has, when Z Y is dry and just not touching the surface, the downward 
pull on the frame in the position shown in fig. 24, will be 

P = 2rZ sm 0 + klbgp - TFi + TFg, ... (50) 

where p is the density of the liquid, b is KM in the figure, Ji is the 
height of KM above the general level of the liquid, TFi the weight of 
the portion KLM of fig. 

25 considered as liquid, 
and IF 2 the downward 
pull due to the removal 
of the upthrust on the 
immersed portions of XB 
and YC which occurs 
when XY is raised 
through a height k. The 
expression hlbgp — IF^ is 
the weight of the ele* 
vated liquid, which pulls 

downwards on XY. The Fig. 25 



shape of the surface films ^ fu f 

is cylindrical in the sense of § 3, p. 114, and the theory 0 
section, and in particular equation ( 8 ), applies here. The 
form of equation ( 8 ) is ^pY“ = 2r{l — cos (9 — Now t 

hand side of fig. 25 is comparable with fig. 4. Here Y = A, 9 — ’ 
and 9 = 180° — 6 . Hence we have 

5 pA 2 = 2 r{l —cos( 180 '’ — 0)} = 2r(l + cosG) . (51) 

say 


1 + 0030 = ^-^ = -, 


Hence, in the general case, 

smO = (1 — cos2 0)^ = 



Also 6/2r = sine and 6 = 2 r sin0. If the two vertical wires of tie 
frame each have a radius R cm., TF 2 = ^-nR^gpii. We may now wn 


P = 2ri sin 0 + mrgp sin 0 - IFi + ^TtlC^gph 


= 2 Z(T + gphr) 



IFi + 
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The position of the first (and more important) of the two maxima of 
P is found as follows. Difierentiate P with respect to //, treating ]\\ as 
a constant, since the influence of on the position of the maxiinnm 
is very slight. Substitute h = a^(l + x), where x is a small quantity 
compared with unity. Neglect powers of x higher than the first. It is 
foimd that the first maximum occurs when 



{h ttR^-) ] 

2 ^( 01 +2r)J 


and the corresponding maximum value of the pull * is 


max 


— 21T + 2gpaj{lr + 7rP-)|l -f — l-nr-gpl 




In the actual experiment, two series of weighings are carried out. With the 
frame immersed to a definite depth in the liquid, one weighing is performed in 
the absence of a film, and one weighing with a film attached to the wire XY. 
The difference gives the quantity P. By repetition at various depths is found. 
An important correction is applied for the vertical force due to surface tension of 
the film, which acts on the vertical vnre AB at X and on DC at Y, when a film 
is attached to XT. Other effects, of small importance, near the points X and Y 
are taken into consideration. In experiments described by Lenard, the length 
X Y varied from 3 to 5 cm., and A Y was made of wire of various metals of diameters 
between 0*03 mm. and O’l mm. The frame ABODE was made of wire of diameter 
from 0-5 mm. to 0-6 mm. In an experiment with earth-nut oil at 21® C., when 
XY was made of iron \\'irc, the uncorrccted value of T was 3-78 mg./mm. and 
after correction 3-35 mg./mm. Lenard and his collaborators have improved the 
frame method until the results are, in their opinion, correct to iO-044 per cent. 
They give the surface tension of water as 72-SG dynes/cm. at 18® C. Lenard 
asserts that no method in use up to 1024 gave results accurate to ±l per cent. 

The measurements in the frame method of Lenard are those of length and 
weight. Lengths can be measured with very great accuracy. Accuracy of weighing 
depends on the type of balance. A delicate Hartmann and Braun torsion balance 
is used. By means of a sinker attached beneath the frame, it is arranged that 
the weight of tlie system with no film is approximately zero, and that with a 

film the whole of the scale of the 
balance is used, lilaximum sensi¬ 
tiveness is thus obtained. 

21. Determination of the Sur¬ 
face Tension of a Liquid 
from the Maximum 
Pressure in Bubbles 
(often called Jager's 
Method). 



Fiff. 26 (i) Elementary Theory.— 

, ^ . A glass jet J (fig. 26), cut off 

squarely at the tip, is mounted vertically so that the tip is immersed 


approximate value IF. = inr^gpl, corresponding to fl 90®, which is 
nearly correct, is used m the last (and small) term. 
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at a depth in a liquid whose surface tension is to be found. By 
means of a dropping funnel, air bubbles are blown at the tip and then 
break away. A manometer M containing a light liquid of density pg 
shows the maximum pressure gp^H^ + P in the bubbles before they 
break away. P is the atmospheric pressure. The elementary theory 
assumes that the maximum pressure is reached when the bubble 
reaches a hemispherical shape of radius r equal to the radius of the 
bore of the jet, and that then the bubble becomes unstable and 
breaks away. The excess pressure inside the bubble over that out¬ 
side when on the point of breaking away is assumed to be 2T/f. This 
gives the equation 



r 


= P + gpJI^-~P~gpJI^ 


T = \gr{p,H^ - pjl,] 



The method is used to measure T at various temperatures. The 
assumption that instability and detachment occur when the bubble 
is hemispherical would 
seem to be unsound. 

This difiiculty is avoided 
in Sugden’s discussion, 
which we shall now de¬ 
scribe. 

(ii) Sugden's Discus¬ 
sion."^ —Fig. 27 represents 
a bubble forming at the 
end of a jet below the 
surface of a liquid whose 
surface tension is required. 

The figure represents a 
central section, showing a 
meridional profile curve. 

At a point P on the 

surface of the bubble, the general equation (4) holds, with a plus sign 
before ggy^ because P is below the general level (p = p 2 "" Pi)* 





Fig. 27 


^ + + spy = ^ constant, 


if the origin is taken at 0 in the general level. Alternatively, the same 
equation may be derived almost from first principles. It expresses 
the fact that the pressure inside the bubble near P exceeds that outside 
the bubble near P by Tfl/Pi + 1 /^ 2 )* The internal pressme at 0 


* Sugden, Joum. Chem. Soc.f Vol. 121, p. 858 (1922). 
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is regarded as constant. At if eacE radius of curvature is called 
6 and the depth Y, we get 


2T 


^ + 9PY = 


the same constant. 


. . (56) 


Combining these, we get an equation which holds at any point P, 


Also 


{k +i) 


t)T 

+ 9py= \ + 9pY^ 


1 _ sin0 


X 


Divide throughout by Tjb and put Y ~ y== z. Then 


Put 


Then 


OP 


R^/b x/b ~ Tib' 


2 1 252 h-gp n 

= V and — = 


J_ _ 9 . 

Ry^jb^ xjb b 


. (57) 


(58) 


This equation is the same as equation (26) of § 10, p. 126, and Bash- 
forth and Adams’s tables apply to it. They give values of x/b and z/6 
corresponding to given values of P and <j). Sugden applies these tables 
to the measurement of the surface tension of the liquid in a manner 
analogous to that which he used in his capillary rise method. His 
method, in effect, is as follows. 

At the point B, t cm. below the general level, x = r, the radius of 
the tube, and 

^ , sin^_^ pz 

RJb'^ rlb -^~^ b' 

the <i> and z now corresponding to the point B, i.e. to z = F- <. The 
pressure inside the bubble at the level of B is 

2T 

^ + 9 P 2 Y ~ 99 i{Y—t) + atmospheric pressure. 

The pressure outside at the level of B is 

9P^ "f atmospheric pressure. 
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The pressure inside minus the pressme outside, if we put p = pa 

2T 


h 
2T 


+ 9p(^ ~ 0 > 


= y + gp^, 

which can be written in the form gphy where A is a positive depth; 
that is, 

2T 


9P^=~^+ 9P^ 


or 


a 




Multiply throughout by r/a^^; 

hr 


Write hrjd^ = r/Z, that is, 


then 


= -+- 


r r 2 6 



.(69) 

T’ 

.(60) 


.(61) 


For a given liquid and orifice, there are fixed values of r, T, ^^^P* 
i.e. a fixed value of r/a^. If the excess pressure in the bubble 
alters, so ■will the shape and size of the latter. For any one pressme 
there is one value of A, of X, and of r/Z, and corresponding to tha 
value of rjX there is one value of that is, one value of Bashfort 
and Adams’s tables give the corresponding values of xjh 
and zjhj and enable rjX to be calculated by equation (61). Then 

T = 5'pai^/2 = g^hXft. 

Calculation reveals that for a given value of r/oj and for steaony 
increasing values of tjX passes through a maximum which can readily 
be determined. The reciprocal Z/r passes through a minmiim. It is 
assumed that the bubble breaks away when r/Z has a maximum value, 
that is, when the excess pressure inside has a maximum value. Sugden 
gives four-figure tables of minimum values of Z/r and corresponding 

values of r/ux. 
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22. Experimental Details of Jager’s Method. 

By means of the apparatus in fig. 28 the pressure required to liberate bubbles 
from the lower ends of two tubes of different radii, immersed to the same depth 
in a liquid, is measured. 

The manometer is used to measure these maximum pressures, which exceed 
atmospheric pressure by and These excess pressures may be wTitten in 

the form p^ = and p^ = where p is the density of the liquid under 

test less that of air. 

Let the radii of the tubes be rj cm. and cm. 

Then gpH^ is equal to pressure due to depth of the lower end of the first tube 
below the surface + excess pressure of inside over outside at level of the lower 
end, from fig. 27. Hence 

or 

= <+|^,by(G0) .(02) 



Similarly, 


Hence 


or 



Start with the approximate values = fj, — r 2 gi^cn by elementary theory, 
and the experimental value of — //j, and solve for a^. Then calculate rj/oi 
and fj/o,. Use Sugden's table to got better values of X,/rj and XJr^ and hence 

* (Fl03) 
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of Xj and X 2 . Substitute these values in equation (64) and again solve for Oj*. 
Obtain new values of r^/a^ and rg/aj and again use the tables to get X^/fj and 
Xj, Aj/rj and X^. Insert these in equation (64). After a few repetitions of this 
process the values of obtained remain constant and give T. 

Practical Details .—Two clean glass tubes, one of internal diameter about 
3 mm., the other a similar tube drawn out to a fine capillary at the lower end, 
pass vertically through the rubber stopper of a vessel A and dip into the liquid 
whose surface tension is required, with their lower ends at the same depth. The 
lower end in each case is cut off square, without ragged inner edges when viewed 
imder the microscope. The upper part of A is connected to a water manometer 
0 and a mercury suction bulb B with a capillary jet J. A ia surrounded by a 
water-bath, which is screened from the rest of the apparatus. 

In taking readings the upper end of one of the tubes, M, say, is closed by 
a stopper, and the tap K is opened. Air enters the open tube N and a train of 
bubbles forms and breaks away at its lower end. The maximum pressure is 
read, the rate of bubble formation being kept slow. In this way i/| is calcu¬ 
lated. The experiment is then repeated with M open and N closed. This gives 
the value of i/g. If the jet J has the correct size, the rate of formation of bubbles 
can be controlled. The maximum pressure shown by the gauge is independent, 
as it should be, of the rate of bubble formation, except for very high rates, when 
the experimental conditions are not in agreement with the theoretical conditions 
discussed above. The inner diameters of the lower ends of M and N must be 
measured carefully. 

In experiments quoted by Sugden, pairs of tubes with the following radii 
were used: 

Tj = 0-007796 cm, r 2 

fj = 0-009934 cm. Tj 

Tj = 0-007525 cm. r, 

Sugden'8 Results. 

Water Tjo" = 72-91 dyncs/cm. 

Benzene Tg©® = 28-86 dynes/cm. 

These values are in good agreement with those obtained by other observers and 
methods. 

Comments. —(1) The method does not require a very large quantity of liquid. 
It can be used to find T at various temperatures. 

(2) Sugden’s table of values of Xjr reveals that the assumption used in the 
elementary form of Jager’s experiment, namely, that the maximum pressure 
in a bubble occurs when it is hemispherical, that is, when 95 =* 90% is true only 
for tubes of infinitely small diameter. For a tube of radius 0*35 cm. the maximum 
pressure occurs when <p^ = 160^^. 

23. Excess Pressure Inside a Spherical Bubble or Drop. 

We consider a bubble of gas, assumed to be spherical, in equi¬ 
librium when totally submerged in a liquid. We neglect local pressure 
differences at various points inside and also outside the bubble, and 
also the effect of the force of gravity on its shape. Let the radius be 
f cm. and let the internal pressure exceed the external pressure by 
p dynes/sq. cm., and let the surface film have a tension T. Let the 
bubble undergo a slight virtual increase in size, that is, let the radius 


= 0-162 cm. 
= 0-159 cm. 
« 0-0600 cm. 
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change from r to r -}- and let the excess pressure change from jp 
to p dp. By the principle of virtual work, the total work done in 
this change by all the forces keeping the bubble in equilibrium is zero. 
The work done by the pressure in pushing out the surface = force X 
distance = p X i'rrr^dr ergs, small terms being neglected, and the work 
done by the surface tension in stretching the surface isothermally is 
~Td{4:7rr^) = —STrTrdr ergs. (This assumes the definition of surface 
tension given on p. 109.) Hence 


and 


p X ^TTf^dr — Snlrdr — 0 

2T 

p = —. . . 

r 



In the case of a soap bubble surrounded by a gas, there are two 
surface films and 




In large bubbles, local pressure differences become more important, 
the shape is no longer spherical, and the above equations become 
rougher approximations. 


24. Surface Tension of a Liquid found by Measurements on Stationary 
Drops and Bubbles. 

We consider the general appearance of (a) a sessile drop of liquid 
resting on a horizontal plate, the medium above the drop being a gas; 
(6) a bubble of gas resting on a plate or projecting from the upper 
end of a tube, the medium above it being a liquid; (c) a pendent drop 
of liquid projecting from the lower end of a tube, the medium below 
it being a gas; (d) a pendent bubble of gas resting under a plate or 
projecting from the lower end of a tube, the medium below it being 
a liquid. In all these cases the interface is a surface of revolution 
about a certain vertical axis, by symmetry. 

The accompanying figures, 29 (a), (6), (c) and (d), represent central 
sections. A and B, 0 and D are pairs of points close to the surface 
but on opposite sides of it. 

In case (a) the following equations for pressure differences can be 
written down: 

Pa — pB= ^(1/^ “I" where and R 2 are the principal radii 

of curvature near A; 

Po — Pa = ~9P^> where y is the difference in level of 0 and A; 

Vo — Vi>~ where 6 is the (only) radius of curvature near 0; 

Pb — Vd = gpiv^ 
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Combining these, we get 

^ + i') = T + ~ 

Case {d) gives the same final equation. Cases (6) and (c) give 

^ (i; + i,) == T “ 

These are the differential equations of the meridional curves, that is, 
profile curves of central sections, and their integrals, if obtainable, 
would be the equations to these curves. They are not integrable in 
the general case by rigorous methods. In the special cases of very large 
drops and bubbles, they are integrable. 


Gas Pi j) 



Liquid Pz 

:d 




The theory giving T for large drops and bubbles placed as in (fl) 
and (d) may be stated as follows. Equation (67) reduces to 



= gpy, where p= Pz— Pv 


since 6, the radius of curvature near 0, is very great. Further, one 0 
the two radii of curvature near A is very great, since the drop is large, 
and the equation becomes TjR — gpy. The theory then proceeds as m 

§ 3, p. 113. Take axes Ox and Oy as shown in fig, 30. Put R= “S/ » 
where 6 is the angle made by the tangent at A with Ox, and we have 




Now 
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and, multiplying by dy and integrating, we have 

“T cos 0 = ^gpy’^ + constant. 


Wben y = 0, 0=0, cos0 = 1, hence the constant is —T. 

gpy"^ = 2T(1 — cos0) ... 

is the equation to the meridional curve in terms of y and 0. 



c 


0 



Fig. 30 


Put Tfgp — aP, Since 

^ = tan0, 
ax 



and equation (69) can be written in the form 




Hence 
. (69) 


Hence 
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On inverting and squaring, we have 




yV 4a2 — ^2 

- y^) ' 



taking the positive root, since dyjdx is positive when y^ < This 
may be seen from fig. 30, according to which dyjdx is positive if 0 < 90°, 
and by equation (69), y'^ < 2a^ when 6 < 90°. 

There are two methods of obtaining and hence T, 

Method (1) arises out of the fact that 


dyjdx—<x> when y^—2a^=a^^jsa.y. . . (71) 

This holds for very large or infinite drops. For drops or bubbles which 
are nearly plane at the vertex, a condition which holds in most 
practical cases, Ferguson * gives the more accurate formula 

= 00 when y^= -006 . . (72) 


where r is the maximum horizontal radius of the drop. 

In the experiment, the values of y and r at the greatest horizontal section are 
measured wth the aid of a microscope, and the value of Oj* is obtained by the 
method of successive approximations. 

In one case of a bubble of air in tap water, Ferguson obtained y = *4051, 
r = 2-540 cm. by experiment. As a first approximation he put Oj = *4051 in 
the small second term on the right of the equation = Oi® + *606 ai*/r and 
calculated a better value of Oj® in this way. 

The value of Cj derived from this was substituted in the small term, and a 
new value of Oj® was found. The process was repeated until a constant value of 
(Xj* was found, namely, aj* = *1602, whence T (=§nj®^p) was found to be 73*65 
dynes/cm. for tap water at 8® C. 


Method (2) arises from the fact that for large drops or bubbles 

9 py^= 2T(1 — cos 6). 

At X, 6 = 180° — where tp is the angle of contact. Let OY, 
the full height of the bubble, be ff. Then 

ypH^ — 2r(l + cosi/f) .(73) 

To obtain the surface tension with the aid of this formula, ff must be measured 
by means of a microscope and must be measured in some special way. Since 
this method involves a knowledge of the determination of which always involves 
a certain amount of doubt, it is not considered as good as the other. 

♦ PAH. ffay., Vol. 25, p. 609 (15)13). 
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25. Contact of Solids, Liquids, and Gases. 

Consider a system (fig. 31) consisting of a solid S and a liquid L. 
Suppose that they are initially in contact, and are then separated. 
Let the work per square centimetre required to separate them, that is, 
the work performed by the operator who separates them, be 11'^^ orgs, 
say. Before separation there is potential energy in the interface, 
amounting to ergs per sq. cm., the surface tension of the interface. 
After separation there is energy Tsa ergs per sq. cm. on the surface 
between the solid and a gas, for example, air, and T^a per sq. cm. 
on the surface between the liquid and the gas. 

The initial energy of the system plus the work of separation which 
is given to or done on the system is equal to the final energy after 
separation. Hence we have Dupre’s equation 

“ Tgo -|- .... (74) 


Solid. S 


Li/juidL 


Fig. 3« 



Next consider a system consisting of a liquid, a solid, and a gas 
all in contact and in equilibrium. Assume that they meet along a 
common line of contact. The molecules in this line are in equilibrium. 
Hence, from fig. 32, since the net horizontal force per centimetre to 
the left is equal to the net horizontal force per centimetre to the right. 


cosi/f = T 


80 


(75) 


where 0 is the so-called equilibrium angle of contact between liquid and 
solid. If Tso — is eliminated from equations (74) and (75), we 
have Young’s equation 

W,, = T,a{l-{-C0SiP) .(76) 


If ^ = 0, Ws, = 

Now the work required to separate two portions of the same liquid, 
by reasoning analogous to that at the beginning of this section, is 
= 2Ti(j ergs per sq. cm. Hence the meaning of the fact that 0 = 0 
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is that the attraction between solid and liquid is equal to the attrac¬ 
tion between two parts of the same liquid. 

Extending an idea due to Doss and Rao (1938), Yarnold and Mason 
(1949) have shown how to give a deeper meaning to equation (75). 
In their theory they assume that in the case represented by fig. 32, 
the surface of the solid on the right is partly covered by a film of con¬ 
densed vapour of the hquid, partly by an adsorbed film of air or other 
gas, and is partly bare. They discuss two cases in which the liquid is 
(a) advancing, (b) receding over the solid surface. The full expressions 
are too long to reproduce here, but if we take the special case when 
the adsorbed gas or air film is absent, the theory can be quoted. 

If, in the case of advancing liquid, is the fraction of surface carry¬ 
ing condensed vapour, then a fraction I — o-j is bare. In equation (75) 
the energy of 1 sq. cm. of solid-gas interface is not now Tso but is 
+ ^Lo) + (1 — <^i)Tsa- This gives 


COSlp = (1 — Cj) 




Similarly, for a receding liquid 


COS>/f = (1 — a3) 



+ 


where o-g is the fraction of surface carrying condensed vapour. In both 
cases, if there is no condensed vapour film at all, 



as in equation (75). Hence, according to Yarnold and Mason, the value 
of ip given by (75), i.e. the so-called equilibrium angle of contact, is 
really an upper limit, corresponding to the advance or retreat of the 
liquid over a completely degassed surface. In both cases, also, if the 
solid is completely covered by a film of condensed vapour, CTj =£73 = !, 
and 0 = 0. In other cases 0 has an intermediate value. Further, in 
the complete theory, by supposing that an advancing liqmd removes 
air from the solid surface and takes that air into solution, and that the 
converse occurs with a receding liquid, it has been possible to explain 
the experimentally found changes in the angle of contact with varying 
velocities of advance and retreat, and time of immersion. 

E^ect of Friction .—In practice, when measuring angles of contact, it is neces¬ 
sary, according to Adam and Jessop,* to take into account the friction which 


• Joum. Chem. Soc.^ p. 1865 (1926). 
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always oxists between a liquid and a solid in contact. In other words, equation 
(76) is incompleto and requires an extra term for the frictional force, iloreover, 
according to the same authors, this friction causes the angle of contact to have 
one value when the liquid is on the point of advancing over the sohd, and 
another value tj;/} when it is on the point of receding. When the liquid is about 
to advance, the equilibrium of the liquid molecules along the lino of contact in 
fig. 33 gives 

cos + i-’= .(77) 

where F is the frictional force per cm. Similarly, when the liquid is about to recede, 

^SL Fig COSt|*a — F = Tgg. .(78) 

If we add (77) and (78), F is eliminated, and by combination with (75) we get 

cosi];^ + C03t|^/j = 2 cost];, .(79) 

where 13 the true equilibrium angle of contact. 



y 


L 


A 


A 


Neutnann*s Triangle .—The question arises, what happens when a 
drop of a liquid is placed on the flat surface of another liquid Lg, 
with which it does not 

mix? In particular, does _ 

the drop spread? 

In fig. 33 let the drop 
have a point of contact 
A with Xg. At a given - 
instant let the drop be 

in the position shown. Fig. 33 

Whether it is in equi¬ 
librium or not will appear later. Let the area of contact of drop and 
liquid be increased by an amount S sq. cm., so that A proceeds to Ai. 
The area of contact of drop and air also increases by S sq. cm. Let 
the tension of the surface between liquids and be Tjg, between 
liquid X] and air, Tj, and between liquid Xg and air, Xg. On account of 
the alteration in the areas of contact, the potential energy of the 
system increases by (X^g + X^ — Xg)^ ergs. Now a system like the 
above tends to reach a state of equilibrium in which the potential 
energy has a minimum value, that is, the system tends to move so 
that the potential energy becomes less. Thus the drop will spread if 
(X 12 + Xi — Xg)^ is negative, that is, if Xg > (Xjg -f Xj). In this case 
spreac^g will continue until liquid X^ covers liquid Xg. There will be 
no point where tliree liquids meet. If a drop of liquid Xg is placed 
on liquid X^, the condition for spreading is that X^ > (T^ -j- Xg). If in 
the &st case Xg < (Xjg + X^), or in the second Xj < (Xjg -f- Xg), 
it will be possible to place a drop of one of the liquids on the 
other so as not to spread, that is, so as to remain in equilibriiun, 
and then there will be a line of contact round the drop, where 
three fluids, two liquids and a gas, meet. The condition that this 
may happen may be expressed thus: if a triangle can be drawn whoso 

(F103) 
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sides are proportional to Tj, Tg and Tjg, it ^v^ll be possible for three 
fluids to meet. This accounts for the name “ Neumann’s triangle 
In practice it has not yet been found possible to draw such a triangle. 
For all liquids tried either + Tj) or Tj > + ^ 2 ), and 

yet it is possible to find many cases where a drop of one liquid wU 
lie in equiHbrium on another. These exceptions are regarded as only 
apparent, that is, it is supposed that in each case the surface of one 
of the liquids is rendered impure by contamination with the other. 
A\Tien a drop of oil apparently stands on water, it is really standing 
on a film of oil, so that although there appear to be three fluids meeting, 
this is not really the case. 

26. Measurements of the Angle of Contact between a Solid and a 
Liquid. 

(1) Adam and Jessop's Method .—This method is suitable when the solid can 
bo obtained in the form of a flat plate. Such a plate is supported (so as to dip 
in tho liquid) by a clamp which can be moved vertically upwards or downwards. 



F'g- 34 


The rectangular trough containing the liquid is of plate gloss, with the tops of 
the sides ground flat and coated with a suitable non-contaminating substance, 
e.g. paraffin wax if the liquid is water. Before an experiment is carried out the 
liquid surface is swept free of contamination by a barrier, that is, a semper coated 
with non-contaminating material. This is very important. Then a rough value 
4 ^ is determined by lowering the plate gently into the liquid so that the latter 
“ advances ” over the plate. If the angle of setting is correct, the liquid will 
continue horizontal right up to the plate. A rough setting is made by eye. By 
raising and again lowering the plate into the liquid until the correct condition 
is fulffUed, an accurate setting is made. After each setting a period of about a 
minute should elapse before the profile of the surface is examined for horizontality. 
The authors consider that as the angle of contact varies from point to point of 
a plate, it is suflSciently exact to measure the angle between the edge of the plate 
and the horizontal by a protractor. The angle is measured in a similar way 
to except that just before observations are made, tJie plate is raised slightly 
to make the liquid recede. The equation 

2 cos 4 = cos 4 a + cos 
then gives the true angle of contact. 
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6 e/ 2 t*mi Paraffin Wax and Water. Ahlett's 
Method.*~ln this method it is recognized that an angle of contact 
varies according as the liquid is advancing over the solid, receding, or 
stationary, and corresponding measurements are made. The effect 

of varying the speed of the liquid relative to the soUd is also in¬ 
vestigated. 







IrrxQ^e of slit 


^ Wax 
\ 



The main part of the apparatus (fig. 34) is a solid glass cylinder about three 
mches m diameter and three inches long, whi?b is carefully coated with parafl&n 
wax. After cooling, the surface of the war is turned smooth. The cylinder is 
mounted and geared so as to rotate about its own axis, which is horizontal, ^ith 
vanoi^ linear surface velocities, up to about 4 mm. per sec. It is partly immereed 
m water m a special glass tank. One end of the tank is covered with dull black 
paper, m which a narrow horizontal slit S. is made. ParaUel light from a lamp 
pass^ obUquely upwards through an adjustable slit then through 5* and 
the bquid, and falls on the under side of the surface of the Uquid, whence it is 





Ima^e of slit 


Wax 



reflected do^wards towards an observer. The observer sees a horizontal image 
ot tile sht Si adjommg the silhouette of the surface of the cylinder, and that 
end of the rni^e near the cylinder is in general curved. The depth of the liquid 
can be altered, but the lamp and 5, are always arranged so that the point P is 
in a fixed vertical plane AB. When the cylinder is at rest and the level of the 
liquid IS not specially selected, the general end view of the system, as seen by 

e unaided eye, is as in fig. 35(a), and when the above optical system is used 
the image seen is as in fig. 35(6). ’ 

The ej^eriment consists in adjusting the depth of water until the general 
view IS as m fig. 36(a) and the special image as in fig. 36(6). The difference between 

• Ablett, Phil. Mag., Vol. 46, p. 244 (1923). 
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tlio (loptli in this position and in that when the liquid just touches the lowest 
point of tlie cylinder gives h. 

Fig. 37 shows that 

cos ^ ^ . . . (80) 

Ablett’s mean value of is 104° 32'. 

Analogous experiments are carried out 
with the cylinder rotating in clockwise and 
anticlockwise directions; in each case the 
depth is adjusted until a perfect image is 
seen right up to the line of contact. Ablett 
found that for surface speeds up to about 
0-44 inm./sec. the angles of contact varied 
in a definite way, but for speeds exceeding 
0-44 mm. sec. they became constant. The 
mean value of the angle of contact for 
anticlockwise rotation, observed on the 
left-hand side of the cylinder and therefore 
corresponding to the case of a liquid ad* 
vancing over a solid, was 112° oC'. The mean 
value of corresponding to liquid receding 
was 96° 16'. Within the limits of experimental error 

(3) Yarnold and Mason's Method.^ —Like Ablett, these authore 
studied the effect of velocity on the “ advancing ” and “ receding 
angles of contact. The range of velocities was less than in Ablett s 
work, but an interesting novelty was discovered, viz. that the length of 
the time of previous immersion affected the measured angle of contact. 

The experiment consisted in raising or lowering a plane water surface, previ¬ 
ously swept clean, at a definite rate while it was in contact wdth the surface of 
a steel sphere coated with paraffin wax. The steel sphere was suspended from a 
Sucksmith ring balance,t a sensitive device usually used in magnetism to measure 
small, continuously applied, variable forces. In this case the Sucksmith ring 
balance measured the instantaneous downward force X on the steel sphere. Con¬ 
tinuous observations were made of this force and of the position of the water 
surface. The latter quantity enabled y, the height of the centre of the sphere of 
radius r above the plane liquid surface, to be found. 

In general, the sphere was in equilibrium when its downward weight W was equal 
to the upward resultant force made up of (a) a force U due to displaced liquid, (6) ten¬ 
sion X in the suspending fibre, and (c) surface tension acting roimd the side of the 
sphere. In the special case when the liquid surface came accurately horizontal 
right up to the surface of the sphere, the surface tension force, being horizontol, 
contributed zero to the vertical forces, i.e. force (c) was equal to zero. In thw 
case then, TF = + X, and Cf = IT — Z and Z was given by the Sucksmith 

balance. Thus U was obtained. Call this special value f/(,. Now the volume of 
a spherical cap was easily calculated as the integral of the volume of a circus 
disc and found to be 7rr®{(y/r)3/3 — y/r §} and its ratio to the volume of the 
whole sphere, was (y/r)®/4 — 3{ylr)f4 + This was therefore the ratio of 
Uq to Ui, the upthrust when the whole sphere was just immersed. 

A graph was plotted in which the abscissm were values of y/r and the adinates 

•Yamold and Mason, Proc. Pkys. Soc. B, Vol. 62, p. 123 (1949). 
t Bates, Modem Mayneiism (Cambridge University Press, 1939). 
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wore corresponding general experimental values of U!Vy On the same figuro 
was also plotted a graph with abscissa? y'r and ordinates = {y/rfi-i — 

Z{y(r)j-i 4 - i. The value of f//r for the jx)int of intersection was noted. Since 
this corresponded to the case where the litjuid surface came accurately hori¬ 
zontal right up to the surface of the sphere, and at the same time made the obtuse 
angle of contact with that surface, it followed as in equation (80) and fig. 37 
that cos= (^ — r)/r = —y'r. Thus was obtained. This method had the 
advantages (a) that it was not necessary to know or assume the value of the 
surface tension, and (6) that it did not dei)end upon a purely visual observation 
of The results indicated that tlie angle of contact decreased with increasing 
time of immersion, both for advancing and receding liejuid. The efTect was much 
more marked in the second case tlian in the first. In a certain experiment ij; 
dropped from about lOG® to about 87^ in 40 muiutes for receding liquid, and 
from 109® to about 105° in 40 minutes for advancing liquid, the fall in being 
non-linear in each case. In the case of both advancing and recoding liquid (j/ 
seemed to approach a limiting value. For constant time of immersion, a slight 
increase of advancing angle of contact from 108° to 100° was observed as the 
velocity of advancing liquid increased from 0-2 to l-G mm. per min. On tlie other 
hand, for a constant time of immersion of 38 min., an increase in velocity of reced¬ 
ing liquid from 0-1 to 1*G mm. per min. was accomjmnicd by a decrease in the 
receding angle of contact from 91-5° to 87*5°. Yarnold and Mason are of opinion 
that the term “equilibrium angle of contact” is practically meaningles.s, since 
the state of the surfaces, their relative velocity, and the time durhig which they 
have been in contact, all affect the value of the angle. 


27. Measurement of Interfacial Surface Tensions. 

Some of the methods previously described may be used to measure 
interfacial surface tensions. Mack and Bartell * describe a method 
of measuring the ten¬ 
sion of the surface 
between water and 
various organic 
liquids, which has the 
advantage of precision 
and of not requiring 
more than about 2 c.c. 
of organic liquid. The 
case when the liquid 
is denser than water 
is discussed here. 



(From Jour. Amer. Clum. Soc. (1932)* with $liyht altcmtions) 


The apparatus, which 
is made of glass, is shown 
in fig. 38. It consists of 
two wide cups A and B, scaled to capillaries X. Y of different radii r,, r^, and 
through them joined to a central wide tube C. This arrangement is set up verti¬ 
cally. Water is first poured into A (which is connected to the narrow capillary X) 
to avoid entrapping bubbles of air. A larger quantity of water is then poured into 
B. Both capillaries arc filled with water and a little extra is added. The organic 

* Mack and Bartell, Journ. Amer. Chem. Soc., Vol. 54, p. 036 (1932). 
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liquid is introduced into the central tube C and rises up the two capillaries. By a 
certain method of manipulation, the levels are brought near two etched marks on 
tlic capillary tubes, and the system is allowed to attain equilibrium. The five 
different levels are accurately measured. Assume that the interface in X at 
level /», is convex upwards. The vertical cylinder of liquid above the interface 
is at rest. Hence, equating vertical forces, we have 



where po, ptr are the densities of the organic liquid and of water respectively. 
Similarly, for the interface in T, 

~ — ^2 + 2^ ?'*’j " 

Subtracting equation (82) from equation (81), and putting A 4 —= 

A, — /ij = /fg, ro — Tj =- R, we find that, if we assume that R is small compared 
to Tj or rj, and neglect certain terms, 


It is to be noted that in the above equations the approximate expression 
corresponding to a hemispherical meniscus is used, and r is taken to mean the 
radius of the capillary in each case. This assumption is justified if we use narrow 
capillaries. The radius of the larger capillary is less than 1 mm. One advantage 
of the method is that p^ need not be known more accurately than to two places 
of decimals, as this quantity only occurs in the small terms of equation (83). 
One example of a result obtained by Mack and Bartell is that the surface tension 
of the interface nitrobenzene-water at 15‘13® C. is 26‘65 dynes/cin. 


28. Ripples, and Velocity of Gravity Waves on a Deep Liquid. 

One method of measuring the surface tension of a liquid depends on 
ripples excited upon the surface. Consider the mechanism of a certain 
type of wave passing over the surface of a deep liquid. In this par¬ 
ticular type of wave, the surface of the liquid is traversed by transverse 
vertical vibrations controlled by the force of gravity. Assume that every 
drop of liquid in or near the suiTace describes a circular path in a vertical 
plane; this is very nearly the actual state of affairs for waves of sma 

amplitude,* as revealed by direct obsei^^ation. 

Fig. 39 represents a section of a liquid traversed by such waves, 
in a vertical plane parallel to the direction of motion. Let c be the 
velocity of the waves in a horizontal direction. Assume that every 
drop of liquid describes a circle of radius r in a clockwise direction. 
Let T be the time taken to describe a circle. This is also the time taken 
by the waves in moving forward through a distance equal to the wave¬ 
length A. As seen by an observer at rest, the motion is unsteady, i.e. 
the velocity of a drop situated at any given p^int does not remam 
constant as time passes. If, however, the system is viewed by an ob- 

• Ewald, Poschl and Prandtl, The Physics of Solids and Liquids, p. 232 (Blackie 
& Son, Ltd., 1936). 
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server travclluig with tlic same velocity and direction ns the waves, 
then, as seen by him, the motion is steady, and the circular paths 
of the drops are streamlines to each of which Bernoulli’s theorem, 
that the total energy per gramme is constant along a streamline, 
applies. We can regard the actual motion of the system, as viewed by 
an observer at rest, as a combination of a steady streamline motion 
and a constant velocity c of flow towards the right. In the actual 
resultant motion each drop describes a circular orbit with velocity 
V = 27rr/T. Hence in the streamline component motion, although the 
streamlines are circles, the velocity of a drop is not constant at each 
point of its circle. At the highest point X of a circle the streamUne 
velocity of a drop is horizontal and is that which, if c is added, becomes 



Y 

Fig. 39 


equal to u, or, alternatively, we can regard it as the velocity of a drop 
relative to the waves going in the same direction to the right. It is 
therefore equal to 

V — c = 2-rrrjT — c = say. . . . (84) 

At the lowest point of the circle whose highest point is X, the stream¬ 
line velocity is 

V + c = 27rr/T c — q^, say, . . . (85) 

for this is again the velocity of the drop relative to the waves. 

By Torricelli’s theorem, which states that the increase in kinetic 
energy of a drop is due to the fall in height, and hence is equal to the 
loss of potential energy, we have = q^ -|- 2gh, where h — 2r. Hence 


.( 86 ) 

By squaring (84) and (85) and subtracting one from the other, 
we have q^ — q^^ = STrcrjT, Hence igr = q^ — = SnerjT, and 

c = grl27r = g\j2TTC, since A = ct. Hence 

c = {gXftny'-^ .(87) 


29. Effect of Surface Tension on the Velocity of Gravity Waves. 

§ 28, the velocity of waves travelling over the surface of a deep 
liquid and depending only on the force of gravity is c = 'v/?A/ 27 r. 

In order to allow for the effect of surface tension, it is to be noted 
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that wherever the surface film of a liquid is cur\'ed, there is, by § 1, 
p. 110, a pressure directed from the concave side to the convex side equal 
to T(l/i2i + l/^2)> ^bere T is the surface tension and are the 

principal radii of curvature at the point considered. 

Consider simple harmonic waves travelling over a liquid; the position 
of any point on the surface in a given vertical plane section, parallel 
to the direction of propagation, at any given moment may be 
represented by 

X + ^)’ 

where y is the ordinate of the point above the undisturbed level, X 
the wave-length, a the constant amplitude, x the abscissa of tlie 
point measured from some arbitrary origin, and b another constant. 
If we assume that in all sections parallel to the one under considcrati(»n 



the profile curve is the same, the system of waves is cylindrical and 
iJj, say, is infinite. Also 

^ tm ± 

dx^ 

if dyidx is small compared with unity, as is the case in practical 

experiments on ripples. 
li y= a sin(27ra:/A -(- 6), 

^ 47r^ 

A2 ' 

Thus at a point such as P in fig. 40 the surface tension causes an 
excess pressure, directed along NPj of TjR^y or along PN of —T/itg* 

that is, of ^TT^TyjX^ dynes per sq. cm. 

The excess force on an element of area whose profile curve is 
PQ (= ds), and whose thickness is 1 cm. measured perpendiculady to 
the plane of the figure, is 4:7rTydsl\^ dynes, acting along PN, or 
^Tydxj}^ resolved vertically downwards. The principal downward 
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(restoring) force on the element PQYX is its weight gpydx dynes. 
The total downward force on it is therefore 


= ypd^'[9 + 

Thus the efiect of surface tension is, as it were, to change g to 
4:7J^TIX^p. 

Now the velocity of “ gravity waves ” on deep liquids has been 
shown to be c = V XgfliT. 

Hence the velocity of waves controlled by gravity and surface 
tension is 


gpydx + ydx dynes 



c = 




U J. \ 

X^p ) 




^7T \ A P / 

In this equation we put c = nX, where n is the frequency; after squaring, 
we may rewrite the equation in the form 


T = 


_ XVp gX^p 


27T 


(89) 



30. Measurement of Surface Tension by the Ripple Method. 

This method, introduced by Lord Rayleigh,* has been used by 
various authors. A recent improvement of the method by Ghosh, 
Banerji and Datta f possesses several advantages and will now bo 
described. 

The liquid whose surface tension is required is placed in a shallow porcelain 
rectangular trough of dimensions 10 in. X 6 in. X 1*5 in. Above the liquid 
(fig. 41 (a) and (6)) is mounted an electrically-maintained tuning-fork of frequency 

• Scieraijic Papers, Vol. 3, pp. 383-396. 

t Ghosh, Banerji and Datta, Phil. Mag., 7th Scries, Vol. 1, p. 1262 (1926). 
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about 100 vibrations per see. Its prongs are liorizoiital, one above the other, 
when at rest, and they vibrate in a vertical plane. To the lower prong are attached 
two objects. First, a blade, 3 in. long, of polished silver or aluminium, called 
a dipper; thLs by its up and down vibrations, in and out of the liquid, excites 
ripples on the surface. The plane of the dipper is vertical, but perpendicular to 
the plane of vibration of the prongs. The two trains of ripples excited by the 
dipper are reflected by the end.s of the trough and give rise to stationary ripples. 
Secondly, a rectangular framework of metal, called the viewer, having two steel 
wires running horizontally along it« length, is attached to the same prong as the 
dipper, but nearer the tip. The plane of the viewer is vertical, and parallel to 
the plane of vibration of the prongs. The purpose of the viewer is to enable the 
ware form of the ripples to be seen and photographed and the wavedength to 
be measured. 

This is done by causing a parallel beam of light, proceeding in planes per¬ 
pendicular to the plane of vibration of the prongs, to be reflected by the ripple- 
curved surface of the liquid and to pass obliquely upwards past the wires of 
the viewer. An observer receiving this liglit sees that the shadows of the two steel 
wires are not straight but have the 
clear wave-like form of the ripples, 
for the light is proceeding in planes 
parallel to the crests of the real 
stationary ripples. A metal plate 
with two fine notches at a measured 
distiince apart is fixed in the same 
plane as tljo wires of the viewer. 

This is photographed along with the 
shadow • ripples and enables the 
exact wave-length to be calculated 
from the raicrornctric measurement 
of the wave-length of the shadows. 

It is assumed that the wave-length of the shadows is equal to the wave-length 
X of the real ripples on the liquid. The whole device is thus a stroboscopic 
arrangement for measuring X, using one fork only. When the amplitude of the 
ripples is below a certain limit and the depth of liquid in the trough is above a 
certain limit, the value obtained is constant. The frequency of the fork is 
determined by the aid of an accurate chronographic recorder tuned in unison 
with the fork, which also records signals from a standard clock at intervals of 
one second. The surface tension is calculated from equation (89); 

T = 

27C 47i3 

where T is the surface tension of the liquid, p its density, X the wave-length of 
the ripples, and n the frequency of the fork. 

31. Stability of a Cylindrical Film. 

It is required to show that a circular cylinder of liquid, or a circularly 
cylindrical film , in equilibrium under the action of surface tension 
begins to be unstable when the wave-length of a disturbance imposed 

upon it exceeds the circumference (A > ^na). 

We neglect the weight, and assume that initially the liquid (fig. 42) 
is in the form of a circular cylinder of radius a. Let its surface undergo 
a periodic disturbance such that the radius of the disturbed cylinder 
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at any point A is a + 6cos2772‘/A, where A is the wave-length. 
Thus circular symmetry about the axis Ox is assumed. In the disturbed 
cylinder, equilibrium is stable if the pressure in the swollen parts, c.g. 
near T, is greater than the pressure in the constricted parts, e.g. near C. 
For then the fluid inside tends to flow back to the constricted parts, 
thus restoring the initial shape of the film. The excess pressure over 
the external pressure at any point inside the film is T(l/^i -j- l/7?2)- 
Oue of these radii of curvature is y itself (/^j, say). If we assume that 
d^/dx is small, then 





approximately. 



Fig. 4 * 


No\y 


Hence 


di/^ 

dx 

dj^~ 


27t 6 . 27ra; 

47r^6 ^ttX 
cos 


A2 


1 + 1 = 


, 477^6 27735 

+ cos 


a + 6 cos 


27735 A2 


A ’ 


the positive sign being taken at 7, the negative sign at 0. At points 
such as y, 


AtO. 


7^1 7^2 a-\- b 


-+- = 


1 ^ 477^6 


A 2 ‘ 


477^6 


7?j Rg a — 6 


A 2 
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The pressure at Y exceeds that at C by 
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and if b a, ~ approximately, and this reduces to 


y 26 / 

A2 


- 1 


(91) 


This is positive, and the cylinder is stable, so long as 477 V > A^, 
that is, when 277 a > A. The cylinder ceases to be stable when 
277 a = A. 

It can be shown that max imum instability occurs when 9-02 a = A. 


32. Jets. 

We now attempt to find an expression for the wave-length of a jet 
of liquid, using the method of dimensions. The symbol S is used 
here for surface tension to avoid confusion with T, representing time. 
The study of liquid jets gives useful information about the surface 
tension of the liquid. AVhen a jet of liquid emerges horizontally from 
an orifice under pressure, its surface shows peculiar recurrent forms. 
This phenomenon is partly due to surface tension. Under ordinary 
conditions the motion of the liquid is “ steady ” in the hydrodynamical 
sense, that is, the velocity at any point remains constant and the 
surface of the jet is fixed in space, though made up of moving drops. 
The distance between consecutive corresponding points of the recurrent 
figure may be called the wave-length A. It is the distance described 
by the stream during one complete vibration. AVhen the shape of the 
orifice is given, the wave-length of the jet may be regarded as a function 
of S, the surface tension, p the density of the liquid, A the area of 
the orifice, and P the pressure at which the jet emerges. Viscosity 
is assumed to play only an unimportant part. The direct analyti¬ 
cal determination of A in terms of S, p, and P is laborious in the 
general case, but the method of dimensions gives a certain amount of 
information about A. 

Assume that A = a constant X S^p^A^P^^ where v, Wy x and y are 
to be found. The dimensions of S are those of force per unit length, 
i.e. 


S = MLT -^. Z-i = MT-\ 
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Those of p arc mass per unit volume, hence 

p = ML^; 

P = force/area = MLT-^. 

A = constant X S'^p'^A^P'^, 

i.e. = jl/v+ttf+v^-3ir+2i-v2’-2v-2v^ 

whence 

V + w + y = 0 
—Zw + 2x — y=\ 

— 21 ) — 2^ = 0, on comparing indicea. 
Solving for x and y in terms of we get 

2/ = —V 
tc= 0 



X = 1(1 — v) 
and 

A = constant X v 

which may be written in the form 

A = constant X 

Thus V is undetermined. 

We may write 

A = .4* X a function of (54“*P“^). . . . (92) 

33. Measurement of Surface Tension by means of Jets. 

The surface of a jet of liquid emerging from an orifice is being 
constantly renewed, and hence contamination of the surface due to 
standing, such as occurs in sessile drops, is absent. This is a con¬ 
siderable advantage from the point of view of accurate measurements 
of surface tension. Expressions for the surface tension in terms of the 
wave-length A of the recurrent form of the jet, the velocity of the jet, 
and certain constants of the liquid have been calculated by Rayleigh 
and Bohr, for the case where the amplitude of the wave form of the 
section of the jet is small compared with A. Rayleigh, Pedersen, Bolu* 
and Stocker have carried out experiments to measure * T, based on 
these expressions. 

* We now revert to the nse of T to represent surface tension. 
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Stocker s Method /^—The full expression for the surface tension T 
of a liquid in the form of a jet emerging in a horizontal direction 
from an orifice is 


4-W(ft + P2)|l + ll I 


Here c is the velocity of emergence, A the wave-length, pj and p 2 
arc the densities of the liquid and of the surrounding air respectively, 
and 

^ ^mip 

® ^mai “f“ ^min 

where r^ax ^ind rmin are the maximum and minimum radii of the sections 
of the jet (fig. 43), and 


“ = KW + )-min)|l - S |- 


Stocker’s experiments are devoted to the 
measurement of the various quantities on the 
right-hand side of equation (93). In his case 
the liquids are transparent, e.g. water and 
aqueous solutions, and 6o\v out of an elliptical 
aperture in the end of a piece of thermometer 
tubing of elliptical bore. The jet is so arranged 
that its two perpendicular planes of symmetry 
are horizontal and vertical respectively. The 
steady pressure is provided by a column of 
water about one metre high. 

To obtain X, the jet itself is made to servo 
as an optical system forming an image of an 
infinitely distant point-source of light, situated 
in the horizontal plane of symmetry of the 
jet. In practice a horizontal parallel beam 
of light, travelling at right angles to the axis 
of the jet, is refracted by it (fig. 43). 

Rays passing through such sections as SS", 
or where the horizontal width of the 

jet has a maximum value, give rise to real 
images at B, B^y &c., which have the form 
of narrow vertical bright lines. No such real 
images are formed at other places. As the jet 
gets farther from the aperture, internal friction 
causes its sectional profile to become flatter, 



Fig. 4J 


S^S^' is less than SS', and the image B^ is 

farther aw’ay from the axis of the jet than B. The photographic plate of a 
camera is inclined so as to give clear images of B, B^, and other focal lines. 
Up to eight such sharp images can be obtained on a single plate. The distance 


•Stocker, Zeits.f. phya. Chem., Vol. 94, p. 149 (1920). 
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BBi is measured on the plate, and it is easy to calculate > = BB^ 0039 , sirjce 9 
is easily obtained. In a certain case, BBi = 5-S9 mni., 9 = 27‘’-78, X = -021 cm. 

The velocity c of the jet is obtained by measuring the voUiine of liijuid Q 
emerging per second and then using the formula c = C^/rrr^, where r is tlie mean 
radius. To obtain Q, an electromagnetic device is arranged so that the jet is 
permitted to pass through an aperture in a circular disc for a knoum period of 
time and is then cut off sharply by the rotation of the disc througli part of a 
revolution. During the time when flow is permittctl, the licjuid passing is collected; 
it is then weighed. Q = Il’/p,/, where U’ is the mass in grammes collected in 
t sec., and pj is the density of the liquid. The greatest and least diameters of 
the jet, 2 rnu^and are racjisured directly by means of a microscope with a 

micrometer eyepiece, tlic jet being iliuminateii over a lengtli of 5 cm. The 
quantities b/a and a are then calculated; and p^ are measured in the usual way. 

Besult. Tis- = 72-43 ±0-15 dyne/cm. for water. 

This method is not suitable for an opaque liquid like mercury. 

34. Criticism and Comparison of Various Methods of Measuring Surface 
Tension. 

(i) Capillary Rise Method. —This method, as originally carried 
out, has the follo\\ing disadvantages. (1) The angle of contact of the 
liquid and tube, (2) the internal radius of the tube at a distance from 
the end, and (3) the temperature of the meniscus, are required. It is 
difficult to measure these quantities with a very high degree of precision. 
(4) The experiment is static and contamination inside the tube is 
not improbable. (5) According to Dorsey, the cleaning of a small 
tube is not easy. (6) A correction for the curvature of the liquid in 
the reservoir is required. Recent modifications of the original method 
eliminate some of these difficulties, but not others. Sugdeii’s method, 
described in § 11, p. 126, eliminates the reservoir correction (6), but 
retains (2), (3) (4) and (5), even when the angle of contact may be 
taken as zero. Ferguson’s modification (p. 128) enables tlic siuface 
tension of a very small quantity of a liquid to be measured with 
precision. 

(ii) Sessile Drop and Bubble Method. —Theoretically, this method 
would seem free from objections, except that the drops have to stand 
while measurements are being made, and the film runs a certain risk 
of contamination. In addition, to avoid the introduction of the angle 
of contact, it is necessary to measure the distance from the plane of 
maximum diameter to the vertex. Measurements of this quantity 
appear to involve errors of several per cent (Lenard). To get accurate 
results it is necessary to carry the approximations rather far. A fair 
amount of liquid is required. The method is convenient for the deter¬ 
mination of the surface tension of molten metals near the melting point. 

(iii) Maximum Bubble Pressure Method {Jager's Method). —This 
method, as used by Sugden, has the following advantages. (1) It does 
not involve the angle of contact explicitly, i.e. that angle need not be 
measured. (2) The internal radius of the tube has only to be measured 
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at the end, where it is easily accessible. (3) Temperature control is good; 
the bubbles are formed in the middle of a body of liquid of known 
temperature. (4) Contamination is avoided by continual renewal 
of the surface involved. (5) A large quantity of liquid is not 
required. 

The theory assumes (1) that static conditions exist, (2) that the 
internal circumference of the tube on which the bubble forms is circular 
and horizontal. Dorsey asserts that no attempt has been made to 
determine how far these conditions may be departed from without 
introducing appreciable errors. 

(4) Ring Method .—The ring method has the advantages of rapidity 
and facility and, as applied by Harkins and his collaborators, great 
accuracy. It is becoming increasingly important in applied physics. 


35. Temperature Relations of Surface Tension, 

In considering the way in which the surface tension of a liquid is 
afEected by temperature changes, we must distinguish between 
“ associated ” and “ unassociated ” liquids. An unassociated liquid 
is one which contains nothing but individual molecules of that liquid, 
so that if the molecules were further subdivided, the chemical nature 
of the liquid would be changed. An associated liquid contains groups 
consisting of individual molecules attached to one another, each 
group acting like a molecule of another species. There is evidence 
that at ordinary temperatures water contains groups consisting of 
two HgO molecules, in addition to single HgO molecules. In these 
circumstances water is an associated liquid. At ordinary temperatures 
benzene and carbon tetrachloride are unassociated. There is evidence 
that, as might be expected, the groups of an associated liquid break 
up as the temperature rises. 

The surface tension of imassociated liqioids decreases as the tem¬ 
perature rises. The changes may be represented over a wide range of 
temperature by Ferguson’s empirical formula, 

■-I)" .'="> 

where T is the surface tension of a liquid in contact with its own vapour, 
B the absolute temperature, 6^ the critical temperature of that liquid 
(in the sense of An^ews*), a constant, and n a constant for a single 
liqmd, but varying slightly from liquid to liquid. The mean value of n 
is about 1*2. 

Equation (94) is equivalent to one given by Van der Waals. From 
it we can deduce directly that the surface tension of an unassociated 



♦See Roberta, Htal and Thermodijnamics, fonrth edition (1951), p. 107. 
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liquid is zero at the critical temperature. By differentiation, 

de~ d, y e) . 

Eotvos' Law. —The variation of surface tension of both associated 
and unassociated liquids with temperature is represented by an equa¬ 
tion, due in a simple form to Eotvds, but corrected by Ramsay and 
Shields, namely, 

T{Mvx)^ = K{e,-e-d), .... (9G) 

where T is the surface tension at 6° absolute; d is a constant term 
introduced by Ramsay and Shields, which has a value between 6 and 
8 for most liquids; 6^ is the critical temperature; x is a number called 
the coefficient of association of the liquid at B, equal to the effective 
molecular weight of the associated liquid divided by the molecular 
weight of an unassociated liquid with the same molecules; and K is 
a constant which is approximately equal to 2*12 for associated liquids 
and has a mean value of 2*22 for unassociated liquids, for which, of 
course, x= 1. M is the molecular weight of the unassociated liquid 
and V its specific volume. 

From this law it follows that the surface tension is zero when 
^ — d, that is, at a temperature a few degrees below the critical 

temperature. According to Callendar, water has a critical temperature 
of 663° absolute, but its surface tension vanishes near 647° absolute. 

36. Thermodynamics of a Film. 

To understand this section some knowledge of thermodynamio 
formulae and the use of perfect differentials is required.* Let an ele¬ 
mentary quantity of heat d£{ be given to a portion of a film of liquid 
which has the surface tension T. Some of the energy is used in in¬ 
creasing the internal energy 17 by df7, and some in performing external 
work dW. By the first law of thermodynamics, 

dH=dU-l- dW. 

Now the external work dW done the film as the result of the addition 
of heat is — TdA, where dA is the increase in area. For when a film 
is stretched by dA^ work -j-TdAy which is numerically positive, is done 
on the film by the operator, that is, —TdA is done by the film. Hence 


dH= dU — TdA .(97) 

By the second law of thermodynamics, 

dH=ed<l>, .(98) 


ancl'xni^ exposition aoo Roberta, Heat and Thermodynamics, Chaps. XII 
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where defy is the increase in entropy, if we suppose the heat to have 
been used up in perfor min g reversible processes only. Now U, 6 and 
(j> may be regarded as functions of any pair of variables connected 
with the film which we care to select, and hence U — d(l>= F, say, 
is also a function of any pair of variables. Differentiate F. Then 

dF = dU — 9d(t>—<f>d9= TdA—<l}d9. . . (99) 

Since dF is a perfect differential of F with respect to A and 9, it 
follows from equation (99) that 


(BT\ ^ _ /ai\ 

coast. const. 


( 100 ) 


'dT\ 


( 101 ) 


Since d6 = dHI9y 

Ci) —Kw; 

\(7.4/ 0 const. \C7(7/j const. 

Physically, this equation means that when a film is stretched iso- 
thermally, heat must be added to keep the temperature constant, and 
this heat, reckoned per unit increase in area, is equal to the product 
o£ the absolute temperature and the temperature coefficient of surface 
tension, with its sign changed. The product, with the sign changed, 
is numerically positive. Now when the area of a film is increased iso- 
thermally by 1 sq. cm., work equal to T ergs is required to perform 

the stretching, and energy equal to — 

to keep the temperature constant. We may suppose that both these 
amounts of energy are contained in the new portion of film, 1 sq. cm. 
in area. The total energy in that 1 sq. cm., as far as surface tension 

is concerned, is f/,, say, and is equal to 

.( 102 ) 


yse/A 


const. 


Every square centimetre of a large film may be supposed to be produc^ 
by stretching, starting from a film of negligible area. Hence ^ _ 

T — 0(9T/30)^j const. 

of a film of any size. T, the surface tension, is called the _/rce o^ 
“available” energy and-0(37/30)^eon^. is called the 
energy. In the case of water at 15° C., T is appro.^ately 74 dynes 
per cm., and - 9idTjd9U const. « approximately +43 dynes per cm. 
The second term is important. (On pp. Ill and 147, we neg . 

thereby assuming that the energy it represents is taken by the film 
from its surroundings, to maintain a constant temperatme ) 

When a film, like a soap film m an ordinary soap bubble, has two 

faces, the total energy has the form 

• • • '‘“I 
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37. Relations connecting Surface Tension and Other Quantities. 

(1) Madeod s Relation, —A large number of uon-associatcd sub¬ 
stances, with a wide range of chemical properties, obey the empirical 

law 

T = K{p^ ~ .(104) 

over a wide range of temperature. Here T is the surface tension, K 
is a constant for a given substance, and pj, p.^ are the densities of 
a liquid and its saturated vapour at the temperature at which T is 
measured. 

(2) Sugden's Parackor. —Even more important than Macleod’s 
relation is that of Sugden, namely, 

MT^ 

-= a constant, .... (105) 

Pi~~ Pz 


where T, and p^ have their previous meanings and M is the atomic 
weight of certain elements or the molecular weight of certain molecules 
or groups of molecules. The constant is called the parackor of the 
particular atom, molecule or group concerned, and is proportional to 
the molecular volume. The constancy is maintained (1) during tem¬ 
perature variations of a single substance, (2) when the atom, molecule 
or group concerned is transferred from one compound to another. 
For example, atomic hydrogen, represented by H, has the same para- 
chor, 17*1, in a large number of compounds. For substances 'tvhich 
are saturated in the chemical sense, the parachor is an additive function. 
Thus, as we proceed along the parafidn series, the parachor of the whole 
substance changes by about 39-0 when the group CHg is added, that 
is, the parachor of the group CHg is 39*0. The parachor of molecular 
hydrogen, Hg, is obtained by subtracting n times the parachor of 
CHg from the parachor of a paraflan with the formula C„H 2 „^- 2 , and has 
the value 34*2. For a large number of compoimds it has been found 




can also be 


that the parachor derived from the expression ^ ^ 

calculated by adding together two sets of constants, one for the para- 
chors of the atoms in the molecule, the other for the constitutional 
mnucnces of unsaturation and ring closure. Thus constitutional 
factore such as double bonds, triple bonds, and rings have a definite 
parachor which is independent of the atoms or groups concerned. For 
example, a double bond has the same parachor when it exists between 
and C, and 0, or N and 0. Provided the bonds of a six- 
membered ring remain constant, the total parachor of the bonds 
remains constant, even though the identity of the groups changes 
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38. Molecular and Other Theories of Capillarity. 

From time to time attempts have been made to explain capillary 
phenomena in terms of some fundamental property of matter, e.g, 
a law of force between particles, without introducing arbitrary ad hoc 
hypotheses. One of the most celebrated is that of Laplace, a brief 
account of which wall be given here. 

(I) Laplace's Theory .—It is assumed that every particle of matter 
in the universe attracts every other particle with a force which is 
some function of the distance apart. The precise value of this force 



Fig. 44 


is not stated, but it is assumed that when the distance apart exceeds 
a certain limiting value, called the range of molecular action, the value 
of the force becomes negligibly small and is reckoned as zero. 

Attraction of a Sphere on a Cylinder resting on it. —Consider the 
attraction of a sphere of matter of density p on a cylinder of the 
same matter resting upon its surface as in fig. 44. 

Let the cylinder have a cross-section of area 1 sq. cm., and let 
its height be (h — R) cm. = A'. In particular, consider the attraction 
between an element of matter, of volume %mddrddd<f>, near the 
point P, and an element of the vertical cylinder near the point Q. 
Assume the law of force to be such that particles, each of unit mass, 
whose distance apart is x cm., exert a force on one another, in the 
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direction of increasing x, of value —(/T\(x)/(/x dynes, or, in other 
words, that the potential at a point x cm. from unit mass has the 
value Let PQ~ x cm. and lot OQ — z cm. The potential 

energy of unit mass at Q, due to the element of volume r- s\\\ 6 drdQdtf> 
near P, is therefore s\n0drd0d(j>. The total potential 

energy V of unit mass at Q due to the whole sphere is 


~\-p( d(j)f r^dr f V^{x) sindd9. 

Jq Jq Jq 


From the figure, 3 ^ = — 2 zr cos 6 , and hence x is a function 

of both r and 6 . Treating 2 and r as constants, we have, by differen¬ 
tiation, xdx~ zrmiddQ, and since during the integration with respect 
to r and z are regarded as constant, we may substitute for siu^d^ 
the value xdxfzr and rearrange the expression for V, as follows; 

-2>r /'Urdr + ^ 

y~-\-p\ d<j>f —f Vi(x)xdx. . . (106) 

•'0 *'0 2 •' e—r 

The limits in the last integral are 2 + r and 2 — r, because x has these 
values when 6 = it and ^ — 0 respectively. Further, 


I d<j) := 2 tT. 

Jil 


Hence 


T = -{-27TpJ~ —- J Fi(x)xdx. 

f Vi{x)xdx= .(107) 

A® 

where is any lower limits and let / Vi{x)xdx= V 2 {x). Assume 

that when x exceeds a certain limiting value c, the potential energy 
of two molecules or particles due to their proximity vanishes. In 
symbols, Fi(x) = 0 when x > c. In this case F 2 (x) = 0 when x > c. 
Assume that the radius of the sphere is so great that 2 -j- r is always 
greater than c; 2 — r is sometimes greater than c, sometimes less than 
c. Then 

pz + r p<xi 

I Fi(x)xdx=/ Vi{x)xdxy 

since 2 -}• f and 00 are both above the limiting value c. Hence 

/ Fi(x)xdx= V^iz — r), 


Let 
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V=+2-pf'‘ ^. . . (108) 

*'0 z 


The force on unit mass at Q acting towards 0 is +dVldz. The force 
on an element of the cylinder, of height dz, of cross-section 1 sq. cm., 
and of mass pdz is 

+ .(109) 

acting towards 0 . 

The total force F acting on the whole cylinder of height h — R, 
say, is 

ff'dV , 

I aT 




^ V^iR — r)rdr f^Fzih — r)rdrl 

h I 


-L 


= - r)rdT - lf\(h - r}rdr 

In the second integral {k — r) occurs. Now (A — r) ^ (A — R). Assume 
that the cylinder has a finite length h — 2?, which exceeds the range of 
molecular action c. Then VJJi — r) = 0, because (h — r)^(h-~R)> c, 
and the second integral is zero. Hence 


F 




Put R — r~ 8. 


F=‘^jy^(s)(R-s)ds 

= 2-np-‘j'‘v^(s)ds-^-^-j\j^s)sds, 


which may be written 


F=^E- 


H 

R 


( 110 ) 


In an analogous manner it may be proved that on a similar internal 
cylinder the force of attraction is 

. 


(Ill) 
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Comments, —(1) When R is infinite, 



•F = say.(112) 

Hence the expression denoted by is the attractive force per unit area 
exerted by a substance with a plane surface on a cylinder with unit area of cross- 
section resting on it, outside or inside. Taking a special case, we see that if a 
plane is dra^vn through a point in the interior of a large mass of liquid, the 
attractive force which the liquid on one side of the plane exerts on tliat on the 
other side is A* d^es per sq, cm. Since the whole liquid, or any cylinder of it, 
is in equilibrium, it may be assumed that a repulsive force exists as well as an 
attraction, and this repulsion also amounts to A'* djmes per sq. cm. An externally 
applied pressure acts in addition to these forces. In this connexion, A'* is often 
called the “ intrinsic pressure " of the liquid. A* has also several otiier meanings. 
It is approximately equal to the internal latent heat of evaporation per unit 
volume of liquid. Further, the term a/tr in Van der Waals’ equation of state, 
(p + a/i;^)(u — 6) = AiG, is also equal* to A«. A', is also the “tensile 

strength” of a liquid, i.e. the force per sq. cm. required to pull apart a column 
of liquid, free from bubbles and dissolved gases. For liquids at ordinary tempera¬ 
tures, A« has a very high value. For water A* = 1-06 X 10^® dynes per sq. 
cm. approximately. 

(2) Except when A •< c, A = A*. Hence when A > c we may regard ///A as 
the repulsive force introduced by the curvature of the surface, or as the attractive 
force exerted when the plano-concave lens-shaped portion of space L between the 
sphere and the tangent plane BE is filled with liquid. In § 23, p. 136, it has 
been shown that from another point of view, namely, the assumption of the 
existence of a surface film with a surface tension T, the interior of a sphere of 
liquid may be supposed to possess an excess pressure Tvith respect to its sur- 
roxmdings, equal to 27’/A. Comparing the two points of view and the expressions 
derived from them, we see that 22’/A is equivalent to HjR, i.e. T = ot 



(113) 



(3) If the sphere is composed of a substance of density p, and the cylinder of 
density pj, it is clear that the factor p*, in the various expressions, must be 
replaced by p|P 2 . This applies to the case of a liquid in contact with its own 
vapour. 

Calculation of a Lower Limit for the Range of Molecular Action (Young).—By 
equation (113), the surface tension T may be WTitten as 


T=np^f V2(s)sds, .(114) 

Jo 

where « = A — r, a length. 

Although $ may have any value between 0 and A, yet if it exceeds c, V^is) = 0, 
by an earlier assumption. All the values of s which do not make V^is) zero lie 
between 0 and c, and in this region c > a. Hence the expression 


is always greater than 



' V2{S)8ds, 
0 


* See p. 176. (Aj is the gas constant.) 
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Hence T is always less than -p^ J V 2 (s)cds; that is, 

Jo 

f,R 

T < 7rp“C / 72 ( 5 ) <^5, 

Jo 

since c is a constant. 

Now 2tzp^ f is the of equation (112). 

Jo 

T < \K^c 

and 

2T 


Hence 


c> 


K, 


(116) 


Hence ITjK^ is the lower limit of c, and this may be calculated by substituting 
numerical values of T and K derived from experiment or theory. For water 
the lower limit works out at about 6 X cm. 

(4) From equation (112) we see that on every square 
centimetre of the surface of a fluid with a plane boundary 
there is a force directed towards the interior along the 
normal, of value which can be ^vritten in the form 

ap^ where a= 2 tzJ V^{s)ds, This force is due to the 

attraction of the rest of the fluid. Now, to an external 
observer, the fluid is exerting an outward pressure p, 
say, which is measurable, that is, there must be an 
externally applied pressure p to keep the fluid in place. 

This pressure is applied at the boundary. A cylinder of 
unit area, such as is shown in fig. 45, with one end in 
the surface and the other in the interior of the fluid, is 
in equilibrium. On the outer face there is a total force 
p-\- directed inwards. Hence on the inner face the 
pressure P = p + This accounts for the term ajv^ in Van der Waals’ equation 
of state of a fluid, 

for the Ka> of the present section is ap^ which can be written as a/y®, where v 
is the specific volume. 

(II) Van der Wools' Theory ,—In Laplace’s original theory the 
precise forms of the functions V^(x) and V^i^) are not stated. In an 
extension of the theory by Van der Waals, it is assumed that 

F,(i) = - .(116) 

where A and A are constants; A is called the radius of the sphere of 
molecular action. Hence in this case 

Fgfx) = f\^(x)xdx .(117) 


1 


t 

Fig. 45 
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Also 

-277/)MA2 and -277pMA3. . (118) 

Some of the points in the theory from which these exi)rcssions are 
deduced are summarized below. 

Laplace’s theory and other theories are incorapleto in vai'ioiis ways. For 
example, attractive forces between molecules, particles, or volume elements are 
not the only forces in operation inside a fluid. There are repulsive forces, for 
example, (a) those which arise when an attempt is made to superpose one particle 
on another, and (6) those due to the thermal agitation of the molecules. Further, 
the equilibrium of a fluid is determined by its “ free ” or “ available ” energy, 
not by the total potential energy of the attractive forces. Finally, the density 
of a fluid is not constant throughout its whole mass. 

Von der Waals takes some of these points into consideration. Instead of 
assuming that the boundary between a liquid and its vapour is merely a geometri¬ 
cal surface. Van dor Waals assumes that a transition laj’er exists, in which the 
properties of the substance change continuously but rapidly from those of a 
liquid to those of a vapour. Ho divides the transition layer into a large number 
of extremely t hin sheets, each of w'hich possesses a certain density, differing 
infinitely little from that of its neighbours. By means of this model he calculates 
the potential energy of unit mass at any point in the transition layer, and hence 
the total energy per sq. cm. of that layer, its free energy per sq. cm., its tliermo- 
dynamic potentials, its surface tension, and certiiin critical data. All this leads 
to the expressions in equations (116), (H7) and (118), but the full details 
cannot be given here. 

Bakker, in contrast to Van der Waals, assumes the existence of a transition 
layer between liquid and vapour, in wliicli the density varies continuously accord¬ 
ing to the isothermal law obtained by making the temperature constant in Van 
der Waals’ well-known equation of state. Ho then deduces the toUl energy 
in the film, &c., in a similar manner to Van der Waals. 
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CHAPTER Yin. 


Surface Films 

1. Surface Films of Insoluble Substances. 

A surface film of a substance a on a liquid B in which it is in¬ 
soluble is usually obtained by dissolving a small quantity of ^ in 
some volatile solvent C, and then dropping a little of the solution 
from a pipette on to the surface of B. When the whole of C has evapo¬ 
rated, a surface film of A remains on B. For example, A may be a 
fatty acid, B water, and C benzene. Four types of such films have been 
found to exist. 

In order to describe the properties of the films, N. K. Adam and 
other authorities use the concept of surface pressure, derived by analogy 
from the kinetic theory of gases. The films are nearly all only one 
molecule thick, and each molecule of a film, or assemblage of molecules, 
moves about in a two-dimensional region, colliding with other molecules 
and with the boundaries of the surface. The momentum imparted to 
the boundaries per cm. per second may be regarded as a force per 
cm. length exerted “ outwards by the film. This is the so-called 
surface pressure of the film. This force per cm. may also be regarded 
as the difference of the surface tensions of the pure solvent and of the 
solvent covered by the surface film, and is due to the presence of the 
film. In symbols, the pressure P = — Tg, where aud T 2 are 

the respective surface tensions of the two liquids. Further, if the 
solution changes in strength, dP = — dT^y since is constant. A 
method of measuring this force is given later (p. 182). 

(i) Gaseous films. 

The first of the four t 3 rpes of film to be discussed is the so-called 
gaseous film, in which single molecules of the substance move about 
independently. In a perfect gaseous film the lateral attractions of 
the molecules on one another would be zero and in actual practice 
they are small. The molecules have properties analogous to those of 
molecules in a rarefied gas or of molecules of a solute in a dilute solution. 
They exert a pressure by bombardment of the boundaries. The dimen¬ 
sions of the film pressure are those of force per cm., whereas both the 
pressure of a gas and the osmotic pressure of a solution have the 
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dimensions of force per sq. cm. The molecules of such a film are pre¬ 
vented from emerging normally from the surface, that is, from evapora¬ 
tion, by the attraction exerted upon them by the molecules of the 
subjacent liquid; this, however, is not very great, or the film would 
dissolve. For example, in the case when films of alcohols or fatty acids 
float on water, this attraction is due to end groups such as OH or COOH, 
which are termed hydrophiUc. 

It is convenient to exhibit the properties of these films by graphs (fig. 1) 
in which the abscissa is the pressure in dynes per cm. and the ordinate the 
product of pressure and area per molecule, the temperature being constant. If the 
film were perfect, in the sense that a perfect gas is perfect, the product PA would 

be constant at constant temperature. 
In practice, e.g. for films of certain 
esters of the dibasic acids on water, 
which approach most nearly to (he 
perfect state, the PA — P graph starts, 
for temperatures near 18® C. and for 
P = 0, at a point where PA is about 
400 X 10“‘® d^-nes-cm., which is the 
value for a perfect gaseous film at that 
temperature. The graph then descends 
a little, but soon bends upwards and 
continues almost as a straiglit line, like 
the PV — P graph for real gases. 

The value of the product PA for a 
perfect gaseous film may be calculated 
as follows. By the theorem of equi- 
partition of energy,* we may assign to 
every molecule of the film a kinetic 
energy of ^^-0 ergs per degree of 
freedom, where k is Boltzmann’s con¬ 
stant, 1*372 X 10“^®. If we assign two 
degrees of freedom to each molecule, since it can only move in two directions, 
the kinetic energy per molecule is 1*372 X 10”** X 0 ergs. As in the elementary 
kinetic theory of gases, but replacing PV by PA, we get PA = 1*372 x 10*® X 0, 
where A is the area per molecule in sq. cm. At a temperature of 18® C. 
(=291® K.), PA = 399*2 x 10”** ergs. 

It is probable that in the gaseous films of long-chain molecules, 
these molecules lie with their longest dimension more or less parallel 
to the surface. The characteristic features of a gaseous film are that 
its surface pressure remains continuous down to very low values at 
very large areas and that the value of the pressure is still given by 
PA = kd, when P is very small. 

(ii) Condensed or “ coherent ** films. 

This type of film, which is much more common than the last, is 
composed of groups or “ islands ” of molecules adhering to one another 
but separated by relatively large areas. Like the gaseous film, this 
kind of film is only one molecule thick. Individual molecules leave 



Fig. I 


See Jeans, Dynamical Theory of Oases, sections 99 and 100. 
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tlic islands at rare intervals. The surface pressure exerted by the film 
on the boundaries is due to bombardment by islands, not by individual 
molecules. 

Fig. 2 shows two graphs, in which the abscissa is the area per molecule and the 
ordinate the surface pressure, for two types of condensed film. Graph I represents 
the behaviour of a film of a fattv acid on old distilled water. For most of its 
length it is a steeply-inclined straight line, with a short rounded part at the 
lower end due to certain experimental errors. The straight part when produced 
meets the horizontal axis where A = 20-5 x 10"*® sq. cm. per molecule. It is 
probable that in such cases the cross-sections of the end groups of the long- 



chain compounds affect the closeness of the packing. If the end groups have 
large volumes under low pressures, they will prevent the chains from packing 
tightly together; but if the end groups are compressible or can be “ tucked 
away into recesses in the chains of neighbouring molecules, increasing pressure 
will produce changes in area such as are represented by the less steep part of 
graph II. 

Pursuing the analogy between the behaviour of surface films and 
that of any working substance undergoing pressure and volume changes, 
we now see that the condensed films are analogous to liquids. The 
passage of a condensed film into a gaseous one is analogous to the 
passage of a working substance from the liquid state to the gaseous 
state. Such changes take place at very low surface pressures, namely, 
pressures not greater than 0’3 dynes per cm. 
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For films of fatty acids on water, tho graphs connecting pressure and area 
show just the same features as Andrews’ isothermals for carbon dioxide* below 
the critical point, namely, an almost vertical straight part corresponding to the 
condensed film, a horizonUil part representing the change of state at constant 
pressure, and a curved part representing the gaseous state. The curves for myristio 
and tridecylic acids are shown in fig. 3. 


(iii) Expanded films. 

There are two types of film whose properties have no analogy with 
those of a three-dimensional working substance. Their properties are 



intermediate between those of the condensed (liquid) and gaseous films. 
They are called “ liquid expanded ” and “ vapour expanded ” films 
respectively. The characteristic features of the liquid expanded films 
are that their area per molecule approaches a constant value when 
the pressure becomes very low, and that they then have a constant 
surface pressure. 

An example of a P — A graph for such a film is shown in fig. 4. LM represents 
tho state at very low pressures. LN represents the film in the liquid expanded 
state. NOQ represents the gradual change from the liquid expanded to the 
condensed state. Films of myristic acid on dilute hydrochloric acid show such 
properties at temperatures near 10® C. 

The characteristic feature of vapour expanded films Is a gradual 
expansion, but not to a limiting area or surface pressure. This behaviour 


Sc© Roberts, Heal and Thcrmodtjnamica, fourth edition, p. 106. 
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is shown by films of ethyl palmitate on a dilute acid. The precise 
arrangement of the molecules in these films is still unknown. 


The type of graph representing the behaviour of a vapour expanded film ia 
shown in fig. 5. 



Fijf. 4 5 


2. Measurement of Surface Pressures and Areas. 

The most sensitive method used is one devised by Langmuir and improved 
by Adam. The experiments are conducted ^vith films floating on a liquid con¬ 
tained in a shallow rectangular brass trough (fig. G). In a certain case the trough 
measured 60 cm. X 14 cm. X 1-8 cm. internally, and the sides were 1 cm. thick 
and flat on top. The liquid in the trough is cleaned before a film is formed, by 



Fig. 6 


drawing “ barriers **, i.e. strips of plate glass, over the Uquid surface to scrape 
it. When the liquid is water, the barriers and tops of the edges of the trougn 
are coated with hard parnfifin-wax (a substance which does not contaminate 

water) to prevent the film creeping past the barriers. 

The pressure of the film is exerted on a float, i.e. a vertical plane sheet AA 
of waxed copper foil, which extends almost the whole width of the trough and 
dips into the liquid. To block the gaps at each end of the float, thin plating 
ribbons about 3 mm. wide, attached to the main framework of the trough but 



VIII] 


SURFACE FILMS OF SOLUTIONS 


183 


free at the otlier end. arc used. Tlie position of the float is indicated by a kind 
of optical lever; any movement of tlic float causes the rotation of a small plane 
mirror F and hence of a beam of light reflected from it. When a nieasureinent 
of pressure is made, a force equal to the total thrust of the lilin on the float is 
applied to the float in the opposite direction. This force is the fonvard-acting 
tension of a fine silver Avire attached to the float, and the beam of light is thus 
kept in the equilibrium position. The tension is applied by twisting a horizontal 
torsion wire MM of phosphor bronze. A suitable framework supported in¬ 
dependently above the trough links this torsion wire to the silver wire wliich 
applies the tension to the float. The readings of the torsion head arc calibrated 
by hanging weights on an arm QS of the framework, so that the moment of a 
weight about the a.xis of the torsion vorc is easily calculated from the dimensions 
of the framework. To every reading of the torsion head 9 there corresponds a 
definite moment mga. The effective length of the float is taken as its full actual 
length plus half the width of each gap blocked by the platinum ribbons, and 
the thrust on it by the film is equal to the “ pressure ” multiplied by this effective 
length. Again, this tlirust multiplied by the effective length of the “ arm ” linking 
the silver tension wire to the torsion wire gives the moment of the thrust about 
the axis of the torsion wire. When the float is in its equilibrium position under 
the two forces, 

mga^ — Pla^, 

where mga, is the moment of the forces corresponding to the actual torsion-head 
deflection 9 required to keep the float in its equilibrium position, P is the film 
pressure to be measured, I is the effective length of the float, and Oj is the arm 
or perpendicular from the axis of the torsion wire to tlic line of action of the 
resultant tlirust of the film. The area of the film is the area of the rectangle 
between the float and the next barrier. 

An apparatus of this kind will measure pressures down to 0-01 djmes per cm. 
After the area is altered by moving a barrier it is necessary to make quick readings 
in order to avoid contamination, especially at very low surface pressures. 

3. Surface Films of Solutions. 

The state of concentration of the surface film of a solution is usually 
difierent from that of the general body of the liquid. In fact, the 
concentration in the film is governed by the general law that a me¬ 
chanical system free to move will reach a state of equilibrium in which 
the potential energy has a minimum value. In particular, it is the 
free surface energy, not the total energy, which has a minimum value. 
By the reasoning in Chapter VII, section 36 (p. 170), we see that the 
surface tension is, strictly speaking, equal to the free surface energy. 

In a system consisting of two components, e.g. a solvent A and a 
solute B, the siirface film is richer in that component which reduces 
the free surface energy to a minimum. The general name of adsorption 
is given to the alteration of concentration of a component in the 
surface film of a liquid, produced by any cause. The terms positive 
adsorption and negative adsorption are used to indicate the increase 
and decrease of concentration of a component. 
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i. Gibbs’s Adsorption Formula. 

The quantitative relation connecting surface tension and con¬ 
centration of solute in the surface film and in the main body of a 
solution is known as Gibbs's adsorption formula. In order to derive 
it, certain definitions are required. 

Consider a system consisting of one solvent and one solute. Let 
the total volume be v c.c., the absolute temperature the total entropy 
(f> c.g.s. units, the surface area A sq. cm., the total internal energy 
of the solution (including the surface film) U ergs, and the surface 
tension T dynes/cm, Let the solution have an osmotic pressure of p 
dynes/sq. cm. Apply the first and second laws of thermodynamics 
to this system. Let an elementary quantity of heat dH ergs be given 
to the system and let it be used in increasing the area of the surface 
by dA sq. cm., and the volume by dv c.c. By the first law of thermo¬ 
dynamics, 

dH = dUpdv — TdAj .(1) 

since -^pdv and —TdA represent the contributions to the external 
work done by the working substance. By the second law, if all the 
energy is used in performing reversible processes only, 

dH = ed<j> .( 2 ) 

Hence 

dTJ =: dd<f> — pdvTdA. .... (3) 

We now introduce 0, the thermodynamic potential at constant 
temperature and pressure. As is usual in thermodynamics *, 

H — 6^-\- prv .(4) 

Differentiation gives 

d<b = dU ~ Bd^ — <j>ddfdv"^dpy . . (5) 


and, by (3), 


d^ = —^dO TdA + vdp. 



If the system is kept at constant temperature, 

= 0 and d<^> — TdA -f vdp. 

Now do is a perfect or total differential of O with respect to any 
pair of variables such as A and p\ hence, by the properties of such 
differentials, 



•Se© Roberts, and Thermodynamics, fourth edition, p. 381. 
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Let the total volume v of solution (represented by LMNO in fig. 7) 
contain n grammes of solute. Draw an arbitrary horizontal plane XY 

across the liquid very near the top, so as 
to cut off a portion LMYX of negligible 
volume com])ared with LMNO. Call the 
portion LMYX^ thus defined, the surface 
film. Let there be m grammes of solute in 
LMYX. We write this in the form m = Ax^ 
where A is the area of the surface film 
perpendicular to the plane of the diagram. 
Defined in this way, and reckoned in 
grammes per sq. cm., the quantity x is 
called the excess concentration in the 
surface film, and has the dimensions of mass 
per unit area. The concentration in grammes per c.c. of the rest of 
the solution, by the definition of concentration, is 



Fig. 7 


mass 

volume 


= c, say, 


n — Ax 


n — Ax 


volume XYNO v — vol. LMYX 
since LMYX is small compared wdth v. Hence 


Ax 

~ ^ 


V = 


n — Ax 


. (S) 


Substituting from equation (8) in equation (7) and noting that p la 
constant when c is constant, we find that equation (7) becomes 



Assume that the solution is dilute and obeys van’t Hofi’s law, 
p = Ri6c, where 



universal gas constant {R) 
molecular wt. of solute 


Then if 0 is constant, dp = R-^Odc and 


(-) = -- 

\ A const. ^ 




RiO \ dc J const 


Comparing (9) and (10), we get 


X = — 


c ar 


R^Q dc’ 


■ - ( 10 ) 

. . ( 11 ) 


7 * 


(F lg3) 
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This is the so-called Gibbs’s equation in a special form, 
general form of it is 

^ n^eda . 


A more 
( 12 ) 


where a is a more general quantity called the “ activity ” of the solute 

in the solution (and reduces to c in the special case). The x of 

equation (12) is the excess concentration in the case of a non-ionized 
solute. 


5. Gibbs’s Equation in the case of Ionized Solutes. (Theory of 
G. N. Lewis.) 

In contrast with tlie last case, we consider a solution in which the 
solute is ionized. We assume, as is often done, that on the suiiace of 
such a solution there is an electric double layer, 
caused by the positive and negative ions. 

In this case the two faces of the surface film 
are charged with positive and negative electricity 
respectively, and form, in effect, a charged electrical 
condenser (fig. 8). The film therefore possesses an 
additional feature, besides those postulated in the 
previous section. Let the total charge of each 
kind of electricity be Q e.s.u., in each case dis¬ 
tributed over A sq. cm., and let the potential 
difference between the faces of the film be V e.s.u. 

If an elementary quantity of heat dH is given to 
the film only, an elementary charge -\-dQ passes 
across the film from the negative face to the positive. During this 
process the system has work + VdQ ergs done upon it, that is, it does 
— VdQ ergs of work. As we are considering phenomena in the film 
only, the external work done by the osmotic pressure will be ignored 
in the following equation, which represents the first law of thermo¬ 
dynamics applied to the film; 

dH = dU- TdA - VdQ .(13) 

If we assume that no heat is used in performing irreversible processes, 
the second law of thermodynamics gives 

dll= ed<j> .(14) 

Hence 

dU = ed<f> + TdA -f VdQ .(15) 

For such a film, the thermodynamic potential at constant electrical 
potential (instead of pressure) and temperature is 

U-e^- VQ. 





Fig. 8 


. . (16) 
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On difierentiating and substituting from (15), we have 

f/O = TdA — QdV, when 6 is constant. 
Since is a perfect differential, 
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A const. 


. - m 


■ ■ (iv) 


} V const. 

We now assume that when the charge dQ is carried from one face 
of the film to the other, it is the net result of the motion of a mass 
din-^ grammes of positive ions carrying altogether ~\-dQ e.s.u. in one 
direction, and of a mass dtn^ grammes of negative ions carrying 
altogether —dQ e.s.u. in the other. Let the electrochemical equi¬ 
valents of these ions be and €3 respectively. Then, by Faraday’s 
laws of electrolysis, 


and 


dm^ = ej dQ 

and 


dm^ — ^2^0 

and 

^2 


values of dQ ir 

1 turn in (17), we have 


(--) = 
/ A const. 

_ 1 

€y\dA ) y const. 

■ (18) 

(-) = 

/ A const. 

1 /dmA 

^2 \ J 7 const. 

% 

• (19) 

(£') “ 

\OA / fr const. 

interpreted as the increase in the mass 


of positive ions per unit increase in area of the film at constant V, 
that is, as the mass of cations which enters every new square centi¬ 
metre of area produced by stretching the film; in other words, it is 

the excess concentration of cations in the film. Similarly 

. . \ J V const. 

18 the excess concentration of anions m the film. The total excess 

“ electrical ” concentration is the sum of these, 




dA! 


V const. 




V const. 


= “(^1 + ^ 2 ) 


Q 


. . . ( 20 ) 


A const. 


an equation which also applies to the electrical double layer at an 
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interface. The total excess concentration due to non-ionized and 
ionized solute in a surface or interfacial film is 


const. (aFLonst. ' 

Quantitative experimental tests of this equation have not yet been 
made. 


6. Pressure-Area Relations of Surface Films of Solutions. 

(a) Szyszhowski s relation .—For certain solutions of those fatty acids 
which contain from three to six carbon atoms Szyszkowski foimd an 
empirical relation, which may be stated thus: 


^ = “log, 0^1 + 1^, 



where P is the surface pressure, a and P are constants for each acid 
but are difierent for different acids, and c is the concentration of the 
liquid in grammes per c.c. 

(6) PA = led .—We assume that Gibbs’s adsorption equation applies 
to these solutions, which are not ionized. That is, 

_ c dT 
® R^e dc’ 


by equation (12), where T is the surface tension. As in section 1, 
p. 178, dT = —dP, where P is the surface pressure. Hence 


c dP 
Rd dc 



Differentiating Szyszkowski’s relation gives 

dP _ constant_ 8 

Substituting in (23), we have 

. 

In dilute solutions p'>c and c/ip + c) = c/p, very nearly. Hence 
X = c8/Ridp and x/c is constant when 6, the absolute temperature, 
is constant. Substituting in (23), we find that dPfdc = a constant 
when 9 is constant = K, say. Hence on integration we have 

P=Kc, 
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plus a constant wliich is equal to zero. Now x is the niimber of grammes 
per sq. cm. in the surface. Let one gramme contain n molecules. Then 
nx is the number of molecules per sq. cm. Let A be the area per molecule. 
Then, since iix molecules occupy 1 sq. cm., x= IjAn. Also 

c dP c P 


X = 


Rid dc R^9 c 


smce 


cc c 

Equating the two values of x, we get 

= J- 

Rid An 

and 

pa = M= ke, 

n 


(25) 


where h = — = Boltzmann’s constant, 1*372 X 

n 

This shows that Elms of solutions of the shorter fatty acids are 
** gaseous ” in the sense of p. 178. As the length of the molecular 
chain increases, the behaviour of the films diverges more and more 
from that of the gaseous films. In some cases, in fact, they first become 
“ expanded ” and then “ condensed ”, 


Reference 
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Kinetic Theory of Matter 


1. Introduction. 

One of the main aims of theoretical physics in the nineteenth 
century was the reduction of the various branches of physics to me¬ 
chanics and the ultimate explanation of physical phenomena in terms 
of Newton’s laws of motion. The kinetic theory of matter, and in 
particular the kinetic theory of gases, affords one of the best and most 
successful examples of this method of attack. The application of the 
kinetic theory to liquids is discussed below (see p. 210). In the case 
of solids, the results can often be better obtained by quantum and 
thermodynamical considerations.* On the other hand, the classical 
kinetic theory of gases has suffered comparatively little modification 
and is therefore discussed here at much greater length. 

Since all gases obey, at least approximately, very simple gas laws 
such as those of Boyle and Charles, it is reasonable to suppose that 
they all possess a common and simple structure. Basically, the kinetic 
theory rests on a still more fundamental hj'pothesis, the atomic theory. 
The latter dates back to the ancient Greeks and the Roman Lucretius, 
who maintained that matter is composed of aggregates of hard, 
indivisible, indestructible, similar parts, termed atoms. The physical 
implications of the atomic theory were emphasized in the seventeenth 
century by Gassendi, who suggested that mere motion of the atoms 
might explain diverse physical phenomena without additional hypo¬ 
theses. A further advance was made by Bernoulli, who deduced 
Boyle’s law on the assumption that the pressure of a gas arises from 
impact of the molecules on the wall of the containing vessel. Little 
development occurred in the following century, but the atomic hypo¬ 
thesis received strong support from chemical theory, particularly from 
Dalton’s laws of the combining powers of the elements. It was not, 
however, until Joule’s classical work on the strict numerical converti¬ 
bility of mechanical work and heat was carried out in 1848 that the 
kinetic theory could expand and assume its present comprehensive form. 

• See, for example, J. K. Roberts, Heat and ThermodynamiMt Chap. XXII (Blackie 
& Sod, Ltd., fourth edition, 1951). 
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The first great advances, due to Clausius in 1857 and succeeding 
years, were based on the following assumptions, which still form the 
basis of any elementary treatment of the kinetic theory: 

(1) The molecules of a given monatomic gaseous element are 
regarded as identical solid spheres which move in straight lines until 
they collide with one another or with the wall of the containing vessel. 

(2) The time occupied in coUision is negligible and the collision is 
perfectly elastic. 

(3) The molecules are negligible in size compared with the volume 
of the container. 

(4) There are no mutual forces of attraction or repulsion between 
the molecules. 

Clausius also introduced the important conception of the mean 
free fcUh of a gas molecule, which is defined as the average distance 
traversed by a molecule between successive collisions. The quantities 
required for a knowledge of the properties and condition of a gas, 
therefore, are (1) the velocity of the molecules, (2) the value of the 
mean free path at S.T.P. (standard temperature and pressure), (3) the 
number of molecules present in unit volume of the gas at S.T.P., 
(4) the diameter of a gas molecule, regarded as a hard elastic sphere. 

The deduction of the gas laws by Clausius and the evaluation of the 
root mean square velocity of a gas molecule by Joule, some years earlier, 
were made on the assumption that the velocity of all the molecules in 
the gas is the same at a given temperature. Maxwell showed later 
that the velocities were distributed among the molecules according to 
a probability law. These aspects of the kinetic theory, together with 
a demonstration of the validity of Avogadro’s hypothesis, have already 
been dealt with in some detail in this series;* and it has been shown that 

P=ipC^. .( 1 ) 

where p is the gas pressure, p the density, and the mean square 
velocity of the gas molecules. 

2. Transport Theorems and the Mean Free Path of a Gas Molecule. 

Although Clausius did not succeed in evaluating X, the mean free 
path of a gas molecule, v, the munber of molecules per unit volume, 
or o, the diameter of a gas molecule, he obtained the useful relation j* 

A = ^. .(2) 

connecting the three quantities, so that if two of them are known, 
the third is easily derived. The result was deduced on the basis of a 
number of over-simplifying assumptions, but it must be emphasized 

• Seo Roborls, fleat and Thermodynamics, fourth edition, Chap. [II. \ Ibid., p. 86. 
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at this stage that the fundamental rule to be observed in the treatment 
of problems by the kinetic theory is to make the number of simplifyiDg 
assumptions a maxunum. Any reduction in the number of assumptions 
almost invariably involves enormous complication in the mathematical 
treatment. In view of present ideas on the electrical structure and 
wave-like character of atoms and molecules, such detailed treatment 
is not warranted; the billiard-ball atom is only a crude approximation 
to reality. The relation obtained by the more accurate treatment 
usually differs from that obtained by simpler methods only in the 
introduction of some numerical factor, which, however, may be 
essential when quantitative comparison is made with experiment. 

Assuming that all the molecules are in motion with velocities dis¬ 
tributed according to a probability law, Maxwell obtained the relation 

A =4,-A- .(3) 

Taldng into account also the persistence of velocity on collision, Jeans 
derives the formula 

^ . 

Finally, if intramolecular forces are also considered, the formula of 
Sutherland * may be obtained: 

> __ 1*402 

VWKi + ^/r). 

where .^4 is a constant varying with the nature of the gas and T the 
absolute temperature. 


(i) Transport theorems: general case. 

Consider a volume of gas, one part of which has some property 
(such as temperature) whose value differs from the value of that 
property in another region of the gas. Owing to the kinetic velocities, 
molecules will be continually passing from one region to the other, 
and a transport of the particular property will therefore be continually 
taking place. In order to determine the amount of the property trans¬ 
ported across unit area in the gas, the number of molecules passing in 
any particular direction in unit time is required. The simplest method 
of averaging this number, known as Joule’s classification, is to consider 
a cube situated in the gas. If the area of a face of the cube is dS and 
V is the number of molecules present in unit volume, then, since there 
are no preferred directions, at any instant one-sixth of the total number 
of molecules in the volume will be travelling towards any one of the 
six sides of the cube. 


* Sutherland, Phil. Mag.^ Vol. 36, p. 607 (1893). 
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If c is the mean velocity of the molecnles. the number passing in 
one direction across the area dS in unit time will be 


p 


ni = d-S - c. 


( 6 ) 


Now on the average, the last collision a molecule makes before crossing 
the area dS (normal to the x-axis) will have occurred at the mean 
, , free path A from dS. Hence 

Cr ^-TTx^ if G represents any property 

which is being transported 
across the area (fig. 1) and G 
is its partieular value at the 
plane dS, the molecules which 
pass in one direction will have, 
on the average, a value of G 

dx 

those which pass in the reverse 
direction will have a value of 

property is assumed to have 
a uniform gradient over the short distance A. The net amount of the 
property transported in unit time is therefore 
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AG = 'veds/ (?+;^A-(? + ™A 
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(7) 


(ii) Coefficient of viscosity. 

Maxwell applied equation (7) to evaluate the coefficient of viscosity 
of a gas in terms of the kinetic theory, and was able to deduce a value 
for A, the mean free path. Consider a gas flo^dng over a surface at rest. 
Denote the drift velocity of any layer parallel to the surface at a distance 
X by w (fig. 2). Then owing to the presence of viscosity the drift velocity 
of the gas decreases as the surface at rest is approached and increases 
in the reverse direction. If an area dS is considered lying in the layer 
of velocity «, the net transfer of molecules across it will be zero. The 
molecules from below, however, will transport a drift momentum less 
than mu, while those from above will transport a drift momentum 
greater than this value. A change in momentum is therefore con- 
tmually taking place across the area, and by Newton’s second law of 
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motion this gives rise to the viscous force acting along the layer. 
Here the property G being transported is the momentum mu. Hence, 
applying equation (7), we have 

AG= {pcdS\m~ = F, .(8) 

where F represents the viscous force acting across the area dS. Now 
Newton’s law of viscosity may be written 

''“’■'sg. • ..m 

where F is the viscous force across an area dS perpendicular to which 
there is a velocity gradient dujdxy and rf is the coefficient of viscosity. 
Hence from equations (8) and (9) 

V ~ (10) 

or, since mv — p, the density of the gas, 

V=lpcX .(11) 

A much more detailed treatment by Chapman * gives the relation 

rj = —^ pcX; the treatment by the elementary theory is therefore a 
2" 64 

very satisfactory approximation. u*~\ 

Experimental determination of t) -- 

and p and the evaluation of c in terms ^ J 

of C, the root mean square velocity ^ ji 

(see Ex. 4, p. 312), which in turn is - J -^ 

given by equation (1), therefore affords ^ j - ^ 4 

a measure of the mean free path X. In _t_ 

this way Maxwell showed that for hydro* * 

gen at N.T.P. X = 1*85 X 10“* cm. { 

Examination of equation (11) | 

shows that t) should be inde- t 

pendent of the density of the gas, 
since as p increases with pressure Pig., 

A deereases, as is shown by 

equation (2). This important and unexpected result obtained by 
Maxwell afforded great support for the kinetic theory of gases. 
Maxwell demonstrated the independence experimentally with the 
oscillating disc (see Chapter XII, § 11, p. 280) and showed that over 
a wide range the rate of damping is independent of the pressure. 
The relation fails at high and low pressures; the reasons for the 
failure are discussed later (p. 198). The relation has been retested 
more recently by Gilchrist, using the concentric cylinder method: the 

* Chapmaa, Proe. Roy. iSoc., A, Vol. 03, p. 1 (1916). 
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effect had actually been noted as early as 16G0 by Boyle, who observed 
that the rate of damping of a pendulum was independent of the gas 
pressure. 

Further examination of equation (11) yields the equally remarkable 
prediction that, in contrast to liquids, where the viscosity doeroases 
rapidly with rise of temperature, the viscosity of gases increases as 
the square root of the absolute temperature. Experimentally is 
found to be proportional to T\ where s varies from 0-6 to 1 according 
to the nature of the gas. The explanation lies in closer consideration 
of the structure of the molecules and is discussed in § t (iii), p- 208. 

(hi) Coefficient of heat conduction of a gas. 

We apply the arguments of the preceding section; here the property 
being transported is the heat energy of the gas. Hence 

G = mC,T, .(12) 

where and T are the specific heat at constant yolume and the tem¬ 
perature of the gas respectively. Substitution in the basic equation (7) 

therefore gives jm 

AG = li'cXdSmC,^=^AQ, .... (13) 

where AQ is the amount of heat transferred across area dS in unit 
time. Now the equation defining the coefficient of heat conduction is 

AQ = K^dS, .(14) 


where k is the coefficient of heat conduction and dTjdx is the tem¬ 
perature gradient. Hence from equations (13) and (14) we have 


K = ^mvcXC„y .(15) 

or «= l/JcACV .(Ifi) 


The experimental values for k are determined either by the parallel plate 
method, as in the experiments of Herciis and Laby, and Hcrcus and Sutherland,* 
or by the concentric wire and cylinder method, as in the determinations of 
Gregory and Archer, and Kannuluik and Martin.f The values given by the two 
methods are now sufficiently clcwie to indicate that the experimental value of k 
differs from that predicted by equation (16) by a factor of 2. 

More detailed treatment introduces a factor of about 1-5, but complete agree¬ 
ment between theory and experiment still appears to be lacking. Probably the 
explanation is partly that, in contrast to the viscosity problem, the transport is 
not taking place in equilibrium. Thus, for example, it is assumed that the number 
of molecules passing across the element of area dS in both directions is given 
by vc/6, whereas the value of c, since it represents the temperature of the g&s 
molecules in a layer at a given distance from dS, is different for molecules coming 
from high- and low-temperature regions. 


• Hercus and Sutherland, Proc. Roy. Soc., A, Vol. 145, p. 699 (1934). 
t Kannuluik and Martin. Proc. Roy. Soe.. A, Vol. 144. p. 406 (1934). 
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As witE viscosity, the coefficient of thermal conductivity is found 
to be independent of the pressure, over a moderate range, and to 
increase approximately as the square root of the absolute temperature, 
in agreement with equation (16). 


(iv) Coefficient of diffusion. 

An expression for the coefficient of self-diffusion of a gas when 
different parts of it are at different densities may be obtained from 
the transport theorem as follows. The property being transported is 
simply the molecules themselves. Hence if v represents the number 
of molecules per unit volume in the immediate neighbourhood of the 
layer dS, the numbers of moleo’iles per unit voliune at a distance equal 

to the mean free path on either side of dS will be ( r + -- A | and 
/ dv \ \ dx / 

\'~dx^/ Hence, if we apply Joule’s classification 

(p. VX ), the net number An of molecules transported across dS in unit 
time is 


A«= IxX-y (IS 

dx 


(17) 


Now the basic law of diffusion, due to Fick, is 

^n = D^£dS .(18) 

where D is the coefficient of diffusion and ^ represents the density 
gradient across dS. Hence from (17) and (18) we have 

.(19) 

Equation (19) may be written generally in the form 

^12 — 5 -;-» .(19a) 

3 V, -I- Vj 


where refers to the coefficient of inter-diffusion of two gases, whose numbers 
of molecules per unit volume and mean free paths are represented by Vj, v^, Xi, X, 
respectively. 

The method commonly used to determine the coefficient of diffusion of 
two gases is that introduced by l^oschmidt, in which a long vertical glass 
cylinder is separated into two parts by a sliding horizontal diaphragm in the 
centre. The denser gas is placed in the lower half, the lighter gas in the upper 
half, and the diaphragm is then removed. After a known interval of time the 
diaphragm is replaced and the mixtures of gases are analysed, either chemically 
or by means of some physical property (e.g. the refractive index). 

An alternative method, introduced by Stefan, is to determine the change in 
composition of the gas contained in a vertical jar, the top of which is left open to 
the atmosphere for a stated period. An extension of this method enables the rate 
of diffusion of a saturated vapour in contact with its liquid to be determined 
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by observation of the rate of evaporation of the liquid when the latter is con- 
t-nined in a narrow vertical tube. The tube and liquid ore maintained at a 
constant temperature, a current of gas is sent across the open top of the tube, 
and the rate of fall of the level of the liquid in the tube is observed. The 
method is limited to liquids and is practicable over a small temperature range 

The experimental results for H, — Oo, Hj — N 2 , N 2 — Oj, H, — CO 2 . and 
He - A show that the variation of with the composition of the mixture is 
very much less than that predicted by equation (19«); various corrections to 
the simple formula, arising e.g* from consideration of the persistence of mole- 
cular velocity after collision, give somewhat better agreement with experiment. 

Until recently, it was necessary to use indirect methods * to determine the 
coefficients of self-diffusion of gases. The discovery that ordinary hydrogen 
consists of a mixture of two components, ortho-hydrogen and para-hyc^ogen, 
made it possible to determine the coefficient of self-diffusion of this gas ^ectly. 
The two components have the same density and, broadly speaking, the same 
chemical properties, but they may be distinguished by differences m certain 
physical characteristics, such as thermal conductivity. In the experiments of 
Harteck and Schmidt,t para-hydrogen and ordinary hydrogen were contained 
in two vessels, each about a metre long and separated by a tap. The tap was 
opened for about ten minutes, and the composition of the mixture was then 
determined from the value of the thermal conductivity, usmg an electrically, 
heated resistance inserted in the qas and the usual Wheatstone bridge arrange¬ 
ment, as in the Pirani gauge (see § 7 (c), p. 228). 

According to equation (19), the coefficient of diffusion should be 
inversely proportional to the pressure, a result which is confirmed by 
experiment. Since p is inversely proportional to T and c is propor¬ 
tional to the simple theory indicates that D cc Experiment 
shows that Doc where s lies between 1-75 and 2-0; a satisfactory 
explanation has been given by Sutherland on plausible grounds based 
on the kinetic theory. 

It will be observed that by equations (11) and (16) fc = also, 
from equations (11) and (19). D = rj/p. l\Iore rigorous averaging gives 
K = €r}C„ and D=^fr)lp, where € and / are constants, each equal 
to about T4. Experiment shows that while the value for/is in approxi¬ 
mate agreement with theory, e is nearer 2-5. The value of the kinetic 
theory in its simple form, however, lies ratlier in the general correlation 
which it establishes between diverse phenomena, such as thermal con¬ 
ductivity, viscosity, and diffusion, than in accurate quantitative 

predictions. 

3. Properties of Gases at Low and Intermediate Pressures. 

The appUcation of the kinetic theory to predict the properties of 
gases at low pressures is of great importance, since the results obtamed 
form the basis for the design and operation of pumps and gauges for 
the production and measurement of high vacua. (An account of these 

• See Jeans, Dynamical Theory of Oases, Chapter XIII, p. 334 (C.U.P. (1916)). 

'fZeits.f. phys. Chcm.t Vol. 21, B, p. 447 (1933). 
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is given in §§ 6 and 7, p. 218.) As the gas pressure is reduced, the 
mean free path increases, until at intermediate pressures it becomes 
comparable with the linear dimensions d of the containing vessel and 
at low pressures it becomes much greater than d. At low pressures, 
therefore, comparatively few collisions occur between the gas molecules 
themselves, and collisions with the walls of the container become the 
governing factor. 

(i) Viscous forces at very low pressures. 

Consider two parallel surfaces, of which one is at rest and the other 
moving in a parallel direction with velocity Uq. All the molecules which 
strike the moving surface and then move in the direction of the fixed 
surface ultimately reach it without further collision, since d. 
It may be shown * that the number of molecules coming from all 
directions and hitting unit area of a surface in unit time is given by 

n=\vc. .(20) 

Now all the molecules will communicate different amounts of side¬ 
ways momentum to the fixed surface, according to the precise nature 
of the interaction between the gas molecule and the molecules of the 
solid. For theoretical purposes, however, it is permissible to define 
a fraction /, termed the accorrirriodation coefficient, such that the 
fraction is considered to communicate its entire sideways momentum, 
the remaining fraction (1 — /) being considered to be specularly re¬ 
flected and to rebound with no transfer of sideways momentum. The 
sideways momentum transferred per second to unit area of the surface 
at rest is therefore 

F = {vcfmv^ = .(21) 

Now from Ex. 5, Chap. IX, p. 312, 

. 

where M is the molecular weight of the gas. Hence 

. 

Equation (23) shows that at very low pressures the viscous force is 
proportional to A/*, and the pressure p. These predictions con¬ 
trast strongly with the laws for moderate pressures, where the viscoiw 
force has been shown to be independent of p and to vary approxi¬ 
mately as Tl. The value of the accommodation coefficient depends on 
the nature of the gas and the solid, but is usually about 0*8. 


• See Roberts, Heat and Thermodynamics, foorth edition, p. 89. 
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(ii) Viscous forces at intermediate pressures. 

Wc again consider two parallel surfaces, one of which is at rest 
and the other moving \nth velocity Uq. Referring to fig. 3, wc find 
that at intermediate pressures the gas may be divided as regards its 
behaviour into two regions. From the fixed surface outwards up to 
a distance equal to the mean free path, the laws obeyed will be those 
for a gas at very low pressures, since from anyw’here in this region 
the molecules reach the plate without collision. The effect produced 
on the plate by molecules with drift velocity in this region is said to 
give rise to “ external ” friction. At distances greater than the mean 
free path from the fixed surface, the laws obeyed will be those deduced 
for gases at ordinary pressures, since the molecules in this region will 

collide frequently with one an- 
^ other and will not, in general, 
reach the fixed plate immediately 
after a collision. The viscous 
forces produced in the main bulk 
of the gas are said to give rise to 
“internal” friction. “External” 
friction is again operative for 


a! 

Uq~Uj 

1 

1 


1 

d-2X\ 

1 

1 

1 



U| 

A ^ ^ 

Ai 


A 

path from the moving plate. 

If the velocity of the layer at 
a distance A from the surface at 
rest is denoted by “external” 
friction is operative for velocities 
from 0 to and to (Uq — «i). If the distance between the plates 
is d, the velocity gradient across the interior of the gas is therefore 


Hast 
Fig. 3 


du __ 

ic d — 2A 


(24) 


To evaluate the internal and external viscosity coefiicients may 
be equated for the layer at a distance A from the surface at rest. Now 

.(25) 

and if it is assumed that the molecules impinging on the surface at 
rest have on the average the property of those at a distance A from it, 

= hcfmu^, .(26) 

W'hcre/ is the accommodation coefficient for the molecules colliding with 
the fixed surface. It should be observed that in equation (26) Joule’s 
classification ^vc is used instead of the value ^vc. The latter is derived 
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on the basis of all possible mean free paths and hence cannot be used 
in an elementary discussion in which the molecules are all assumed 
to possess the property of those at a distance equal to the mean free 
path. Hence from equations (25) and (26) 



2A du 

7 ^' 


or the velocity gradient near the plate is 


^2 du 
A f dx 



and is approximately twice that in the interior of the gas. The molecules 
are therefore considered to have, at intermediate pressures, a velocity 
of slip over the fixed surface equal to 


Uj -|- 0_A du 

~2~ ~jTx 



Now from equations (24) and (27), 


du Uq _ «o 

di ~ d+2A(2-/)//“ 



where ^ = A(2 —/)//, and is termed the coefficient of slip. The effect 
of lowering the pressure, therefore, has been to increase the distance 
d at either boundary by an amount approximately equal to the mean 
free path. The coefficient of viscosity is therefore reduced in the ratio 


_ Vc 

- 1 + 2f/d’ 



where rje is the constant value of t) at moderate pressures. The viscous 
force per unit area therefore becomes 



^0 

d+2A(2-/)//• 



At moderate pressures, where d ;§> A, equation (31) reduces to the 
form already given in equation (11). Conversely, at very low pressures, 
where d <g: A, equation (31) reduces to the form 



which agrees with equation (21), except for a numerical factor and 
the way in which / is involved. 
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(iii) Effusion of gases through an aperture at low pressures. 

If a partition with a small aperture separates two regions in which 
the numbers of molecules of the gas per unit volume are and 
respectively, there will bo a net flow of n molecules per second from 
one side to the other, where 




A being the area of the aperture, and the whole being at a constant 
and uniform temperature corresponding to a mean velocity c. By (22), 


Hence 

Since 
we have 



where Q is the mass of gas flowing through the aperture per second. 

The above formula has been verified by Knudsen,* using platinum parti¬ 
tions having small holes 5 X lO"* sq. mm. and 6 X lO"* sq. mm. in area and 
2-5 X 10-* mm. and 5 X 10“^ ram. thick respectively. The work has been ex¬ 
tended to high temperatures by Egerton.f who used equation (34) to determme 
the vapour pressures of Zn, Cd, Pb and other metals. 


(iv) Flow of gas through a tube at low pressure. 

If the mean velocity of drift of the molecules is u^, the momentum 
transferred to the whole area ‘Irral of the tube per second is 

F — \vc'><. ^TTolmuff .(35) 

When a steady flow is in progress, this force must be equal to the 
force due to the pressure difference acting over the two ends of the 

tube. Hence 

7ra^(pi — P 2 ) “ ^rralpcuff , 

and the mean velocity of drift is given by 

2a(pi —P 2 ) 

. 

•Knudsen, Ann. d. Physik, Vol. 29, p. 179 (1909). 
tEgerton, Proc. Roy. Soc., A. Vol. 103, p. 469 (1923). 


( 36 ) 
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The mass of gas Q flowing through the tube per second is therefore 

_2,. . _ 27ra3 (;)i - P 2 ) 

Q-,.au^p- . 

_ 77 {pi P2) /^TrAf 

2 1 f s] RT .^ ^ 

The flow of gas through a tube at low pressures therefore differs con¬ 
siderably from that at high pressures, being dependent upon a® and 
the pressure difference (pi — instead of a** and the difference in the 
squares of the pressures (p^ — p~^) (see Chapter XII, § 11, p. 278). 

From more detailed considerations,* for a uniform tube of any cir¬ 
cumference 0 and area of cross-section Ay the mass of gas streaming 
through per second is given by 

Q = j .(38) 

^ 3 n 0 RT’ ^ 

sV 2^2 •' 


which for a tube of circular cross-section differs from that in equation 
(37) only by a small numerical factor. 

Equation (38) has been tested experimentally by Knudsen, using tubes ranging 
from 10“^ to 10“® cm. in radius and from 2 to 12 cm. long. The results are in 
good agreement with the theory. 

At intermediate pressures conditions are more complicated, the 
general relation for the mass of gas Q flowing through the tube per 
second being given by f 

where p is the mean pressure and f the coefficient of slip defined in 
equation (29), p. 200. 

It can be shown that more accurate analysis gives equation (37) in the form 


16 dp 
3 c dx 


Putting p = vlT = 7rvmc*/8. we have 

dp _ Tzm^ dv 
dc ~ 8 dx 

♦ See Roberts, Hml and TherjnodijTiamfcs, fourth edition, p. 93. 
t Loeb, Kinetic Theory of Oases, p. 253 (McGraw-Hill, 1927). 
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If q is the mass transferred per unit area of cross-section of the tube, 

Q „ - '/v 

q = - = — 5««ic 

TTU- dx 


Since the diffusion coefficient D is defined by 


= -Dm 


d^ 

dx 


from the above equations we have 


D = 


Comparison with equation (19) shows that, as tlio pressure is reduced, the diffusion 
coefficient at first increases proportionally to X. but that when X becomes greater 
than a the diffusion coefficient reaches a limiting value 27c/3. 

Bosanquet has considered the diffusion process in a tube as a “ random walk 
or mean displacement of a molecule from its original position after a certain 
lapse of time, as in the Browniaii movement discussed later in this chapter. 
Individual steps in the total molecular path traversed are regarded ivs terminated 
cither by collision %vith the tube wall or with other molecules. If I is the average 
step size, and the mean step sizes for wall and gas collisions are and Ig respec¬ 
tively, regarding the total collision frequency as the sum of the individual collision 
frequencies we have 

I I ^ I' 

* * 5 ; 

Defining total and partial diffusion coefficients similarly by D, D^^ and Dg, and 
taking each of these aa proportional to the appropriate step sizes multiplied by 
c, we have 

1 - L + L 

Since = 2ac/3 and = >.c/3. we obtain a general intermediate formula 


i? = J 


ac 


1 +2a/X 


which reduces to the low-pressure or high-pressure formula according as X ^ a 
or X < a. For a tube of finite length L, Pollard and Present liave shown that 
at low pressures the diffusion coefficient is reduced by a factor (I — 3a/4L). 


(v) Conduction of heat at low pressures. 

It has been observed in §2, p. 191, that the treatment of heat 
conduction on the simple kinetic theory is not so satisfactory as that 
of viscosity, partly because the quantity transported is a function of 
the gas-kinetic velocity and partly because Maxwell s distribution law 
is strictly true only for a gas in equilibrium. We consider the conduction 
of heat between two plates at temperatures and Tg; since d, 
we note that the molecules which leave either plate arrive at the 
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opposite plate without disturbance by collision with other molecules. 
The net heat transferred per unit area per second is therefore 


AQ = IvcmC^iT^ — Ti)f 
= ipW,{T^ - T,)f. 


(40) 


Equation (40) has been tested by Knudsen for a large number of 
gases, and the linear relation between conductivity and pressure 
extends up to 5 X 10““ mm. for hydrogen. The quantity of heat trans¬ 
ferred depends directly upon the pressure, in contrast to the con¬ 
ductivity at ordinary pressures, which is independent of the pressiue. 
This property is made the basis of the Pirani pressure gauge described 
on p. 2'2^. 

It will be observed that the temperature gradient vanishes; Q is 
therefore no longer dependent on the temperature gradient but depends 
solely on the temperature difference between the two surfaces. 

This may be demonstrated by stretching a tungsten wire down the centre of 
a tube in the middle of which a large bulb is blo\vn. The \vire is sealed in at the 
ends of the tube and heated electrically to yellow heat. A small side tube leads 
to a vacuum pump. At atmospheric pressure the quantity of heat lost by the 
wire in conduction across the gas to the glass container depends directly on the 
temperature gradient. The wire in the centre of the bulb therefore glows much 
more brightly than that in the narrow tubes. As the pressure is reduced, how¬ 
ever, the conductivity depends progressively less on the temperature gradient, 
and at low pressures the wire glows practically uniformly along its entire length. 


(vi) Conduction of heat at intermediate 'pressures. 

Proceeding as on p. 19 b divide the gas into two regions, that 
up to a distance A from the plates obeying the low pressure law and 
the main bulk of the gas obeying the ordinary pressure law. Evaluating 
the expressions for the heat conducted in the two regions and equating 
the expressions at the boundary at a distance A from one of the plates, 
we find that the temperature gradient at intermediate pressures is 


dT 

dx dH-2A(2-/)//* 


(41) 


Substitution of this formula in equation (14), p. 19o, gives, for unit area, 


AQ - ipcAC, ^ —/)//■ 


. . ( 42 ) 


If (i » A, that is, at moderate pressures, equation (42) reduces to 
the formula for conduction at moderate pressures, as required, whereas 
at low pressures, where d < A, equation (42) reduces to equation (40), 
except for a numerical factor and the way m which / is mvolved. 
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(vii) Thermal effusion at low pressures. 

If a vessel coutaiuing a gas at low pressure is separated into two 
regions by a partition containing a small bole and the two regions are 
maintained at different temperatures and To* condition for 
equilibrium is no longer that the pressure shall be the same on both 
sides of the partition. Equilibrium is estabbshed when the number of 
molecules passing in either direction across unit area per second is the 
same, that is, when _ 


by equation (20). Hence the ratio of the pressures is given by 


V 2 




V 


(43) 


The extra speed of the molecules on the high-temperature side therefore 
balances their lower number, so that as many arrive at the aperture 
per second as from the cooler side. The same relation holds if the 
aperture is replaced by a tube, because in the steady state vc is constant 
for all sections of the tube. 


(viii) Thermal transpiration ai intermediate and higher pressures. 

At higher pressures equilibrium at an aperture in a plate occurs 
only when the pressure on the two sides is the same. Hence 


which simply shows that the densities are inversely proportional to 
the absolute temperatures. If, however, a tube separates the two 
regions, conditions are more complicated. Consider any cross-section 
perpendicular to the axis of the tube, the latter being the x-axis, where 
the mean gas-kinetic velocity of the molecules is c. On the average, 
the molecules crossing the layer per second will be those at a distance 
originally equal to the mean free path. The net number of molecules 
crossing unit area per second will, if we use Joule s classification, be 




3 mvc 
o 
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Therefore 


dv TT , TT _dc 


/I dv 


2 3c 
c dx 


(46) 


1 dv 


Since r}=^vmXc approximately, if we substitute for - from 

equation (46) in equation (44), we find that the mass of gas Q flowing 
per second through the tube is 


Further, since c x T^, 


n 2 2 /I 

^ /I dp 1 an 

® ’'“’'(pax 2Tdx) . 


(47) 


Now if the pressure difference between the ends of the tube is small, 
the application of Poiseuille’s equation for the flow of gas through a 
tube (p. 277) gives 



7Ta* dp Mp 

Qt) dx RT* 



where M is the molecular weight of the gas. Hence, for the steady 
state, by equating (47) and (48), we have 


that is 




1 3 r\ _ na^ dp Mp 

^ “ 8 ^ ^~Rr 


dp /2rf^T Mpa^\ 



dp 7)^ 

dT ~~ 2rj^Tlp + Mpa^iR 



At low pressures equation (49) reduces to 


dT 2r 


Hence p is independent of the nature of the gas and varies as as 
has already been shown by equation (43), p. 205. At higher pressxires 
dpjdT is observed to be inversely proportional to the pressure and the 
molecular weight of the gas. 
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4. Properties of Gases at High Pressures; the Size of the Molecules. 

The failure of the gas laws deduced for ordinary pressures when 
applied to gases at low pressures is due to the mean free path becoming 
comparable with or greater than the size of the container. At high 
pressures, the disagreement between simple theory and experiment 
is due to the failure of the second, third and fourth basic assumptions 
of Clausius, enumerated in § 1, p. 191. As the density of the gas 
increases, it is no longer possible to ignore the volume occupied by 
the molecules themselves or the mutual forces of attraction or re¬ 
pulsion that exist between them. The simple equation pV = RT for 
a perfect gas has to be replaced at higher pressui-es by a more general 
equation of state; one such equation is that given by Van der Waals; 

+ = . 

This equation will now be deduced from the kinetic theory and the 
significance of the constants a and b will be determined. 


(i) Finite size of the molecules and the significance of h. 

If we represent the molecular diameter and radius by a and r, it 
is shown in the solution of Ex. 9, p. 318, that the mean free path is 
reduced in the ratio 


7 - 4(47rr3n/3) _ V - 6 

A “ V V * 



Since the volume of the n molecules themselves is c — 47 t7^/i/ 3, we have 

6 “ 4c. 


(ii) Forces of attraction and repulsion between the molecules and finite 
time of collision. 

If the forces of attraction and repulsion between the molecules 
extend over a finite distance from each molecule, the collision will 
occupy a finite interval of time. Hence the number of collisions against 
the wall of the containing vessel in unit time will be reduced according 
to the equation 


1 C* 1 
^“3(7-6) (l + nr)* 



where t is the time occupied in one collision and n is the number of 
collisions per second. Equation (52) may be written in the form 


p(l + nr) = 


1 

3(7-6)* 



2 oS KINETIC THEORY OF MATTER [Chap. 

Now n is approximately equal to since this represents the number 
of encounters made by a molecule of effective diameter <j in one second 
if the other molecules are treated as points. Hence, since jt = 
approximately, we have 

I 1 n2 •> - 1 

p+3/>CW.cr=-^-^^j, 

or 

8 ^ n 3 (F- 6)’ 

and since p oc 1/F, 

.( 53 ) 

where a is proportional to the coefficient of p2 in the second term on 
the left-hand side of equation (52a). 

A more powerful method of attack for such problems was developed 
by Clausius and is known as the Virial Theorem. (See Roberts, Heat 
and Thermodijnamics, fourth edition, Chapter XXIII.) 

(iii) Dejpendence of ri on the size of the molecules. 

By the method of dimensions it is possible to deduce the law of 
force between the molecules if the variation of the coefficient of viscosity 
with temperature is determined experimentally. Let the molecules 
repel one another at small distances apart with a force F given by 

F = fxr- .(54) 

where r is the distance between the molecules, s is the required 
power, and p. is defined by equation (54). The coefficient of viscosity 
may be assiuned to depend upon m, c, p and s, hence 

7) = /(w, c, p, s) = const. 7n'^c^py. . . . (55) 

Since s is dimensionless, if we write equation (55) in dimensional form 
we have 



Equating indices and solving in terms of s, we have a= (s-f- 1)/ 
(s — l)t p — {s 3)/(s — 1) and y = ~~2/{s — 1). Hence 

7) oc (w(‘+«c(*+ 2 V- 2 )V(x-i).(56) 

If it is observed experimentally that rj cc T", since T ecc^ we have 

2n~ (s + 3)/(s — 1).(57) 
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Now for helium n = 0*G8, hence 5 '^12, wliich indicates an ex¬ 
tremely rapid rate of fall in the force as the distance from the molecule 
is increased, such as we might expect for a small, compact unit like 
the helium molecule. For carbon dioxide, however, which has a com¬ 
paratively loose and open structure, = 0’1)8 and hence 
showing that the force extends over a comparatively large region. 

From some aspects the behaviour of the molecules indicates that 
they may be regarded as having a hard core of radius proportional to 
a quantity denoted by cr», since at To© the molec\iles will interpenetrate 
at each collision until the cores come into contact. Sutherland suggests 
that the value of a at any other temperature T will be given by 

+ .(58) 


where ^4 is a constant. By equation (2), p. 191, therefore, the mean free 
path changes in the ratio 


Ar ^^ 2-32 (l + -^/273) 

Ao aj (1 + AIT) ’ 



where Xq is the mean free path at 0° C. Hence the ratio of the viscosity 
at any temperature T and the viscosity at 0° C. will be 

r, _ io^h _ / j yr. A + 2n 

V273; A + T- • • • ( ' 

Formula (60) has been tested for nitrogen by Bestelincyer and is in satisfactory 
agreement with experiment for temperatures between 90® C. and 300® C. It is, 
however, by no means rigorously obeyed by all gases, and fails completely at 
low temperatures. 


5. Determination of Loschmidt’s Number and the Molecular Diameter. 


(i) LosclimidTs deduction. 

Since the mean free path is known from Maxwell’s work on the 
viscosity of the gas, a determination of either v 01 a and the use of 
equation (2), p. 191, enables us to evaluate both quantities. The value 
of V was first deduced in 18G5 by Loschmidt by considering that in the 
liquid state all the molecules arc as tightly packed as hard spheres 
can possibly be. The volume occupied by v such molecules is 
for the packing will be tetrahedral. Hence if the densities of gas and 
liquefied gas are 8 and A respectively, we have 


8_ v<^ 

A“ Vi 



From equations (2) and (61), therefore. 



8 


(^lua) 
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The value obtained was v~ 10^® mols./c.c., a result which is now 
known to be about twenty times too low. The value of a deduced, 
about 10“" cm., was therefore about 5 times too great, but the deduc¬ 
tions were of great value in fixing the order of the quantities involved. 

(ii) The Brownian movement and the kinetic iheorxj of liquids. 

The kinetic theory of matter receives quite independent and most 
spectacular support from the discovery made by Brown in 1827. Using 
the then new achromatic objective, Brown observed that small particles 
about 10“® mm. in diameter, such as pollen grains, when held in sus¬ 
pension in a liquid, exhibit unceasing irre¬ 
gular motion in all directions. Initially the 
phenomenon was ascribed to vital forces, 
but subsequent work showed that it was also 
^ . I exhibited by small particles held in suspension 

in the liquid inclusions in granite and other 
rocks of great age. Not until nearly fifty 
years after its discovery was it suggested by 
Wiener and later more convincingly by 
Delsaulx that the Brownian movement is a 
visible demonstration of the validity of the 
kinetic theory of liquids. In any small interval 
of time a particle will receive more impacts 
from molecular bombardment on one side 
than another. If the particle is suflSciently 
small, it will therefore execute a small motion 
under the resultant force imtil its path is 
altered by further impacts. The observed 
Fig. 4 motion under the microscope is merely the 

resultant path of a large number of zigzag 
paths which are each too small to be resolved by the microscope and 
the eye. The experiments on the Brownian movement are of several 
types; of those described below, the first has been applied to liquids 
and the second to liquids and gases. 


^ # # # # 

_ • • • *•• ••* 


.r 


# ♦ # r • # • • ■ 


dh 


(a) Sedimentation equilibrium. 

Sedimentation equilibrium is established when a suspension, 
emulsion, or colloidal solution is contained in a vertical vessel. Under 
the opposing influences of osmotic pressure, which on the kinetic 
theory arises from the bombardment of the molecules, and gravity, 
a definite vertical concentration gradient is established in the steady 
state. Referring to fig. 4, wc see that if v represents the number of 
suspended particles per unit volume at a height h above the bottom of 
the container, the increase in osmotic pressure dp due to the increase 
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in the number of particles at a height {h — dh) must be sufricient to 
balance the weight of the particles, lienee 

vniydli, . 

where m is the mass of each particle* (all the particles being assumed 
identical) and g is the acceleration due to gravity. Further, 

p = i-kl\ .(6‘i) 


where k is Boltzmann’s 
perature. Hence 


constant (p. 179) 



kTdv, 


and T is the absolute tem- 



and from equations (63) and (65) we have 




Integrating between heights h and /h, where the numbers of particles 
per unit volume are Vj and respectively, we obtain 



where N is Avogadro’s number, 6-06 X lO"-^ molecules per gramme- 
molecule, and R is the gas constant referred to one gramme-molecule. 


The classical series of e.xperinients on equation (67) was carried out by Perrk 
between 1900 and 1912. Emulsions of gamboge or mastic were subjected to 
continuous centrifuging for a month at the rate of 3000 revs./min., the sphenca 
particles being in this way separated into layers containing particles of the same 
size. A drop of the emulsion was then placed on a microscope slide so as to form 
a column about 1/10 mm. liigh, which was then observed with a powerful objec 
tive from above. With visual observations it was necessary to limit the neld by 
the use of a plate with a fine hole, othenvise at any instant more particles fi led 
the field than could be counted at a single glance. Great care liad to be taken 
to filter out the heat rays (by using water cells) from the beam of light, which 
was incident in a horizontal direction. Any inequality of temperature m dinercnt 
parts of the emulsion produced convection currents in the liquid, which were 
much greater than the Browmian movement. These precautions are even more 
necessary in the determination of N by the dynamical method discussed later. 

On the average about five particles were visible at any instant and a large 
number of readings were required to eliminate statistical errors. It was found 
possible, however, to reduce the labour by a factor of 200 by using a powcrfin 
light-source to illuminate the suspension and taking a microphotograph of a much 
larger field. The number of grains present could then be counted at leisure. Owmg 
to the high power of the microscope, the thickness of the layer in focus was about 
that of the diameter of the particles; consequently only the number present m a 
very thin layer was observed for one position of the microscope. After sufficient 
readings had been taken the microscope was racked up a distance d measured 

•m is, of course, the reduced mass where allowance has been made for the 
buoyancy. 
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on an accnratcly graduated vernier and another set of readings was taken, the 
distance {/<->— //j) being determined from the expression ]xd, where \i was the 
refractive index of tlie emulsion. 

To determine the remaining quantity ni of equation (67), the volume and 
density of the grains were obtained by the following methods. 


(1) Density of the grains. 

(а) Specific gravity bottle. 

(б) Surrounding the grains by potassium bromide of increasing concentration 
until the grains neither floated nor sank, when the density of grains and solution 
was tlie same. 

(c) Adding potassium bromide solution until the grains did not separate on 
centrifuging. 

(2) Volume of the grains. 

(c) Direct determination of the radius by allo'R'ing the emulsion almost to 
dry on a glass plate. The grains were then pulled into rows by surface tension 
and the length of a row and the number of grains contained in it were determined 
with a travelling microscope. 

(6) Application of Stokes’s law (see Chap. XII, § 10, p. 276), 

6-r/y = |-r^(D — d)y, 

wliere r is the radius of the grains, D and d the density of the grains and liquid 
respectively, y) the coefficient of viscosity of the emulsion, and v the terminal 
velocity, that is, the velocity with which the “ edge ” of the cloud of grains formed 
by stirring the emulsion descends under tlic influence of gravity. The terminal 
velocity was a few mm. per day, and the application of the uncorrected form of 
Stokes's law was considered valid, since the radius of the particles was much 
greater than the mean free path of the molecules in the liquid. 

As a check on the results, the weight of tlie grains was determined in a number 
of cases by directly weighing a known number of grains which had been made to 
adhere to a glass plate immersed in the solution when the latter was made slightly 
acid. 

From observations on many thousands of grains the final value AT = 6*8 X 10®* 
mols./gram. mol. was obtained, a value some ten per cent greater than that 
accepted at present. Using tlie same method, but \vith colloidal particles of gold 
and silver, Westgren in 1915 obtained the value N =* 6-04 X 10“, which is within 
one»half per cent of the accepted value. 


(6) Einstein and SmoluchowshVs equation. 

In 1905, Einstein and Smoluchowski succeeded in deducing a re¬ 
lation between the mean square displacement of a particle undergoing 
Brownian movement and the time interval between two successive 
observations. Referring to fig. 5, let a uniform density gradient, increas¬ 
ing in the direction of the negative x-axis, be set up as a result of the 
fortuitous accumulation of a large nximber of particles in that region 
owing to the Browmian movement. We consider only motion parallel 
to the x-axis and divide the fluid into three shallow layers By A, C 
at distances —x, 0, and -f-x from the origin. The number of particles 
present per unit volume at 0 is a:(9»^/9x) if the number present 
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in unit volume at *1 is i'q. In a given time t a number of particles dv 
will experience a fortuitous variation of tlu ir co-onlinates by an 


amount lying between a and a -p da. Then 

dv~ if {a) da, .(GS) 

where it is required to find the natiue of tlie function /(a). Quite 
generally/(a) must satisfy the two relations 

f{-a)=f{a) {G9) 

and 

ry{a)da=\, .(70) 

•/ — X 



since there arc no preferred directions and the particle must be present 
somewhere. 

Applying equation (68) to the slices B and C, subtracting, and 
integrating, we obtain the number of particles crossing unit area of 
the plane at A if the integration is carried out (i) over all values of a 
from 0 to CO, since only particles passing towards A can be considered; 
(ii) over values of x less than a, since for a greater value of x the particle 
will not reach the plane at A on displacement. Hence, if the number 
of particles crossing uni t area of A in time t is represented by nt, wo 
have 

nt=2^£jy{a)da£xdx .... (71) 


or, changing the limits, 
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If a- represents the moan square displacement of the particles, since 
/ /(a) c/a = 1, we have 

— 30 


- 9v 

nt = 


(73) 


Equation (73) may be put into a more convenient form. Since 

p = vkT 


and the force on unit volume is equal to the gradient of the pressure, 
the force on each particle in unit volume is 


I dp __ kT dv 
V dx 


V ox 



Now by Stokes’s law 


F = GTTTjru, 



and the number of particles crossing imit area in unit time is 




Hence from equations (73), (74), (75), and (76) we have 




According to equation (77), which is Einstein’s equation, therefore, 
the mean square displacement increases in proportion to the time which 
has elapsed since the last observation. By a similar analysis, the mean 
square angular displacement which the particles suffer as a result of rota¬ 
tional motions arising from the Brownian movement may be shown to be 



IIT 

^irr^riN 




Equations (77) and (78) have been tested by Perrin by observing the motion 
of particles with a microscope fitted with a transparent squared gating in the 
eyepiece. The rotational motion is followed by means of observations on an air 
inclusion in a particle: urea is a particularly useful substance for this experiment. 

Besides showing that a® is proportional to t, Perrin observed that the lengths 
of the paths are distributed according to a Maxwellian distribution law. Later 
experiments by Seddig confirmed those of Perrin and extended the range over 
a mass variation of 1: 15,000. 

The validity of Einstein’s equation for particles suspended in gases was first 
investigated by Ehrenhaft and later by de Broglie. The most celebrated experi¬ 
ments are those of Millikan, in which an oil-drop is allowed to fall through a gas 
between the plates of a parallel plate condenser. With no electric field present, 
if the drop is small enough, it may readily be shown by observation with a micro¬ 
scope that t. To avoid determining r, the drop is allowed to fall under gravity 
whence, applying Stokes’s law, we have 

67njry = 5Jrr*{p — a)g, 


(79) 
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where p and a are the donsitioa of the oil and air respectively. The coefficient of 
viscosity of air has to bo determined by a separate experiment (see Chapter XII, 
§ 11, p. 277). If the drop is cliarged and an electrio field is applied ju.st before 
the drop reaches the lower condenser plate, the drop may be returned to its original 
position and the reading repeated, Fletcher took over GOOO readings with the 
same drop. 

The method has the following advantages over that with liquid emulsions: 


(i) a single particle may be observed for hours; 

(ii) identity of a large number of particles is not required; 

(iii) the kinetic theory of gases is better established for gases than for liquids; 

(iv) the displacement is about ten times as great in gases as in liquids, and 

by reducing the pressure it may be made 200 times as great. 


It may also be observed, as is 8ho^vn by Ising,* that the sensitiveness of 
galvanometers reaches its limit when the suspension is so fine that the suspended 
system has no definite zero, owing to the Brownian movement imparted by the 
surrounding gas molecules. With a sufficiently thin fibre Gcrlach obtiiined a 
Brownian movement of over a metre for the spot from a suspended rmrror illumi¬ 
nated with a lamp at a distance of a metre from the scale. Continuing Gerlach s 
work, Kappler has deduced the value of Avogsulro’s number from a photographic 
record of the Brownian movement of the spot of light. Since the system has one 
degree of freedom, by the theorem of the equipju’tition of energy we have 

.(80) 


where is the mean square deflection and c the restoring couple in the fibre for 
unit angle of twist. The value obtained for N is G*00 X 10“^ and is correct to within 
1 per cent. Care had to be token to reduce the elicct of mechanical vibrations 
and convection currents; the reality of the effect was strikingly shown by the 
gradual decrease in the motion as the gas pressure was reduced. According to 
Tinbergen, currents less than lO-*^ amperes cannot be measured directly even 
with a sensitive instrument such as the Einthoven string galvanometer, owmg to 
the Bro\vnian movement. For comparison it may be mentioned that the limit of 
weighing with a chemical balance set by the Brownian movement is 10 ** gm., 
actually the most sensitive instruments are still far from this limit, weighing to 
only 10“* gm. 


(c) BrillouirCs diffusion experiments. 

If and ^2 ropresent the numbers of particles per unit volume in 
an emulsion, situated a distance apart equal to the root mean square 
displacement d, in time t the net interchange of particles between the 
two regions is approximately 

n = ^d{vi — V 2 ) .(81) 

By the definition of the coefficient of diffusion D 

.(82) 

a 

Hence 

a* = 2Dt, .(83) 


♦ Ann. d. Phjaik, Vol. 14 (7), p. 755 (1932). 
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or, fmm eqnniions (77) and (83), 



BT 1_ 

1) Gir-qr 



To tost tlicsc relations, Brilloiiin used a suspension of gamboge in glycerine, 
in which was immersed a glass plate which acted as a perfect absorber for all 
grains coming into contact \\'ith it. If v represents the average number of grains 
j)er unit volume of the emulsion, the number of particles absorbed per unit area 
of the plate in time t will bo 

71 = .(85) 

since the probability that the particles will be displaeed toicards the plate is 
e(pial to From equations (S3) and (85), therefore, we have 

= .( 86 ) 


i.e. the square of the number of grains colleoted should be proportional to the 
time. Examination of photographs of the glass plate, taken at regular intervals 
of time, showed agreement with (86) and gave the value 6'9 X for N. 

The breadth of the tracks of ionizing particles in a cloud chamber apparatus 
illustrates the general validity of equation (83), as applied to the diffusion of ions 
in a gas, recombination being neglected. Using a counter-controlled cloud chamber, 
Blackett has shou-n that the breadth of the tracks is proportional to the square 
root of the time which elapses between the liberation of the ions and their fixation 
by water drops. Similarly, since the diffusion coefficient is inversely proportional 
to the pressure at the usual pressures used in cloud chambers, according to equa¬ 
tion (83) the track breadth is inversely proportional to the square root of the 

pressure. 

The separation of isotopes of the elements affords another practical applica- 
tion of diffusion theor}'. For a gas composed of two groups of molecules of masses 
Ml and J/g, but at the same uniform temperature and pressure throughout, 
the average kinetic energy of the two groups is the same. Hence if C,* and Cj* 
are the corresponding mean square velocities, then The 

velocities are therefore proportional to the reciprocal of the square root of the 
corresponding masses and, since the mean free paths arc approximately the 
same if we neglect the small difference in molecular diameter, the diffusion co¬ 
efficient is by equation (19) proportional to C and hence to Onscquently, 

if gas is passed along a porous tube, the lighter constituent will diffuse more 
rapidly than the heavier and the immediate separation factor is given by (d/ J • 
Effective separation in lighter elements like hydrogen and deuterium, and of 
the two neon isotopes 20 and 22, has been carried out in this way. With neon 
Hertz used 48 porous tubes in series and 24 pumps, and the diffusate was re¬ 
peatedly re-cycled. In a few hours a 99 per cent separation of over 50 c.c. of the 
lighter isotope was obtained. With the two isotopes of uranium 235 and ^8 the 
separation factor is very nearly unity, but separation has been effected usmg 
the gas uranium hexafluoride, acres of diffusion wall and thousands of pumps. 

Thermal diffusion processes may be used both in gases and liquids but, because 
of the high temperature required, corrosion is often a great practical difficulty. 
Originally introduced by Clusius and Dickel, the apparatus consisted of a tube 
some 36 m. long with a central wire maintained at 600° C. The two chlorme 
isotopes 35 and 37 gave a 99 per cent separation for 8 c.c. in 24 hours. The separa¬ 
tion is not governed by simple diffusion theory but depends to such an extent 
on intermoleeular forces that variations in temperature or concentration may 
decide whether the lighter or heavier isotope will eventually collect near the 

cooler surface. 
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Consideration of equation (67) shows that if more than one isotope is present 
in a gas, the vertical distribution density in tlio eartli’s gravitational held will be 
different for each isotope. This separation can be magnified by the action of a 
centrifuge to replace the gravitational acceleration g by a centrifugal acceleration 
as much as 10®^. If 02 and 0, represent the ratios (v^/v,) for the two isotopes, 
the ratio 02/01 of these two values at the periphery and at the centre of the 
centrifuge is given by equation (67) as exp [{d/o — where r = 

(^2 “ ^i)* ^^*1 9 replaced by the average acceleration between the 

centre and the periphery. The separation factor depends therefore on the differ¬ 
ence in the two isotope masses and not on the square root of the mass ratio as 
in diffusion processes. This characteristic makes the method equally applicable 
to light and heavy elements. Mechanical difficulties are immense, but Skarstrom, 
Carr and Beams obtained 16 c.c. of liquid carbon tetrachloride in which the 
chlorine 37 isotope was enriched by 5 per cent. Likewise Humplireys, using the 
Beams-type vacuum air-driven ultra-centrifuge, obtained an increase of 11 per 
cent in bromine 79 compared with bromine 81, using bromine vapour. 


((i) Fluctuations in fluids. 


If the actual number of particles present in_a given volume is n 
and the average number taken over a long time is ?i, the average relative 
fluctuation is defined by 


6 




From the probability calculus, Smoluchowski * showed that 



and hence, since the fluctuation in a volume containing 10,000 particles 
is about 1 per cent, the effect should be observable in fluids near the 
critical point. The effect manifests itself experimentally as critical 
opalescence. 

The opalescence, which, as we see, is constant with time, is explained 
on the molecular view by the fortuitous gathering of a large number 
of molecules in various places in the fluid, as a result of thermal agi¬ 
tation. The groups of molecules are large enough to scatter light appreci¬ 
ably, and since they are continually breaking up and forming fresh 
groups, a shimmering opalescence is produced. 


Combining Rayleigh’s formula for the scattering of light by small obstacles 
with Smoluchowski’s investigations on critical opalescence, Keesom f has derived 
the equation 


. I RT, » 


+ 2)“ (-j 


{dp/dv, 


} 


(89) 


* See FUrth, Schioankungserscheinutigen in der Pkysik [Sammlung Vieweg, Part 48; 
Brunswick, 1920). t J. Perrin, Atoms (Constable & Co. Ltd., 1923). 
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whrrc » is the fraction of the intensity of the light scattered per c.c. in a direction 
perpendicular to the incident beam, [Zq is the refractive index of the fluid for 
liglit of wave-lengtli X in free space, Vq is the specific volume of the liquid, 
and dpldt'a its isothermal compressibility. Experiments by Keesom and Kamer- 
lingh Oniies on ethylene at IMS® abs. gave a value for N equal to 7-5 X 10“ 
mols./gramme-moleeule. 


(e) Size of molecules from Van der Waals* etjuation. 

The size of the raolectiles of a gas may be determined directly in 
two ways from Van der Waals’ equation, provided the value of N 
is known. Thus, if the critical volume is measured directly, since 
= Zb, by Van der Waals’ equation,* and b = ^Tro^n, a is obtained. 
The method is not accurate, for is diflficult to measure experimentally; 
further, the relation Vc — 46 is shown to be in better agreement with 
the experimental results. 

According to Van der Waals, however, 

+ = • • • • 


under any 
of pressure 


conditions. Hence, if — fX) represents the coefficient 
increase of the gas at constant volume. 



from which the value of a is obtained. 


Further, if 



represents the coefficient of volume increase at constant pressure, from 
equation (90) we have approximately 



The value of a having been obtained from equation (91), the value of 
6 is finally given by equation (92). 


6. Production of High Vacua. 

The maintenance of a high vacuum depends on the freedom of the 
system from leaks; the whole apparatus must therefore be free from 
joins and, in general, consist of glass throughout, or of metal and glass 
directly sealed together where necessary. The speed with which the 
vacuum is obtained, apart from the nature of the pump, also depends 
on the breadth and length of the connecting tubes. Examination of 
equation (37), p. 202, shows that at low pressures the rate of flow of 
is inversely proportional to the length and directly proportional to the 

•See Roberts, ffea/ and Thermodynamics, fourth edition, p. 110. 
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cube of the radius of the tube. Finally, the degree of vacuum obtain¬ 
able and its measured value will depend on the vapour pressures of tJic 
materials in the pump (e.g. oil) ami pressure gauge (e.g. mercury) 
respectively. 

The pumps used for the production of low pressures may be broadly 
divided into two groups, according as their action is purely mechanical 
or depends on the molecular and kinetic properties of the gas. It is 
now possible to obtain mechanical pumps, such as the Gcryk “ R.L.” 
type, which by almost complete elimination of oil vapour will produce 
a vacuum of 10“^ mm. of mercury; * again, a mercury pump of the 
Sprengel or Topler type, although tedious to use, will produce a vacuum 
of the same order if a liquid-air trap is inserted between the mercury 
and the vessel which is being exhausted, to prevent access of mercury 







vapour to the evacuated system. In general, however, mechanical 
pumps produce vacua only of the order of 5 X 10”® mm., but their 
use is essential to provide a fore-vacuum or “ backing ” for the mole¬ 
cular pumps. 

(a) Cenco-Hyvac pump. 

As an example of a convenient mechanical pump, the Cenco-Hyvac pump 
(figs. 6(a) to (<i)) will now be described. The rotor A is mounted eccentrically in 
the cylinder, and four successive positions are shown. In the side of the outer 
cylinder a vane C slides; it is kept pressed in contact with A by means of a spring 
arm D. The vessel to be exhausted is connected to E and the exhaust is through 
the valve at L. The pump is immersed in oil, which is the operative medium in 
the pumping process, as well as a seal against leakage. In the first position in 
fig. 6(a), gas has just been admitted via E to the crescent-shaped space. In the 
second position, the gas is in process of being compressed as the eccentric rotor 
revolves, while fresh gas is being admitted behind the rotor. Further compression 
follows in stage (c), and finally at stage (d) the valve L opens and the gas is 
expeUed. The pump is constructed so as to act in two stages, the first pump being 
operated directly from atmospheric pressure and the second using the vacuum 
produced by the first as its fore-vacuum. The speed of pumping is about 6 litres 
a minute and the vacuum attainable about 10“^ mm. 


^ Id future, mai* will refer lo inui* of mercury. 
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(6) Gacde molecular fumf. 

It has been shown in § 3, p. 197, that when the mean free path A of 
the molecules is greater than the linear dimensions of the apparatus, 
the molecules acquire the properties of the walls of the apparatus and 
do not dissipate those properties rapidly by subsequent intramolecular 
collisions. If, therefore, the gas molecules in a fore-vacuum are allowed 
to come into contact with a rapidly moving surface, they will to some 
extent acquire the drift velocity of that surface. If the distance between 
two parallel boundary planes is d, one of the planes being fixed and the 
other moving, it may be shown that at low pressures the ratio of the 
gas pressures at two points a distance I apart measured in the direction 
of motion is 

Pi d’ 

where c is a constant. For a given 
velocity it is the ratio of the initial and 
final pressures which is constant; the 
fore-vacuum should therefore be as high 
as possible. 

The principle of the apparatus is shown in 
fig. 7, where the evacuated system and the 
exhaust are connected to V and Z respectively. 

The cylinder A rotates in the outer cylinder T, 
evacuation resulting from molecules being 
projected along the groove VZ after impact 
with the revolving cylinder A. At a speed of 12,000 revs./min. the vacuum 
attainable is less than 10“® mm. with a fore-vacuum of 1-2 mm. 


(93) 



(c) Mercury vapour pumps. 

As is well known, the passage of a steam or mercury vapour jet up 
the tube AB (fig. 8) gives rise to a vacuum in the system on the right. 
The pumping process depends on the relative rates of diffusion of the 
vapour of the jet and the gas through the porous plug. A large increase 
in efficiency is obtained by the introduction of the vapour trap cooled 
by water or liquid air. The principle was first applied by Gaede, who 
called the apparatus a diffusion pump. The porous plug was replaced 
by an adjustable slit, since it was found that the apparatus has maxi¬ 
mum efficiency when the width of the slit is approximately equal to 
A, the mean free path of the gas molecules. Further, the masimum 
effect is obtained when the pressure of the mercury vapour is just 
greater than that of the fore-vacuum. Vacua of less than 10"® mm. 
may be obtained, but while theoretically there is no limit to the vacuum 
attainable, in practice two disadvantages arise: (a) the exhaust speed 
is slow, (6) careful regulation of the temperature of the mercury vapour 

is required. 
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By a modification of tlie Gaode diffusion pump, by wliich it became 
a condensation pumpy Langmuir eliminated both tliesc disadvantages. 
The main advance consists in cooling the mercury vapour thoroughly 
at the jet, so that condensation occurs, back diffusion of the mercury 
vapour thereby being completely eliminated. The apparatus has the 
advantage of requiring no critical conditions and the size of the orifice 
may vary over a wide range. 

A convenient form is in fig. 0; mercury is heated in the P}tcx glass 

bulb *4, the vapour rising in the curved tube B. Condens<ation of the vapour 
is prevented by the asbestos lagging // until the vapour issues from the orifice P. 
The tube L is enclosed in another tube C, which is surrounded bv a water jacket 
J fed by the tubes K. The gas is discharged through N. The mercury vapour 
condenses almost instantaneously, very little rising above a point such os E. 



The system to be evacuated is connected by the tube li to the liquid-air trap G 
and thence by the cross-tube F to the tube C. The mercury collects in liquid 
form at D and is returned to the bulb A by the fine tube M. The pump is very 
efficient, reducing a pressure of 1 mm. to 10“^ mm. in 80 sec. with a speed of 
working of nearly 4 litres/sec. 

Many varieties and sizes of commercial pump are now available 
wliich operate on the above principles, but in most cases the mercury 
has been replaced as the working substance by special oils such as 
those of the Apiezon group. Robust vessels of copper and brass contain 
the oil which is vaporized by electrical heating. High efficiency is 
ensured since the vapotir pressure of these oils is extremely low at 
ordinary temperatures. The possibilities of metallic corrosion in various 
parts of the vacuum system are negligible compared with those when 
mercury is used. The high molecular weight of oil compared with that 
of mercury also ensures greater pumping speeds, sometimes as high as 
3600 litres/sec., but the lower temperatures essential with oil pumps to 
avoid decomposition of the oil require the use of larger and more 
expensive backing pumps to give a greater initial backing vacuum. 
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(d) Other processes. 

To pusli the vacuum below 10“® mm., methods other than pumping 
must be used. The commonest of these is a sorption process, in which 
the system is connected to a tube surrounded by liquid air and con¬ 
taining coconut charcoal which has been recently heated. The gas is 

absorbed by the charcoal and a 
pressure of 10”’ mm. may be 
obtained in this way. The rate 
of absorption is monomolecular. 
Gases such as nitrogen, carbon 
dioxide, ammonia and hydrogen 
may be readily removed. Hy¬ 
drogen may also be eliminated 
by its affinity for palladium or 
platinum black. 

Traces of oxygen and some 
other gases may be removed by 
the chemical process of “ flash¬ 
ing ”, that is, vaporizing a 
metal such as magnesium or 
M calcium in a vessel connected to 

the system; a compound of neg¬ 
ligible vapour pressure is formed. 
Again, thermal processes may be 
employed; thus nitrogen is 
slowly removed in the presence 
of an incandescent tungsten 
filament. Finally, electrical pro¬ 
cesses are available either in the 
form of the glow discharge or of impacts of electrons obtained 
thermionically. The action is generally considered to consist in 
ionization of the gas atoms or molecules, after which the ions 
adhere to the walls of the container, particularly if the latter is suitably 
cooled. 



(e) Pumping speeds. 

Since the number of gas molecules escaping through an aperture 
into a perfect vacuum in unit time is \vc, substituting the appropriate 
quantities for air at 27° C. we obtain a figure of 11-7 litres/sec. The 
speed factor of an actual pmnp is defined as the ratio of the volume of 
gas passing through the throat of the pump per second to the above 
ideal figure. Mercury diffusion pumps such as those described in (c) 
have speed factors up to 0*3; for the more recent oil diffusion pumps 
it is nearer 0*5 or 0*6. 
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The efTective pumping speed S at the end of tlie vacuum line will 
be less than Sq because of the resistance W of the line, the relation 
between these quantities being l/S = I/Sq -f II'. From equation (37) 
IF is proportional to lla^\ the proportionality constant depends on the 
square root of the molecular weight, and it is approximately unity if 
the values are inserted for air, I and a are expressed in millimetres 
and IF is then in seconds per litre. 

The rate at which the pressure P is reduced in a given apparatus is, 
by application of Boyle’s law, equal to dPjih = —S{P — Pq)IV, where 
V is the volume of the apparatus and P^ is the final limiting pressure 
attainable by the pump because of leaks and gas emission. The time 
taken for a vacuum system to recover its required pressure Pg ^ 
surge of gas has temporarily raised tlie pressure to P^, where both 
pressures are considerably greater than Pq, is given by 



by integration of the preceding equation. 

7. Measurement of Low Pressures. 

Of the manometers described below, those under (a) and (6) are 
not directly dependent on molecular and kinetic properties of the gas, 
but are merely refined extensions of methods for measuring ordinary 
gas pressures. The remaining pressure gauges are all based on known 
theoretical laws connecting the measured property of the gas with its 
pressure. 

(a) Mercury tnanomelers. 

A direct extension of the ordinary mercury manometer to the 
measurement of low pressures may be obtained by the use of the 
optical lever. 

Fig. 10 shows an apparatus due to Carver; the mercury cut-off at A is initially 
open, and a tap (not 8ho%vn) at the top of the gas tube cuts off the system whose 
pressure is required. The gauge is then exhausted os highly as possible and the 
zero reading is observed. The reading is provided by a beam of light reflected 
from the mirror C, which is pivoted in the holder E on two knife-edges; the 
movable portion rests on a steel float D, which rises and falls as the mercury level 
changes with a given change of pressure. The apparatus will measure pressures 
down to 10“^ mm. and may also be used at ordinary pressures to determine small 
differences of pressure. The pressure may be calculated directly from the dimen¬ 
sions of the apparatus, or a ^IcLeod gauge may bo used for calibration. The main 
disadvantage is the unsteadinesj of the zero, due to vibration ripples on the 
surface of the mercury. 

The standard instrument against which almost all manometers are 
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in practice calibrated is the McLeod gauge, which depends for its 
action on the validity of Boyle’s law at low gas pressures. 

Fig. 11 illustrates Gaede’s modification of the McLeod gauge; gas from the 
system whose pressure is required enters the gauge through B and fills the gauge 
do^vn to the level of the mercury reservoir. The reservoir O is then raised, cutting 
off the gas present in the bulb H and compressing it into the capillary extension 
which lies along the scale KKi. The mercury rises faster in the left-hand arm, 
and may be made to stand at any arbitrary height in the tube A, above that in 
the closed tube. Then if the gas pressure in the system is p, the volume of bulb 
and capillary V, the final pressure {p H) and 
the final volume Fj, we have 


B 


pV^ (p-\- H)V^, 


or, since pc^H, 


P=~y 


(04) 
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Fig. 10 


Fig. II 


An alternative method of using the gauge is to raise the reservoir between 
fixed positions {R and R^ in the figure). When the reservoir is at R^, the bulb 
and capillary are open to the system; when the reservoir is raised to Rt the 
mercury always rises to the level in A corresponding to the top of the closed 
capillary and forming the zero of the scale KK^. (The tube A and the closed 
capillary are of the same diameter, to avoid differences in pressure arising from 
the capillary depression of mercury in a narrow tube.) Then applying Boyle’s 
law before and after compression, if p and H are measured in mm. and Vq is the 
volume of 1 mm. length of the capillary tube, we have 


or, since p<^H, 


p7=s (p -P H)H7^ 




The scale KKi is graduated directly according to this parabolic law; a large range 
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of pressures is thus obt^vined on a relatively short scale. Pressures from 100 mm. 
to 1 mm. can be read directly on the manometer M and from 1 to 10”* min. on 
the scale KKi. 

The McLeod gauge measures pressures down to 10“^ mm., but of 
course the pressures include those of mercury vapour and other vapours, 
unless the latter are removed by suitable condensing traps. 

(6) Mechanical manometers. 

The common Bourdon brass spiral gauge has been applied to the 
measurement of low pressures by Ladenburg and others in the form of 
a spiral of thin glass tubing. The movement of the end of the spiral is 
registered by an attached mirror which allows the use of an optical 
lever. A null method is often used, external pressure being applied 
to bring the mirror back to its zero position: this external pressure 
is recorded by a McLeod gauge placed at a distance. The pressure 
of corrosive gases which attack mercury may be foimd in this way. 

Alternatively, a type of 
aneroid barometer may be 
used in the form of a 
brass box containing a 
thin dividing membrane of 
copper. One side of the 
membrane is connected to 
a very high vacuum and 
the other side to the system 
whose pressure is required. 

The membrane presses 
against a glass plate, the 
system is illuminated, and 
the interference fringes 
are observed with a mi¬ 
croscope. The apparatus 
is calibrated against the 
McLeod gauge. 

(c) Viscosity manometers. 

Reference to equation (23), p. 198, shows that at low pressures the 
viscous force existing between two surfaces in relative motion is 
directly proportional to the pressure of the gas and to the square root of 
its molecular weight. Manometers based on this relation are of two 
types, which depend on (a) the rate of damping of a vibrating system 
suspended in the gas, or (6) the steady torque communicated to a 
suspended surface placed opposite a surface in motion. 

In Coolidge’s quartz fibre manometer (fig. 12) two fine quartz fibres are arranged 
in semi'bifilar suspension and end in a common tip, the vibratory motion of 
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which 13 observed by a microscope with a scale in the eyepiece. If we denote 
the logarithmic decrement, which is a measure of the total damping, by X, the 
general relation will be 

X~a+6;?d/i, .(96) 


where a represents the damping due to friction of the support and h is constant 
at constant temperature. The quantity a is determined from the residual damping 
when the system is completely exhausted. The apparatus is calibrated against 
the McLeod gauge; the linear relation is valid over the range 10”* mm. to lO”® mm. 




Fig. 13 


In Dushman's molecular gauge, the viscous drag exerted when a disc C (fig. 13) 
is rotated rapidly at uniform speed close to a similar plate B suspended by a 
quartz fibre D is observed by means of a mirror E. The whole system is con¬ 
tained in the glass vessel A, and to ensure absence of leaks from the air the disc 
C is rotated by the effect of a rotating magnetic field in the Gramme ring GG 
on the magnet NS, fixed to the vertical axle F. If is the radius of the upper 
disc, and we consider a circular strip of radii r and r -f- dr, the total torque exerted 
by the lower disc, by equation 23, is 


Te=y"* rfi'o>rp^^y270'dr 


TzKjHiiTf^ / 3/ \i 
2 \Rf) 



where /T is a constant, 0 the deflection produced, t the restoring couple for unit 
angle of twist, and co the angular velocity of rotation of the lower disc. 
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A more correct formula given by Dushman * is 




(98) 


where D is the diameter of the rotatin? disc C, S and t are the moment of inertia 
and the period of natural oscillation of the disc I), and h is a constant involving 
the accommodation coclficient. Pressures down to 10 ’ mm. may be measured 
with this apparatus, the usual range extending from 10~® mm. By equation (1)8). 
the instrument may be used to measure pressure absolutely, but k is not usually 
known accurately, so the McLeod gauge is generally used for calibration. 


{d) Radiometer gauges. 

The common Croolces radiometer may be used to measure low gas 
pressures, but its operation is complicated and still doubtfully under¬ 




stood. The explanation that the radiometric forces arise simply from 
the greater velocity of rebound of molecules from the surface at higher 
temperature is untenable, as this process would lead to a decrease in 
the density of the gas close to the surface, and a consequent reduction 
in the number of molecular impacts per second. It would appear that 
fresh gas is continually supplied to the centre of the hot surface by 
thermal creep in which, as Maxwell first showed, there is a steady creep 
of gas across the plate from the colder edges to the hotter central 
region. The final behaviour of the radiometer depends greatly on the 
shape of the suspended vanes. Its use is therefore restricted to quali¬ 
tative investigation. On the other hand, KnudserCs absolute mayiometer 
rivals the McLeod gauge for the absolute determination of low pressures. 
It has the further advantage of measuring the pressures of vapours, 
but it is much less convenient to use. 


• Phyn. Rtv., Vol. 5, p. 212 (1015). 
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The instrument consists of two fixed mica strips heated electrically and placed 
on either side of a third strip suspended by a torsion wire. The radiometer forces 
exert a torque on the suspended strip, measurement being carried out with 
mirror, lamp and scale. 

The torque is proportional to the gas pressure, and the theory of 
the instrument has already been discussed fully in this series.* The 
final relation obtained is 

_ 8772 8 ffi Tg 

^ “ Dafid^ r, - 

where dj is the scale deflection, dg the distance of the scale from the 
mirror, and a, ty 8 and D are the area of one side, period of oscillation, 

moment of inertia, and mean 
diameter of the suspended strip 
respectively.! The range is from 
10~2 mm. downwards, and the 
scale is linear except near the 
higher limit of pressure. 

(e) Pirani-Hall gauge. 

Since from equation (40), p. 
204, the quantity of heat 
conducted through a gas at low 
pressure is proportional to the 
pressure, a convenient gauge 
may be based on the change in 
electrical resistance of a heated 
tungsten wire immersed in the gas. 

The general arrangement is shown 
in fig. 14, which shows a modification 
due to Hall and is self-explanatory. 
The gauge may be used in three wajrs: 
(1) the voltage may be maintained 
constant and the variation of the 
current » with the pressure p may bo 
observed, (2) the resistance may be maintained constant and the variation of 
energy input with p observed, or (3) the current may be maintained constant 
and the variation of r with p observed (Pirani-Hall method). Linear relations 
are obtained with different gases over a range of 10~® mm. to 10“* mm.; the 
apparatus is usually calibrated against the McLeod gauge. 

(/) Ionization gauges. 

These gauges are based on the dependence of ionization on gas 
pressure. The existence of a linear relation depends on the arrange- 

• Roberts, Heat and Thermodynamies^ fourth edition, p. 96 et seq. 
t G. W. Todd, Phil. Mag., Vol. 38, p. 381 (1919). 
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ment of tlie apparatus, a satisfactory form being that of Dushinaii 
and Found shown in fig. 15. 

The plate, which is in the form of a grid and occupies tho position normally 
held by the latter in a triode, has a pt')tential of about +250 volts relative to tho 
filament. The collector of the po.sitive ions, which consists of an outer cylinder 
of molybdenum, has a potential of about —20 volts relative to the cathode. 
The positive ion current is registered by a sensitive galvanometer and is found 
to be linearly related to the gas pressure over a wide range. Experiments with 
argon, the pressure of which was determined simultaneously with a Mcl^od 
gauge, showed that the greater the electron current, the higher the pressure 
at which the linear relation remains vaUd. The range is from 10~- mm. to tho 
lowest pressures attainable. 

In one modification of the ionization gauge, a magnetic field is 
applied so that the electrons move in long helical path>; they thus 
produce a maximum ionization by repeated collision with gas molecules, 
with a consequent increase in sensitivity of the instrument. 

(g) Effusion gauges. 

The use of effusion gauges is normally restricted to the measure¬ 
ment of vapour pressures of metals, an adequate account of which 
will be found in Roberts’ Heat and Thermodynamics, fourth edition, 
p. 216 et seq. 

(A) Com-parison of low-pressure manometers. 

The choice of a gauge for the measurement of high vacua depends 
on whether it is to be used to measure a steady pressure as accurately 
as possible, or whether it is required to indicate the presence of leaks 
in the vacuum system. Precise work will require many precautions 
whatever gauge is used and the final selection will depend very much 
on the individual experimental conditions. For leak-testing purposes 
the McLeod gauge is simple, reliable, and cheap, but it is bulky and 
not suitable for instantaneous readings. Its main disadvantage, how¬ 
ever, is that any failure to keep the liquid air trap in full operation may 
lead to serious contamination by mercury vapour of metal parts of the 
system in general, and of the Apiezoii oil pump in particular. The 
Pirani gauge has all the advantages of the McLeod gauge. In addition, 
readings can be taken at any distance from the apparatus, and they 
are instantaneous. It is, however, very sensitive to external and internal 
disturbances, such as mechanical shock and temperature fluctuation; 
the widely wandering zero which results makes detection of leaks with 
this instrument very difficult. 

The ionization gauge is very sensitive, instantaneous, and flexible. 
Its disadvantage lies in the limited life of the filament, the high tem¬ 
perature of which will decompose organic and other vapours. Reliable 
results require regular degassing of the gauge which may prove 
tedious. \TOle the Knudsen gauge may require great care when used 
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as an absolute instrument because of uncertainties connected with the 

accommodation coetficient, many workers consider it to be the best 

% 

instrument for leak detection. For most thermal gauges the energy 
transfer due to molecular conduction and to radiation are comparable, 
but the momentum carried by the molecules greatly exceeds that of 
the photons. It is this fact that gives the Knudsen gauge an advantage 
over the Pirani gauge in freedom from externa) disturbances. Further 
advantages compared with other forms of manometer are the absence 
of a filament running at very high temperatures, and the absence of 
mercury vapour. However, the scale actually on the gauge must usually 
be read, and this may be a disadvantage since the gauge must be mounted 
close to the vacuum system. 
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CHAPTER X 


Osmotic Pressure 

1. Osmotic Pressure of Solutions. 

Various experiments lead to the view that in some way a substance 
in solution exerts a mechanical pressure on the walls of the containing 
vessel. To demonstrate this it is convenient to use a so-called semi- 
permeable membrane. This is a natural or artificial membrane, possess¬ 
ing the property of allowing the molecules of a solvent to pass through 
freely, but completely obstructing the molecules of a solute. For 

example, a gelatinous layer of cupric ferrocyanide, 
deposited in a porous pot, acts in this way with 
respect to a solution of cane sugar in water. It 
prevents the passage of the sugar, but freely transmits 
the water. A porous pot cylinder, with a semi-permeable 
membrane of cupric ferrocyanide deposited in its walls, 
is filled with a solution of cane sugar in water. A long 
glass tube is then fixed through the top of the cylinder, 
the joint is made watertight, and the cylinder is made 
to stand in a beaker of pure water. As time goes 
on, it is found that the liquid inside the glass tube 
rises to a considerable height and comes to rest. 
Fig. 1 represents the situation after equilibrium has been reached. 
The cylinder has been adjusted so that the scmi-permeable base 
just touches the pure water. Water has entered the cylinder and 
tube until the difference of the two levels has become H cm. A 
hydrostatic pressure of gpH dynes per sq. cm., plus the pressure 
at Xy now acts on the inner surface of the semi-permeable mem¬ 
brane in the base of the cylinder, where p is the density of the 
solution in its final state. A pressure goHy plus the pressure at X or 2, 
acts on the solvent at Y, where a is the vapour density. The same 
pressure acts upwards on the lower side of the membrane. It may be 
said that a pressure gl1{p — o), applied to the inner surface of the 
membrane or to the solution, prevents more water from entering. 
This quantity is called the osmotic pressure of the solution in its final 


state: i 

P = gH{p-<r) .(1) 

231 



Fig. i 
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Semi-permeable membranes and the phenomenon of osmotic pressure 
play a great part in connexion with the properties of cells in plants 
and animals. Solutions with equal osmotic pressures, though not 
necessarily with the same solute or solvent, are said to be isotonic. 
In giving medical injections, swelling of the red blood corpuscles is 
avoided by using solutions isotonic with the contents of the corpuscles. 

The osmotic pressure of a solution is often regarded as being 
produced in the same way as the pressure of a gas, that is, it is supposed 
that the molecules or ions of a solute are endowed with motion, that 
they bombard the walls of the containing vessel, and that the osmotic 
pressure is the normal momentum imparted to the walls per sq. cm. 
per sec. In dilute solutions it is supposed that the molecules or ions 
of the solute move about, unimpeded by the presence of the molecules 
of the solvent, and without exerting forces on one another; in fact, 
the solute behaves as a perfect gas would behave if it occupied the 
same total volume as the solution. Other views of osmotic pressure 
have been put forward from time to time, but these will not be con¬ 
sidered here. 

Experiment shows that the value of the osmotic pressure of a very 
dilute solution of a solute which does not dissociate when placed in 
the solvent is, in fact, that which it would have if the solute were 
a perfect gas occupying the same total volume as the solution. This 
result is known as van't Hoff's laWy the classical law of osmotic pressure. 
In symbols, it may be written 

.( 2 ) 

Md W' ' ^ 

where P is the osmotic pressure of the solution, F its volume, B the 
absolute temperature, M the mass of solute, W the molecular weight 
of the solute, and R a constant. If P is in dynes per sq. cm., V in c.c., 
M in gm., and W the molecular weight, 8*315 X 10^ Its dimen¬ 
sions are those of work/temperature or Equation (2) 

may also be written in the form 

P=hn9y .(3) 

where k is Boltzmann’s constant, equal to T372 X 10“^®, and n is 
the concentration of solute molecules in molecules per c.c. In the 
case of solutes where each molecule completely dissociates into v ions, 

van’t Hofi’s law becomes 


PV _ vR 

.... (4) 

MB W' 

P= vknB. . . . 

.... (S' 


which reduces to 
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Wliatever the nature of solutions inav bo, thermodynamics enables 
us to deduce various laws connected with their osmotic pressure, 
vapour pressure, (fee. Some of these laws will be discussed before we 
consider modern \'iews of the nature of solutions. 

2, The Osmotic Pressure of a Dilute Solution is Proportional to the 
Absolute Temperature. 

Consider a quantity of a dilute solution enclosed in a cylindrical 
vessel ABCD (fig. 2). Let the latter be provided with a frictionless 
piston, the head of which is semi-permeable in the sense used above. 
Let the volume of solution be V c.c., its osmotic pressure P dynes 
per sq. cm., and its absolute temperature 6. Let there be pure solvent 
above the piston head. During any motion of the piston the solute 



Fig. 2 



is kept in the lower part of ABCD, but pure solvent passes freely through 
the piston head. Let the system be taken through the cycle LMNO, 
which is represented on a PV diagram in fig. 3. (1) Let the initial 
state P, V, 6 be represented by the point L, when the piston is at 
AB, Let the piston move up very slowly at constant temperature 6, 
so as to sweep out a volume dV, that is, admitting dV c.c. of solvent. 
The point M represents the new state of the solute. (2) Let the piston 
move up a little farther, so that the temperature drops adiabatically 
to 0 — dO, that is, take the solute along the path MN to N. (3) Let 
the piston be pushed down at constant temperature B dO until 
the volume is represented by the point 0. (4) Finally, let the piston 
be pushed down a little farther, so that the enclosed solution has its 
temperature adiabatically raised by dQ, and the point L is again reached. 

Thus LM.NO is a Carnot cycle, in the thermodynamic sense. Its 
efficiency, by a property * of such cycles, is {0 — (O — d0)}/0 = dBjd. 

• See Roberts, Heal and Thermodynamics, fourth edition, p. 307. 
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From another point of view, its efficiency is equal to the area of the 
cycle divided by the heat taken in by the substance along LM. The 
area of LMNO— the area of LMXY = LYdV. The quantity LY 
may be written in the form (dPjd$)frdd, for it is the change in osmotic 
pressure at constant volume corresponding to a change of temperature 
dO. Hence the area is (dPld6)^dddV, The solution is so dilute that 
along LM there is no heat of “ further ” dilution to allow for, and 
the only heat absorbed along LM by the solution is that required to 
make up for the work PdV done by the solution and so keep the 
temperature constant. The second expression for the efficiency becomes 
UdPjdd)yd6dV]IPdV. Equating the two expressions and clearing 
tractions, we have (0P/30)^= PjO. By integration, 


and 


logP = log^ + a constant, 


P=a9, 


( 6 ) 


where a is a constant as far as temperature is concerned, but may 
depend on the volume. This result, of course, is part of van’t Hoil’s 
law. 


3. Difference between the Vapour Pressure of a Pure Solvent and that of 
a Dilute Solution. 

Consider the simple arrangement shown in fig. 1 and described 
on p. 231. Let the vapour pressures at points X and F, just above the 
surfaces of solution and solvent, be p' and p respectively. Let the 
densities of the vapour and solution be ct and p. Neglect changes in 
vapour density with height. To get from JV to F, it is possible to 
proceed in two ways, (1) via the solution and solvent, along the route 
XWYj (2) via the vapour only, along the route XZY. The pressure 
change in going from X to F must be the same along both paths. 
Along XWY, p = p' 9pH — P, since the pressure is p' at A, rises 
by gpH in going from X to the bottom of the column of solution, and 
then falls by P as the semi-permeable membrane is crossed. Along 
XZYf p = p' 9 <^Hj since the drop in level in the vapour is the only 
cause of change in pressure. Hence gpH — P = p — p' = goH^ 
P ~ gU{p — a), and gH = P/(p — a). Thus 


P — = 


Pa 



Since <t < p, the approximation 

/ P<^ 

v-p- - 



is often used. 
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4. Difference between the Boiling Point of a Pure Solvent and that of a 
Dilute Solution. 

A liquid boils when its saturation vapour pressure is equal to the 
pressure of the atmosj)here above its surface. Fig. 4 shows the curves 
connecting the saturation vapour pressure and the absolute tempera¬ 
ture of a pure liquid and of a dilute solution with the same liquid as 
solvent. Let A represent the boiling point of the pure solvent at 
temperature 6. At this temperature the vapour pressure of the solution 

is lower than that of the 
solvent, represented by the 
point B. To make the 
solution boil, its vapour 
pressure must be brought 
up to atmospheric pressure. 
This is done if the tempera¬ 
ture is raised by an amount 
A0, say, so that the vapour 
j)ressure p of the solution is 
represented by the point C, 

where AL = CM = p. Let 
BL = p\ The curve BC 
connects p' and 6. To a 
change in temperatime (W, 
there corresponds a change 
of pressure dp'. Hence to a 
change in temperature A0, there corresponds a change of pressure 
(dp'ldd)Adj which must be equal to p ~ p'. Thus 


Boiling fhint 



lie' 


(9) 


Assume that the slopes of the two curves near A and B are equal, 
that is, that dpjdO = dp*jdO, an assumption borne out by experiment. 
By a relation known as the first latent heat equation, or Clapeyron s 
equation,* 

iv =. ^ . .( 10 ) 

d6 d{v2 — Vj) 

during a change of state, where L is the latent heat in ergs per gramme, 
and Ug and Vy are the specific volumes of the vapour and liquid solvent 
respectively at temperature 6. Hence 


V-V 

mv.~v,y 


(11) 


Koboi'U, Htat and Tluinmdynamica. tourtb edition, p. 375. 
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By equation (8), 


= 


Pa 


where a is the vapour density of solvent vapour (=l/?^ 2 )> P density 
of the dilute solution, and P its osmotic pressure. As the solution is 
dilute, assume that p is the density of the pure solvent. Then p = Ijv^. 
In equation (11) substitute for p — p' from equation (8), neglect in 
comparison with Vg) since the specific volume of a liquid is so much 
less than that of its vapour, and replace by I/ct. Then 


or 



laid 




In numerical substitutions, P is in dynes per sq. cm., L in ergs per 
gramme^ and p in grammes per c.c. is numerically positive, so that 
the solution has a higher boiling point than the solvent. Since P= vknO^ 
by equation (5), 




5. Difference between the Freezing Point of a Pure Solvent and that 
of a Dilute Solution. 

The freezing point of a pure solvent is that temperature at which 
the liquid phase of the substance is in equilibrium with the solid 
phase and their vapour pressures are equal. If no substance other 
than the vapour occupies the space above the liquid and solid phases, 
all three phases, solid, liquid and vapour, can be in equilibrium, and 
the freezing point is also the triple point. If the vessel is open to 
the atmosphere, the freezing point is not quite the same as the triple 
point. For example, the ordinary melting point of ice is 0® C., but the 
triple point is +0*0074° C. 

When a solution freezes, only the pure solvent crystallizes out. The 
freezing point is lower than that of the pure solvent, and is the tem¬ 
perature at which the solid phase of the solvent is in equilibrium with 
the liquid solution, that is, at which the vapour pressure of the solution 
is the same as that of the solid solvent. Consider fig. 5, in which AB 
represents the p9 curve of the vapour of the liquid solvent, DB re¬ 
presents that of the vapour of the solid solvent, and DC the p'6 curve 
of the vapour of the solution. B represents the freezing point and triple 
point of the pure solvent, D the freezing point of the solution. 

Draw vertical straight lines ADH and BCK through D and B 
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respectively, and horizontal straight lines DE. A F. Let OK = 0, 011 — 
6 — ^6. Experiment shows that AB and DC have the same slope. 
Hence AD= BC = p — Hence AD = Pojp, approximately, by 
equation ( 8 ), p. 231, where a is the vapour density, p the density of the 
dilute solution (which is nearly equal to the density of the solvent), 
and P is the osmotic pressure of the solution at 0. Also AD= BC~ 
BE — CE. DE represents the lowering of the freezing point A0 
produced by the presence of the solute. BE = DE t^uBDE = 
M{dpldd), where dp/dO relates to the vapour pressure of the solid sol¬ 
vent. CE = DE tan CDE == DE tan BAF, since AB and DC are parallel, 
=A6{dpldd) where dpjdd relates to the vapour pressure of the liquid 



solvent. Hence AD = BE — CE = A0{(9p/90)soHd — 

Clapeyron’s equation ( 10 ) applied to the transition solid-vapour gives 
^P/3^soUd = — Vi), where ijg is the latent heat of transition 

from solid to vapour, and and v-^ the specific volumes of vapour and 
solid respectively. Now Vg ^ and Vg = l/o-, where a is the vapour 
density. Hence {dpjdd)^^^ — Sunilarly (9^^/50)nqiiid — 

where Z-gg is the latent heat of transition from liquid to vapour. Hence 
= A 0 {Zj 3 ct /0 — ^ 230 / 0 ^= A 0 . Zj 2 ct/ 0 , where L ^2 1 -^® latent 

heat of transition from solid to liquid, since Z 13 = + Zog near the 

triple point. Equating the two values of AD, we have 

A0=f^ .(14) 

Z12P 

An accurate (but indirect) method for measuring osmotic pressure is 
based on this formula. 

6. Measurement of Osmotic Pressure. 

Osmotic pressure may be measured directly e.g. by the method of 
Berkeley and Hartley.* 

•PAi7. Traits. Roy. 80 c., A., Vol. 206, p. 481 (1906). 
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A horizontfil porrelnin tube .-I (fig. 6) has a semi-permeable membrane of 
('uFe((’N)f di posiiecl near the outer wall. The gun-metal case B enclosing A is 
filled with the solution under test bv the side-tube C. The brass end-tubes D 
and E lead respectively to a vertical open graduated glass capillary tube and to 
a tap. The solvent (water) is placed in the porcelain, brass and glass tubes. 



Solvent tends to pass through the membrane, but is prevented by a hydrostatic 
pressure applied through 0. When the applied hydrostatic pressure is just equal 
to the sum of the required osmotic pressure and the small hydrostatic pressure 
on the solvent in A, the meniscus in F remains stationary. The membrane 
was strong enough to allow’ osmotic pressures of 130 atmospheres to bo measured. 

A second arrangement for measuring osmotic pressure, suitable for 
concentrated solutions, is that of Frazer and Myrick, with improvements 
by Morse and Frazer, Grollman and Frazer, and Lotz and Frazer {see 
fig. 7). In order to stand pressures of the order of 250 atmospheres, a 
cylindrical earthenware cell M, of special quality, with a semi-perraeable 
membrane of Cu,Fe(CN)fi inside its wail, is inserted in a bronze cylinder 
J. Pure solvent, e.g. water, is contained in the central space L, while 
the solution whose osmotic pressure is required is placed in the outer 
compartment B between M and J. A bent glass tube T serves to admit 
more solvent from outside and, being open to the atmosphere, the 
pressure at the meniscus level in the open arm has a known value. 
Leaks between cell and cylinder are avoided by using a washer 0 made 
of a substance known commercially in U.S.A. as “ Rainbow Packing ”, 
In the older work the osmotic pressure itself was measured by con¬ 
necting the top of the bronze cylinder J to a mercury-in-glass mano¬ 
meter. On account of several sources of error and the disadvantage of 
breaking at high pressure, the mercury manometer of older measure¬ 
ments is now replaced by a resistance manometer, i.e. in the upward 
prolongation of J a metal wire, suitably mounted, is included as part 
of an external electric circuit. As the hydrostatic pressure P on the 
wire increases, the electric resistance increases according to a linear 

law 

It = a -\-hP or P = cR — d. 

R is therefore measured and P calculated. This enables the work to 
be carried out for much higher pressures, i.e. with strong solutions. 



X] 


MEASUKEMEN'F OF OSMO'FIC PRESSURE 


239 


There is still a source of error, namelv hysteresis, i.e. a creep of the 
zero of the galvanometer used owing to a slow change of resistance, 
even when P is steady. Hence, in the latest form the pressure is 
measured by an optical method. The upward extension of J is made 
to form part of an optical interferometer, in which a beam of mono¬ 
chromatic light travels along a known length of the solution. Another 



Open fo 
almospker^ 


Tiihc containing 
solvent T 


part of the same beam describes a similar path outside the solution, 
and the two parts are arranged to give interference fringes whose central 
fringe can be covered bv the cross wire of an eyepiece. When the pressure 
on the solution increases, the refractive index also increases according 
to a linear law 

^ = a + 6P or P = cfi — d. 

The effective optical path of the light through the solution is increased, 
the interference fringes shift and can be calculated from observations 
of the shift. In every type of experiment the temperature must be 
kept constant by a good thermostatic arrangement. 

(a) Measurement of osmotic pressure by the method of isothermal distilla¬ 
tion (see fig. 8). 

The method of isotliermal distillation makes use of two general 
properties of liquids to which much attention is not usually given, viz. 
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SoJuti 


Solvent 




(1) that changing the hydrostatic pressure on the surface of a liquid 
changes its vapour pressure, and (2) that a column of de-aerated liquid 
can support the application of a longitudinal tension without break¬ 
ing. It is a method suitable for smaller osmotic pressures, say, of not 

more than one or two atmospheres. 
In one and the same enclosure quan¬ 
tities of (a) pure solvent and (6) solu¬ 
tion are exposed in separate con¬ 
tainers. The vapour of the solvent 
fills the vessel above both the exposed 
surfaces. Since the vapour pressure 
of the solvent exceeds that of the 
solution, solvent at first distils over 
into the solution. The vapour pres¬ 
sure of the solvent is then reduced 
by making use of the two properties 
just mentioned, in that a normal 
.. .. tension is applied to the surface of 

Porous disc (1 11 the solvent, directed from the sur¬ 

face to the interior. This tension 
jQfi II II II II is simply the downward weight of 

a de-aerated column of solvent, 
hanging beneath the exposed sur¬ 
face. The length of the hanging 
column is adjusted until solvent 
ceases to distil over into the solution. 
It is then assumed that the vapour 
pressures of solvent and solution are 
equal. The osmotic pressure of the 
solution is then taken as equal to 
gph, where p is the density and h the 
length of the suspended column. 

In order to carry out the experi¬ 
ment the solvent is introduced into a 
porous disc made either of a mixture 
of clay (pot) and Pyrex glass powder 
(Townend) or a sintered glass filter 
plate (Ulmann). The pores are of 
F‘8- « such a size as to cause the solvent 

to rise from below to the upper 
surface, but are sufficiently small to ensure that the maximum capillary 
rise, if the pores were long enough, would be greater than the osmotic 
pressure to be measured. Underneath the porous disc, in contact with 
it and effectively hanging from it is a column of de-aerated solvent, and 
below that a column of merctiry. This compound column is the one 


Mercury 




MEASUREMENT OF OSMOTIC PRESSURE 


241 



which reduces the hydrostatic pressure on the surface of the solvent 
by an amount equal to the osmotic pressure to be measured. Instead 
of finding the equilibrium point by one tedious operation, it is deter¬ 
mined by measuring the mass distilling over from solvent to solution 
per minute under various downward tensions. 

A graph is plotted with masses distilling over per minute as ordinates 
and tensions per sq. cm. as ab.scissie. Tliis grajdi is a straight line. The 
abscissa intercept for zero mass distilling over gives the tension per 
sq. cm. for that case, and this is the required osmotic pressure. Thermo¬ 
static temperature control is of ver}’ great importance, because a change 
in temperature of 0-00053° C. ])roduces the same effect as an N/1000 
solution. Air-free liquids are imperative. Tlic concentration of the 
solution is determined at the end of an experiment from the refractive 
mdex, which is itself determined by an optical interferometer. The 
method has been successfully applied to organic solutions (Ulmann). 
The time taken by a measurement is said to be much shorter than by 
the clay-cell method. 


(b) The thermocouple method. 

In order to measure or compare the osmotic pressures of aqueous 
solutions available only in very small quantities down to about one 
milligramme, the method of Hill may be 
used, as modified by Baldes. 

A thermocouple of the shape shown 
in fig. 9 is constructed with very thin 
wires of manganin and constantan. 

ABA represents constantan, AC (two 
pieces) represents manganin, and C’D 
(twopieces)represents copper connecting 
wire. If the osmotic pressures of two 
solutions are being compared, a small 
drop of the first is pipetted on one 
junction A, and a similar drop of the 
second on the other junction. The pi¬ 
petting is done in a humidified atmo¬ 
sphere, and the thennocouple is then 
immediately placed in a vessel whose inner walls are lined with 
moistened filter paper. Saturated water vapour from this filter paper 
fills the vessel. Condensation on both drops goes on. 

Let pi, p 2 » ^^nd Pq be the vapour pressures of the two solutions and 
the saturation vapour pressure of the water, respectively. The rate of 
condensation on the first junction is equal to I'ipn — V\) grammes per 
second, where h is a constant. The latent heat of the condensed vapour 
warms the junction through — Pi) degrees C. The temperature 
of the junction then becomes constant, for the heat supplied by con- 

9 (Fl03) 



g.—Comparison of osmotic 
pressures CUaldes* method) 
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densation is then equal to the heat lost by conduction, radiation, and 
convection. Similarly the temperature of the other junction rises to 
“ Ih) dejo-ees C. above its surroundings. A steady state is reached 
in which the temperature difference of the two junctions is equal to 
^'(ih ~ P 2 ) degrees C., assuming that > p^. An c.m.f. of value E 
volts is produced, and if t, the temperature difference, is very small, 
we have approximately 

E = of. 

Here t = Jc'{p^ — p.,), 

hence E = ak'ipi — p.^) 

or E = K[P, ~ P,>), 

where Pj. P.), are the osmotic pressures and K is a constant of the instru¬ 
ment. This electromotive force E is measured. The constant K is found 
by calibrating with standard liquids of known vapour pressure. 

Besides needing only small quantities, this method has the advantage 
of taking only a short time (of the order of several minutes) for the 
attainment of the steady state, whereas the clay-cell method takes days. 

The accuracy of the present method is indicated by the fact that it 
measures values of P^ — Pg as low as 0*002 of the value of P^. 

7. Raoult's Law. 


Raoult's law asserts that when a solute is added to a solvent to 
form a dilute solution, the fractional drop in vapour pressure (p — p)tp 
is equal to N^/N^, where and lYo, respectively, are the total numbers 
of solute and solvent molecules present (solute undissociated). 

To prove this, replace p — p' by Pa Ip = kndajp by equations (8) 
and (3), where k is Boltzmann’s constant, n the number of solute 
molecules per c.c., a the vapour density, p the density of the solution 
(and of the solvent, approximately). Further, p, the saturation vapour 
pre.ssure of the solvent, is given by the equation of state of a perfect 
gas, since the saturated state may be regarded as the last state to 
which the equation of state applies as the substance approaches con¬ 
densation. Hence pja = PdjW, where W is the molecular weight of 
the solvent, and p — ROa/W. We thus have {p — p')jp = kn\VjRp- 
Write n = A\/T, where V is the volume of solution or solvent. Now 
pjW is the number of gramme-molecules of solvent per c.c., if p is 
regarded as the density of the solvent, Vpl]V the total number of 
gramme-molecules of solvent present, and Rjk the number of molecules 
in a gramme-molecule. Hence VpRjWk =-- /V.,, the number of actual 
molecules of solvent present. Then we have approximately 



and ratio of the concentrations in molecules per c.c. 
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8. Two Classes of Electrolytes. 

As far as aqueous solutions are concerned, there are two classes 
of electrolytes. The class of u'cah electrolytes includes those substances 
which w’hen dissolved in water give solutions in which the process of 
dissociation into ions is far from complete. This statement holds even 
when the solutions are very dilute. In this class are many organic 
acids and bases, carbon dio.xide, sulphuretted hydrogen, and ammonia. 
The class of strong electrolytes includes those substances which are now 
believed to be completely dissociated into ions in dilute and even in 
moderately strong solutions. To this class belong most neutral salts 
and those acids and alkalies which have long been called “ strong ”, 
for example, HCl, HNO3, H^SO^, NaOH, KOH. The properties of 
solutions of weak electrolytes are well represented by the classical 
theory outlined on pp. 232-238, but this theory fails to explain the 
properties of solutions of strong electrolytes. Contributions to the 
theory of such solutions have been made by Sutherland, Bjerrum, 
Hertz, Milner, Ghosh and others, and especially by Debye and Hiickel 
(1923 and onwards). As the theory of the last two authors is now 
generally accepted, an outline of the elementary part of it will be 
given here. 

9. Modern Views of Osmotic Pressure. 

The classical theory of the osmotic pressure of dilute solutions 
regards it as an effect of the same type as the pressure of gases, that 
is, the value of the osmotic pressure is calculated as the normal momen¬ 
tum imparted to the boundary surfaces per sq. cm. per sec. by the 
impact of the molecules or ions of the solute. It is assumed that no 
forces exist between the molecules or ions. Debye and Huckel’s theory 
represents an advance somewhat analogous to that made by Van der 
Waals in the kinetic theory of gases. Their theory takes into account 
the forces exerted by ions on one another, due to their electric charges. 
These forces arc given by Coulomb’s law of inverse squares, and the 
solvent enters into the calculation because it fills the spaces between 
the ions and the value of its dielectric constant afiects the value of 
the forces. Any given ion is more likely to be approached by ions of 
the opposite kind than by ions of the same kind. This afiects the 
kinetic energy of the ions and reduces the osmotic pressure. In 
solutions of weak electrolytes the charged ions also exert forces on one 
another, but as they are relatively few in number compared with the 
total number of undissociated molecules present, the efiect of the 
forces is relatively small, and weak electrolytes behave according to 
the classical theory. 
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10. Debye and Hiickel's Theory of Strong Electrolytes.* 

It is convenient to describe first the experimental results obtained 
with solutions of strong electrolytes. Suppose that the actual osmotic 
pressure of a solution is P, and that the osmotic pressure which the 
solution would have if it were completely dissociated into ions is Pq. 
Write P/Pq = ^; ^ is called the osmotic coefficient of the solution, 
and is determined by experiments on the depression of the freezing 
point, &c. According to the classical theory of solutions, 

1-(p-l)n*'-VvP:, .... (16) 

where n is the concentration of the electrolyte in molecules per c.c., 
V the number of ions into which each molecule dissociates, and K the 
constant of equilibrium supposed to 
exist between molecules and ions, as 
given by the law of mass action (see 
Ex. 1, p. 31:i). 

In the case of binary electrolytes 
like NaCl, r = 2 and 1 — = nftK. 

A graph connecting 1 — ^ and n for 
such substances ought to be a straight 
line, beginning at the origin and mak¬ 
ing a finite angle 6 with the axis of n, 
where tan 9=1 /2/f. In other cases, 
when V > 2, the graph connecting 
(1 — j8) as ordinate and n as abscissa 
ought to be a curve starting at the 
origin with the axis of n as its tan¬ 
gent. The actual experimental results 
are in sharp contrast with these. 

Inspection of fig. 10 shows that in all 
cases the graph connecting (1 — j8) 

and the concentration n is a curve leaving the origin in such a way 
that the axis of (1 — ^) is a tangent to it. Thus the classical theory 
of osmotic pressure fails as regards strong electrolytes. It appears on 
closer examination that the states of such solutions are not governed 
by the classical law of mass action. Fig. 10 also shows that for a given 
concentration the value of (1 — depends on the valency of the ions 
of the electrolyse concerned, that is, on the electric charges upon the 
ions. The classical theory fails in that it does not take into account 
the forces due to these electric charges. In the present exposition of 
Debye and Huckel’s theory it is initially assumed that (1) the solutions 
under discussion have fairly low or low concentrations, (2) the electro¬ 
lyte is completely dissociated into ions. 



n or VY 


Fig. 10 

(y it the concentration in grammc-moleculet 
per litre of solution.) 


* Debye and Hiickel, Phyaikalische Zeits., Vol* 24, pp- 185, 305 (1923). 
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The classical value of the osmotic pressure of a solution is 
= vnkd, by equation (5). Let the actual osmotic pressure be P. 
It is required to express P in terms of P^. Consider a volume Tq ^ 
solution, enclosed in a cylindrical vessel provided with a ])iston of which 
the head is semi-permeable, that is, permeable to molecules of the 
solvent but impermeable to molecules of the solute. Let there be pure 
solvent behind the piston head. Consider the work which must be 
done by an external agent, who may be called the operator, to obtain 
y c.c. of solution, starting with pure solvent, working at constant 
temperature and by purely reversible processes. Two convenient 
ways of effecting this change offer themselves, and, by a property 
of the quantity kno\vn as the available energy of a system, or other¬ 
wise, it may be shown that the work done by the operator is the same 
in each case. 

First of all, the solution may be compressed infinitely slowly from 
the state of zero concentration (infinite dilution) and volume Vq to 
the final volume F. The total work done by the operator in this process 

is —f pdV ergs =n\, say. Note that in the usual notation of 

thermodynamics, dWifdV = — P. Secondly, the operator may start 
with a solution of zero concentration, regarding it as containing ions 
infinitely far apart, and take away the charges from the ions infinitely 
slowly. Then the solution may be compressed from a state of zero 
concentration and volume Vq to the final volume V, the charges on 
the ions being absent. The charges may then be restored to the ions 
infinitely slowly. In this way the solution reaches the same final state 
as before. During the compression, the work done by the operator 

m — f PadV = IFg, say, where Pa represents the osmotic pressure 

Vtt 

calculated by classical reasoning, since electric charges arc absent. 
Hence dWJdV = —Pa- Let the work done by the operator in removing 
and restoring the electric charges be TEg. Then since the total work 
done by the operator is the same in the two processes, 

TFi = TF2 + .(!'?) 


Differentiate with respect to V, keeping the temperature constant, 
This gives 

0TEi _ aiEg , oW^ 

'dv ~ dV dV* 



Hence 



dW, 
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Til ns the question of finding P in terms of is reduced to the 
problem of finding dWgjdV. The quantity consists of two parts, 
(a) the work done by the operator in removing the charges from 
the ions when the ions are infinitely far apart, ( 6 ) the work done 
by the operator in restoring the charges after the final concentration 
has been reached. If we regard the ions as spheres, each of radius 
b cm., charge e e.s.u., infinitely far apart, and immersed in a solvent 
of dielectric constant D e.s.u., the energy of each ion, regarded as a 
charged condenser of capacity Db e.s.u.. is e^j2Db ergs. It is tlus 
energy which is allowed to return to infinity when the ions are dis¬ 
charged. Thus the work done by the operator per ion is —e^/2Z)6 ergs, 
[f in F c.c. of solution there are N ions of each kind, the total work 
is 

tiJ, = — ergs.(19a) 


la calculating ^’ 3 , the work of restoring the charges to the ions at finite 
concentration, we must take account of the work done in bringing up 
a charge to each ion agaiiust the mean potential due to other ions, as 
well as against its own potential. Thus consists of two parts, 
which we shall call and respectively. The work done against 
an ion’s own potential, by a similar calculation to that just carried 
out, is equal to -{-e-j2D'b ergs per ion, where P' represents the 
effective dielectric constant of the medium around an ion. 

Tor the N ions of each kind in V c.c. of solution, the total work 




In strong solutions D' =*= D, on account of the proximity of other 10 ns, 
although in dilute solutions D and D' may be assumed to be equal. ^ 
The work done against the mean potential due to other ions is 
much greater than either of the quantities of work just calculated, and 
requires detailed consideration. Assume that the aqueous solution 
under discussion contains a single binary monovalent electrolyte such 
as NaCl or KCl, whose ions carry charges +e and —e respectively, 
where e is 4-774 X 10-^® e.s.u. We now calculate the mean electr(^ 
static potential which the neighbouring ions produce at a point wMch 
is about to be occupied by the centre of a given ion. Let there be n 
ions of each kind per c.c. The number of negative ions surrounding a 
given positive ion, when averaged over a certain time, exceeds the 
number of positive ions, because of the attraction of unlike charges. 
The excess is affected by temperature changes. Let be the as jet 
uncalculated resultant potential at a point at a definite distance from 
the centre of a selected positive ion and outside it, due to that selected 
ion and to the rest of the ions. To bring a charge -|-e there, work e<f> 
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ergs must be done by the operator, and — c<f> ergs are required to bring 
a charge —e there. We now apply the Maxwell-Boltzmann theorem^ to 
calculate the average concentration (in time) of ions of each sort in an 
element of volume dV near the point in question. According to that 
theorem, the number of positive ions in this element is where 

k is Boltzmann’s constant, and € is the base of Napierian logarithms. 
i4 is a constant which is equal to n, since the expression must hold 
when 6 = CO, a temperature at which we may assume that the ions 
are uniformly distributed, wth a concentration n of each kind per c.c., 
and Ac'^dV — AdV = ndV. Similarly, the number of negative ions 
in the element dV is Since the ionic charges are and 

—e respectively, the net amount of positive charge in the element dV 
is that is, 

c.s.u. per c.c. = p, say. . . (20) 

As this is a problem in electrostatics, Gauss’s theorem holds. Apply 
it to the element dV, which may be regarded as a rectangular paral¬ 
lelepiped. This gives Poisson’s equation, 

4_ -n 

dx^ 3 / 022 j)* . . - . 


which may be written in the shorter form 




In this equation substitute the value of p from equation (20). Then 

A,^ = (£'*/*» - .(23) 

Assume that the electrical energy is small compared with the mean 
kinetic energy k6 due to thermal agitation. The exponentials can then 
be expanded in series of terms in e^jkO, so that, neglecting terms in 
<!> of degree higher than the first, wx get 

approximately.(24) 

This may be written in the form = x^<^, where ~ STme^jDkd, 
Debye and Hiickel call l/x, which has the dimensions of a length, the 
characteristic length of the solution. 

When Poisson’s equation is expressed in polar co-ordinates, and 

• Jeans, Dynamical Theory of Oases, 3rd ed., equation (936) (Cambridge University 
Press, 1921). 
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when the element of volume dV has the form of a spherical shell 
contained between spheres of radii r and r -j- rfr, the equation becomes 

1 \d(r-d(j)jdr)\ _ 87me^(f> 

T^\ . 

.(26) 


(25) 


This type of element has the advantage of spherical symmetry. 0 
general solution of equation (26) is 

^ y. .( 27 ) 

Since ^ = 0 when r = 00 , this reduces to 




(28) 


This is the potential at a point outside the selected ion. Now in 
aqueous solutions it may be shown that each ion carries with it a 
layer of surrounding water molecules, which increases its effective size. 
Assume that each such ion is effectively a sphere of radius a cm.* 
of which the interior is a medium of dielectric constant D, with a 
point charge +e or —e at the centre. Assume that the potential 
at any point inside this sphere is 

= .(29) 


where B \3 a constant to be determined. At the boundary of the 
sphere of radius a, two conditions must be fulfilled. For r = a, <j> = 
and also for r ^ dcfyjdr = d<j>'fdr. From the first condition, 


^=^ + 5 . 

a Va 


From the second, 


Z)a2- 


a‘ 


From equations (30) and (31), 


A = 


ee 


xa 


and 


i)(l -j- xa) 


. (30) 

. (31) 
- (32) 



ex 

£)(1 + xa) 



The value of B represents the potential which the surrounding ions 
produce at the centre of the given ion. eJDr is the potential at any 


• The quantity a represents the average value of the shortest distance between the 
centres of the selected ion and other ions of both kinds. The quantity 6 of p. 246 
is the radius of the actual ion, and b <^a. 
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internal point due to the ion’s own charge. When xa is small compared 
with unity, that is, when x is small and the concentration is small, 
the value of 5, namely, — exlD{\ + xa), reduces to 


-- 


ex 


D 


(34) 


The further discussion is limited to this case. 

It is now necessary to find the work required to bring up a charge 
-f*€, in elements each of value from infinity to a point where there 
is a potential due to other charges of value B — — exjD. (This process 
is a purely mathematical device, since actually the charge can exist 
only as a multiple of the electronic charge.) The element of work 
done in bringing a charge -\-de to the point is 


T, 7 exde 

Bde = - -jy. 


(35) 


Substitute the value of x given by equation (24) in (35). This gives 


jy j /%TTn\^e“de 


and by integration the total work done in bringing up +e is 
— [^TTnlDkO)^e^f2D ergs, that is, —e-xjZD ergs per ion, since 
2 = (Sttwc^/D/:^)* by equation (24). If in the solution of vulume V c.c. 
there are N ions of each kind, the total work done in bringing up 
their charges against the potentials of the surrounding ions is 


‘ “3^ 


. . . (36) 


This is a negative quantity. It is far greater numerically than 
u\ or w^. where xo^ = — Ne^jDb and u\ = Ne^lD'b as given by 
equations (19a) and (196), respectively, for dilute solutions, since D 
and D' are nearly equal. Hence the quantity of equation (17) 
= tiix 4" "k ^3 “k ^^4 = ^3 approximately. That is, 


2Ne“x 


(37) 


and, on substituting x = {STrne^jDJcO}^ and n = N/V, we have 


Hence 


0K 'SDVi 


. • • ( 38 ) 


9* 


(f103) 
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if we keep N constant during the difEerentiation, or 


Equation (18) becomes 


dW^ __ e^xN 
dV 32)F' 


P=P.- 


eHN 

ZDV 


(39) 


For an aqueous solution of a binary salt of the type considered, 
the classical value of the osmotic pressure is Pa = vnkd = 2nkQ. Hence 

.i*> 



Now the osmotic coefficient 


p__ -P __ 1 ^ 

r n ^ 


^Dkd' 


and 


-H 


P.~P 



eh: 


QDk9' 


Since 


X 3c 1 — jSocn*. 


(41) 


. . (42) 


(43) 


This relation agrees well with experiment for solutions of low concen¬ 
tration (see fig. 11). 


11. Solutions of Strong Electrolytes of any T 3 rpe. 

Consider an aqueous solution of a single strong electrolyte, each of 
whose molecules splits up into , v, ions of types 1, 2,..., * 

respectively, with valencies 22 * • • • > respectively. Let n be the 
concentration of molecules per c.c. Then the concentrations of the 
ions are ni'i, nvg, ■.., nv^ respectively. In this case, when Boltzmann^s 
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theorem is applied as 011 p. 2-17, the mimber of ions of class i in an 
element of volume dV is found to be and their contri¬ 
bution to the total charge per c.c. is If, as before, we 

assume that the index is small and expand the exponential to two 
terms, this charge becomes — z^e^jkO) approximately, and 

the total charge per c.c. due to all classes of ions is 


p = approximately. 


. (44) 


Now an undissociated molecule is electrically uncharged. Hence 
L 2 ,e ,-6 = 0, for it is the sum of the charges on the ions arising out of a 
single molecule. Hence, expanding the expression for p, we find that 
p = — ne^<f>LviZ^lkQ is given by the second term only, that is. 







Poisson’s equation ^<f>= —iTrpID becomes 



T)B 


or 

where 


A(^ = i^<^, 



Md 


(46) 

(47) 

(48) 


The further steps in the theory are the same as for solutions of 
binary salts. As before, the solution of equation (47), expressed in 
polar co-ordinates, is 

Ae-" 

r 




outside the ion. If an ion is supposed to be a sphere of radius cm., 
with a charge z^e at the centre, the sphere being composed of a medium 
of dielectric constant 2 ), then the internal potential at any point may 
be supposed to be 

<!>' = %+B .(50) 

B is that part of the internal potential contributed by external ions, 
and z^e/Dr is that part of the internal potential contributed by the 
ion itself. At the simface of the sphere there must be continuity of 
field and potential, that is, when r = a<, ^ and d(f>ldr = 9^7^* 
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After substituting the values of <f> and <f>' derived from equations (49) 
and (50), in these boundary equations, we find that 


and 


For dilute solutions, 


A = 


• (31) 

i^(l -hxa,) . 

B = 

2 ,ex 

^>(1 + xad . 

• (52) 

<1 

j T> 2.CX 

and 5 = — . . . 

• (53) 


As in the case of solutions of binary salts, the work required Ut 
bring a charge up to a point against the potential of surroimding ions 
is the most important part of Wg (see p. 249), and the other quantities 
of work done in discharging the ions at zero concentration and in 
charging the ions against their own potential are neglected in comparison 
with this. To bring up a charge 2 ,e in elements, each of value z^de, from 


infinity to a point where the potential is B, the work required is f BZide, 

that is, by equation (53),— / z^exdejD. The quantity x can be written 

*'0 

in the forna x = Ce, where C does not contain e, by equation (48). 
After substituting and integrating, we find that the work required 
CZi^^jZD ergs = — z^e^xj^D. There are Vi ions of this kind per 
molecule, so that the work required to bring up all their charges is 
— ViZ.^eHjZD ergs. Hence TF^, the total work for all the ions of all 
kinds in N molecules, is given by 



Ne^x{ 2 ViZ^) 

- w— 



As before, by equation (18), P = —8TF^/9F, where V is the 

total volume of solution. V enters into the expression for Wg in the 
factor x~{iTrtie\'ZviZi^)IDkOY by equation (48). In fact, n==iV/F 
and Wb = — Fn^ = — FN^jV^y where F is a factor which does not 
contain n or F. Hence dWgjdV = FN^ftV^ = —TF^/2F. If in this 
we substitute the full expression for x, equation (18) can be written 
in the form 


P = Pa- 




Write Pa = {nTtVi)kdy for nLvi is the number of ions per c.c. 




^ime^ 


Y.v,z? 1 
Dkd \ (jDVkenZvij 


Then 
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Now the osmotic coefficient ^ — PjP^ and iV = Vn. Hence 

i — P = - e- ( \t7HC- , ‘ - . 

Pa \ DkO \ mei.Vi 

Write Sr, = r ami n = y X G-06 X lO^^/lOOO = yiVJlOOO, where y 
is the concentration in gramme-molecules per litre, and is the 
number of actual molecules in a gramme-molecule. Then (1 — /3) 
may be written in the form given by Debye and Hiickel, namely, 


_ ^ ^ ^2 / /X'V.' 


moDkd 


? (yr)i 

GDkd' 


. . (56) 


0-4 


OJ 


C-2 


0-i 


Comments. —(1) This expression shows that (1 — P), with small concentrations, 

depends on the number and valency of the ions, as 
represented by wv, 2 ,-, on the nature of the solvent, 
as represented by 1), and on the temperature 0. 

(2) (1 — P) is proportional to (yv)!. 

(3) The expression {2v,2,2/v}} is called the valency 
factor and may be denoted by v. 

(4) For dilute aqueous solutions at ordinary 
temperatures, D = 88-23 and (1 — P) = 0-2G3r{Yv)l. 

(5) For KCl, v= 1; for KjSO,, v= 2x^2; for 
La(N 03 )i. V = 3 Y3; and for MgSO^, v = 4 V4 = 8. 

(0) Fiii. 12 shows <:raphs connectiri" (1 — p) and 
(yv)!. Curves derived from exix.uituent and from 
the above tlieory aj'ree well at low conccntraljons, 
but an increasing divergence appears as the concen¬ 
tration is increased. The experimental values of P 
were obtained by determining the depression of the 
freezing point in each case. 

(7) Equation (18), which is derived from thermo- 
d}mamics, is true no matter what detailed theory of 




‘1 

f T 

CuSOf / 

X 7 

1 

1 

i 




y 


% 

y 

1 

^KCl 

(Tv)^ 


0-2 

Fig, 12 


O-f 


OS 


osmotic pressure may be adopted. 


12. More Exact Theory. 

If in the equation B = —z^exlD{\ -|- ara,) on p. 252, xa, is not very small 
compared with unity, that is, if the solution is not assumed to be very dilute, 
the theoretical results and the graph agree well with those derived from experi¬ 
ment up to much higher concentrations. Space will not permit a full account 
Of the theory.* It will sufTico to quote the result for aqueous solutions, namely, 

1 _ P = 0-2G3t’{Yv)l/(xa), .(57) 

where a is the mean value of all the quantities a,; f{xa) is a function of xa, namely 

f{xa) = 1 - -f - 2x3a3 +.(58) 

2 o 

The other symbols have the same meaning as in section II. 

To apply equation (57), Debye and Huckel take as the mean ionic radius a 
that value of c which makes the theoretical value of 1 — P for the highest con- 

* See Dobyo and Hilckcl, Physikaltsche Zeits., Vol. 24, pp. 185, 305 (1923). 
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centrations coincide with the experimental value. It is then found that there 
is very good agreement at lower concentrations (fig. 13). The value of the mean 
radius a for KCl solutions is 3*76 x lO”** cm. 


Even with the more general theory just 
given, various discrepancies between experi¬ 
ment and theory still persist. When the mean 
ionic radii of the alkali chlorides, calculated 
from the above theory, are examined, it 
appears that LiCl has the greatest diameter, 
NaCI the next, and so on to CsCl, which has 
the least. From the X-ray examination of 
crystals, however, it appears that LiCl has the 
smallest diameter, in contradiction to the 
above. At very high concentrations, moreover, 
the value of 1 ~ p for LiCl decreases as yv is 
increased. Finally 1 — p changes sign, so that 
P becomes greater than unity, and the osmotic 
pressure P exceeds the classical value To 
explain these and other points it is necessary 
to take into account the deformability of the 
ions in strong fields and the presence of dipoles 
in the molecules of the solvent. 





CHAPTER XI 


Diffusion 

1. Diffusion in Liquids. 

The diffusion or wandering of the molecules or ions of a solute in 
a solution * from a region of high concentration to one of low concen¬ 
tration is a process resembling the conduction of heat in a metal from 
a point of high temperature to one of low temperature. Regarded from 
the macroscopic point of view, i.e. when attention is directed not to 
the behaviour of one particular ion but to the general effect, it is 
irreversible. A portion of a pure solvent, having once become im¬ 
pregnated with a solute, never again rids itself of the solute, unless 
aided by some external agent. Although in the case of strong electro¬ 
lytes the molecules are completely dissociated and the ions move about 
separately, yet from the macroscopic point of view it is usual to consider 
the diffusion of the solute as if its molecules remained undissociated. 
For example, chemical analysis of a portion of a liquid taken from a 
particular region gives the concentration of the solute there. 

The quantitative treatment of the phenomenon is based upon Pick’s 
law of diffusion, which is analogous to Fourier’s law of conduction of 
heat and to Ohm’s law of conduction of electricity, all governing 
processes which in a certain sense are irreversible, Fick s law may 
be stated thus: 

e = . 

where Q is the mass of a solute in grammes carried across an area A 
sq. cm. of a surface normal to the direction of diffusion in one second, 
n is the concentration of solute in grammes per c.c. at a point x cm. 
distant from some arbitrary origin, and —dnjdx is the gradient or rate 
of decrease of concentration per cm. in the direction of diffusion. D 
is a quantity called the coefficient of diffusion or the diffusivity of the 
solute in a solution of concentration n. It is found that the value of D 
depends on that of n, so that the diffusivity of a given solute in a 
given solvent is not constant, but a function of n. As an example of a 
recent accurate determination of D, an account of Fiirth and Zuber s 
method wdll be given. 

• For a brief discussion of diffusion of gases, see Cbap. IX, p. IflC. 
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2. Measurement of the Diffusivity of a Solute in a Liquid. Fiirth and 
Zuber's Method. 


Theory. The differential equations. 

Let a solute diffuse along a cylindrical column of liquid bounded 
laterally bv impervious walls. Consider the mass of solute accumulating 
per second within a thin transverse slice of the column, whose faces 
have co-ordinates x and x + dx. For this purpose we take into account 
(a) the solute diffusing into the slice across the first face, and (6) the 
solute diffusing out of the slice across the second face. As the lateral 
walls are impenetrable these two processes are the only processes affect¬ 
ing the mass accumulating within. By Pick’s law, the mass of solute 
entering the slice across the first face, per second, is, by equation (1) 




By the same law the mass of solute diffusing out of the slice across 
the second face, whose co-ordinate is x + dx, is the same function of 
X -I- dx as Qi is of x. Hence, by Taylor’s theorem, it is equal to 
-(- dx (^Qi/^>r) plus negligible terms, since the slice is thin. On sub¬ 
tracting what diffuses out from what diffuses in, we find the resultant 
mass accumulating within the slice per second to be 

-(7x = DA f" dx, .(3) 


when D is independent of n, the concentration. If, however, D is 
dependent on n, the equation (3) must be replaced by 




It turns out, by experiment, that D is only independent of n in very 
dilute solutions. 

From the point of view of increase of mass with time, since the 
mass of solute within the slice is the concentration multiplied by the 
volume, i.e. is equal to nAdx grammes, the rate of increase of this 
mass per second is A .dx. enjef, where t is the time in seconds. On 
equating the two values of the same thing, we get 



as the differential equation representing the diffusion phenomenon in 
the case of constant D. The student will note the analogy of diffusion 
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problems with those of thermal conduction, and, in particular, tliat 
equation (5) is analogous to tlie equation 


ZT _ K 

ct ps dx -’ 


• . ( 6 ) 


representing the conduction of heat along a lagged bar. Here T is 
the temperature, K is the thermal conductivity, p the density, and 
s the specific heat of the material of the bar. The analogy also 
suggests why iv/ps is called the thermal difFusivity. ^Vhen D depends 
on the concentration, (5) is replaced by 



Case I. D independent of the conceiitrafion n. 

Furth and Zuber’s method of measuring the difFusivity D makes 
use of a solution of equation (5) appropriate to the following experimen- 

tell ClTOlU3^S^0'tlOCS 

The lower half of a rectangular glass vessel is occupied initially by 
a solution of uniform concentration jJq and tlie upper half by a quantity 
of the pure solvent, the two being separated by a thin horizontal plane 
sliding screen. The central horizontal plane of the vessel which is the 
plane of the slider is x = 0, and x is to be measured upwards. At time 
t = 0 the slider is gently removed and diffusion commences. What 
is the value of the concentration n at any height x above the central 
plane at any subsequent moment f? We shall restrict the discussion 
to places with values of x which are small compared with 21, the total 
height of liquid in the vessel. This is done by putting I equal to infinity 
at a certain point in the analysis. The experimental measurements are 

based on this theory. . ^ • t 

Our next step is to find a solution of equation (5) satisfying these 

experimental conditions. First let —= s and try the solution 

.( 8 ) 

On substituting this in the differential equation (5) we get 

. xl2e’- = D . f'{s)lt .(9) 

Write f{s) = u and f'{s) = dv/ds .(10) 

Then, we get dvjv = — sdsj2D .(H) 

After mtegrating, this becomes 

log V = —s^jiD + constant, 

V =f'(s) = Cc-’'"®. . 


( 12 ) 

(13) 
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Hence 


Next write 


i.e. 


Hence 


DIFFUSION 


n =f{s) = f f'is)ds = C f . . 

^0 ^0 


5-/4Z) = x-l4Dt = 7J-, 


y = x;2(DtY'- = si'2D^‘-, dy = dsj^D^'-, . 
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(14) 

(15) 

(16) 


n = 2D’'2c/'VvVy = . . . (17) 

''o 


is a solution, where B is a constant, whose value is yet to be found. 
Hence also 


n 


— e~^*dy, .(18) 


where Bq is a constant, is also a solution of equation (6). Our solution 
must satisfy, first, the initial condition that when ^ = 0, n = 0 every¬ 
where over the range 0 < a: < -j- /, where 21 is the total depth of 
liquid. As already mentioned, we shall only work with values of x 
which are very small compared with /, and so we shall replace the range 
0<x<4- / byO<x<H-co. Now 


f e~^^dy = 

•'o 


(19) 


Hence, on applying the initial condition, we get 

0 = 4 ~ }jB7T^^-. 


. ( 20 ) 


Next apply the condition that after an infinite time t = co, the con¬ 
centration is uniform throughout the liquid and equal to J/Jq, half the 
original concentration in the lower half. In this case the upper limit 
of the integral and therefore the integral itself are zero. Hence 

== i5o + 0.^21) 

Hence Bq == and B = .(22) 

Hence our solution, applying to all points in the upper half of the 
liquid, is 

n ~ tIq f e^^'dyjTT^'- . 

J ft 


1/2 


where 


= 2«o ~ ® '‘'iyl'n 


2/= x/2(Z)0‘'- or ,f = x'‘liDL 


(24) 

(25) 


1 - 2n/«„ = 2 /'V-Vy/Tr''- =fiiy), say. . ■ (26) 

^0 


Hence 
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Tables of values of the Gaussian integral 

are generally available and hence values of 2 
easily be calculated for various values of 1 /. 

These results can be regarded from the converse point of view, i.e. 
given values of/i(y), the value of y can be found. This is exactly what 
is done. Experiments about to be described give numerical values of 
n and Vq so that the quantity 1 — = f^iy) is known. Then, using 

the converse point of view just mentioned, y is found. Now 

if = 

hence I) = x^^jAty-y .(27) 

and numerical values of D are calculated. 



Case II. D dependent on the concentration n. 
In this case equation (7) holds: 



Again write s = xjO'- and try the solution 

n =f{s) =/(r//>-), 

where f{s) means some as yet unknown fmiction of s. On substituting 
in (7) we get ^ 


which becomes —f{s ). s/2(^'“ = (7) . f{s )), 


. . . (28) 


and, on writing dnjds =f(s) = v, we get 


On rearranging, this gives 

D = — ^ r (v . s . dxlO‘% 
-^•'0 


wj ♦» rt/i div dvj d% 

Write n = = r = ^ ^ 


(29) 

(30) 


Hence we find 




s is determined by experiment as a function of w. 

This equation is the one more generally applied, since I) is usually 
a function of the concentration n. 
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Expemnental details. 

A different technique is applied according to whether the solution 
is coloured or uncoloured. In each case the containing vessel is small 
in size, 1-5 X 0*5 X 0*1 cm., and diffusion takes place quickly. The 
choice of these small dimensions procures for Fiirth and Zuber’s method 
the great advantage of shortness of time needed to make a measurement. 
The time needed is of the order of a few minutes or, at most, an hour, and 
is very short compared with the period of the order of a week in earlier 
methods. 

(o) Coloured liquids. 

In this case two similar rectangular chambers with transparent glass walls 
are placed side by side (see fig. 1). One of them, called the diifiision chamber, 


Z _ 0 



Fig. I 


has initially its lower half occupied by a solution of known concentration 
and the upper half is occupied by pure solvent, with a horizontal slider S separ¬ 
ating the two halves. The other, called the comparison chamber, starts and 
remains full of a solution of a definite concentration n. At time ( = 0 the slider 
S is removed from the first chamber and diffusion proceeds according to the 
theory previously discussed. 

The chambers are fixed to the stage of an ordinary microscope of low mag¬ 
nification, with its tube in a horizontal position, and illuminated by a suitable 
source of light. A narrow horizontal slit can be moved up and do\vn by means 
of a micrometer screw in the focal plane of the eyepiece. The position of the slit 
is adjusted from time to time, so that to the observer the two parts in front 
of the diffusion and comparison chambers appear equally bright, from which 
it follows that the concentration of the solute in the corresponding zone of the 
diffusion column has the value n. The height x of this zone above the slider 
level a- = 0 is measured in this way. At a later time the height at which the 
concentration is n in the two chambers has a new value. Sets of values of x 
and t for this particular concentration are measured. Each set is used to plot 
a graph in which the ordinate is x and the abscissa is 0'^. Each graph turns out 
to be a straight line passing through the origin (see fig. 4). Hence = 5 is a 
constant for a given concentration n. From a number of such graphs, sets of 
corresponding values of s and n are obtained, or, if we Avrito n/Uo = u’. we get sets 
of corresponding values of s and w. Either graphically or algebraically we can 
express s as a function of w and also we can get dsjdw. Then in the general case, 
when D is not constant when n varies, D can be obtained from equation (31). 

n 1 

D = —4 I s . aw. 
dwJn 
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\Vlioi the solution is very dilute, and if D is constant when n varic's, D is cal¬ 
culated from equation (27), i.c. 

D y-Vfr. 

(6) Colourless liquids. 

The method assumes that the refractive index of <a solution for monochromatic 
light is a unique function of the concentration. A thin rectangular diffusion 
chamber is cen\ented to a side face of a 
rectangular glass prism (see fig. 2). A 
parallel horizontal beam of monochro¬ 
matic light falls on the hypotenuse face 
of the prism and after two refractions 
enters the diffusion chamber, which is 
at first filled with a liquid of uniform 
concentration On looking at the 
ground-glass end wall of the diffusion 
chamber through a low-power niicro- 


Fir. 2 

scope, one can easily find a position of the latter when the left half of the image of 
the rectangular end face is dark and the right half bright, the line of separation, cor¬ 
responding to the critical angle, being vertical. On rotatiiig the prism anticlockwise 

about a vertical axis through the middle 
point E of the ground-glass end, the vertical 
line of separation appears to move towards 
the right, eventually coinciding with the right- 
hand vertical wall as the whole image of the 
end becomes dark. (Note that the microscope 
gives a reversed image.) The prism is then 
clamped in position. The diffusion chamber 
while in the fixed position is next emptied, 
solution of a definite concentration is placed 
in the lower half, the slider inserted, and the 
upper half filled with pure solvent. At time 
f = 0 the slider is removed and upward diffu¬ 
sion commences. The concentration n is a 
function of x, the height above the central 
horizontal plane. The refractive index is also a 
function of x. The result is that the image of the end wall of the diffusion chamber 
seen through the microscope has the form shown in fig. 3. 

At time i the edge of the dark part is a curve. This curve strikes the right- 
hand wall at some definite jwint S. The vertical distance of this point below the 
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slider level is the x of our theory, at which the concentration is Wj, that of the 
Hrst part of the experiment. As t changes the point S moves. A set of measured 

values of x and t tells us how a 



Fig- 4 

By p^rmiition 0 / Dr. Furth ^ttd the Jtmrnot of 
HeUntifU inttrumento** 


point of constant concentration n 
moves. It is found that x^jt is a 
constant. The diffusivity is again 
calculated from 



when D is dependent on concentra¬ 
tion, or 

D = 

when D is independent of concen¬ 
tration. The experiment (6) is re¬ 
peated, beginning with a new con¬ 
centration, and D is calculated as 
before. 

Fiirth calls an instrument de¬ 
signed to carry out the above two 
methods, a microdiffusiomeier. It 
resembles a spectrometer in having 
a rotating table to carry the diffu¬ 
sion chamber and prism, and a 
collimator to produce parallel light, 
but the telescope of the spectrometer 
is replaced by a microscope giving 
a magnification of about 20 dia¬ 
meters. The eyepiece of this micro¬ 
scope contains a horizontal “ line 
which can be adjusted vertically 
and its displacement measured by a 
micrometer screw. This serves to 
measure a: in method (6). In method 
(a) the horizontal “ line ” is replaced 
by a fairly narrow horizontal slit. 
The source of light is a mercury arc 
provided with a filter transmitting 
only the green line X = 5461 A. 
Fig. 4 shows graphs representing a 
set of results for a coloured solution 
of a dve called congorubin in water. 
The first graph shows x plotted 
against and the second D X 10* 
plotted against concentration. In 
this case D varies when the con¬ 
centration varies. 
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3. Osmotic Pressure and Diffusion. 

Case I. Solution with undissociated solute only. 

The osmotic pressure and the dift'usivitv of a solute in solution are 
connected in the following way. When the concentration of solute at 
one point A is greater than that at another point B. the osmotic pressure 
is also greater, by van’t Hoff’s law. The osmotic pressure may be 
regarded as a force giving the dissolved molecules an acceleration from 
one point to another point where the concentration is less. Consider 
the forces due to osmotic pressure, in the direction of increasing x, 
on an elementary cylinder of solution of unit cross-section (fig. 5). At 
A the force is P dynes, where P 
is the osmotic pressure. At B it 
is —{P + {dP/dx)dx'^ dynes, and 
the net result is {—dPldx)dx 
dynes. If n is the concentration 
of molecules in this cylinder, the 
total number is ndx, for the 
volume is dx c.c. Hence it 
appears that ndx molecules ex- Fig s 

perience an accelerating and dif¬ 
fusing force to the right, of value (— dPldx)dx dynes, so that the force 
per molecule is 

— i dynes.(32) 

n dx 

Suppose that the motion of the molecules is impeded by retarding 
forces, such as the viscosity of the solvent, so that they acquire a 
constant terminal velocity, and that is the retarding force on each 
molecule when it is moving with a constant velocity of 1 cm. per sec. 
Pj is also the driving force necessary to produce a terminal velocity 
of 1 cm. per sec. Hence a force of {—lln){dPldx) dynes produces a 
terminal velocity of (— \IF^n){dPldx) cm. per sec. The number of 
molecules crossing unit area near A per second is the number enclosed 
by a cylinder of length equal to the velocity and of cross-section 
1 sq. cm. It is therefore 

— -i- ^ molecules per sec.(33) 

Pi dx 

Now by van’t Hoff’s law P = nk6, where k is Boltzmann’s constant, 
and this law holds for such solutions. Hence the number of molecules 
transferred across unit area per second is (— k6IF-^){dnjdx), and their 
mass is {~mkeiF^){dnldx) gm., where m is the mass of a molecule. 
This mass is also given by Kick’s law of diffusion. In the statement of 
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that law on p. 255, the mass per c.c. is represented by n. Here we 
shall denote it by to avoid confusion, for we have used n for the 
number of molecules per c.c. Fick’s law becomes Q = —DAdnJdx. 
Also = Uin and Q = — DAmdn'.dx. The mass transferred per unit 
area per second is —Dmdnjdx. On equating the two values of this 
mass just obtained we find that 

K = .(34) 


Case 11. Solution with one electrolyte^ dissociated into two monovalent 
ions. 


Let the velocities of the cation (-]-) and anion (—) in a unit electric 
field, that is, the mobilities of the ions, be JJ and V cm. per sec. respec¬ 
tively. Each ion is driven along by the osmotic pressure like a molecule 
in case I above. As in that case, the force per cation is {—\ln)(dPldx) 
dynes, where n is now the concentration per c.c. of each kind of ion, 
and P is the total osmotic pressure of the solution. Again the velocity 
of a cation due to the osmotic pressure is (—\IF{n)(dPldx), that is, 


l^dP 

n dx' 



and that of an anion is 


^dP 

n dx' 



As a rule U^V.so that if the osmotic pressure were alone responsible 
for the driving forces on the ions, the two kinds of ions would become 

separated. Another force, however, is called into play. 
For example, if an aqueous solution of HCl were placed 
at the bottom of a column of water, the hydrogen ions, 
tlie cations, would have a mobility U exceeding the 
mobility V of the chlorine anions. The liquid in such 
a vessel as is shoum in fig. 6 would become positively 
charged near the top and negatively charged near the 
bottom, owing to the more rapid movement of the hy¬ 
drogen ions towards the top. An electric field would 
thus be set up, which would reduce the velocity of the 
faster ions and increase that of the slower ions. A final 
state would be reached when the two kinds of ions travelled at equal 
rates, without separation. 

Assuming this to occur, we may calculate the coefficient of diffusion. 
Let the electric field at any point in the solution, in the Ox direction, 
be X e.s.u., = —dEjdx e.s.u., where E is the potential at that point. 
A monovalent ion at such a point experiences a force +edEldx dynes, 
according to the sign of its charge. Since the velocity of a cation 



Fig. 6 







XI] 


OSMOTIC PRESSURE AND DIFFUSION 


26:; 


under unit force is U ciu. per sec., a force —cdh produces a terminal 
velocity of — Ucf/A’/Wx cm. per sec. Similarly, the terminal velocity 
of an anion is -{-VcdEIdjc cm. per sec. dlie total \ elocity ot a cation 
due to both osmotic pressm-e and electric field is — t/(l/n . dPjdx -F 
edEjdx) cm. per sec., and of an anion — T (1/u . dPjdx edEjdx) cm. 
per sec. AVe may assume from both experimental and tlicoretical con¬ 
siderations that the number of ions of each kind crossing unit area 
per second is the same, dN jdt, say. Tliis quantity is also e(jual to the 
velocity of the ions concerned multiplied by their concentration, for 
it is the number of ions inside a cylinder of miit cross-section and 
length equal to the velocity. Hence 


d_N 

dt 




dP , dL 
dx + 





(37) 


Eliminate dE/dx. This gives 

dt ~ 


WV dP 


{V T V) dx 


. . . . (38) 


According to van’t Hoff’s law, if all the n molecules per c.c. were 
ionized, each giving one ion of each kind, there would be altogether 
2n ions per c.c. and the osmotic pressure would be P^ = 2nkd. But 
as has been mentioned above on p. 24-i, the actual osmotic pressure 
is P == j3Pa, where )3 is a factor less than unity for dilute solutions. 

Then 

= .(39) 

dx ^ dx 


and from equation (38) 


<m 

dt 


^pkdUV dn 


(40) 


{U+V]dx 

Let the mass of each cation and anion be mi and m 2 gm. respectively. 
Then the total mass crossing unit area per second in one direction is 

4pkeUV{mi - T mo) dn 

dx 


(U + V) 

4BkdUV)n dn 

-Zi--- gm. per sec., 

- m^V) dx^ ^ 


(41) 


where m is the mass of one molecule of the solute. As in case I, Tick s 
law gives the mass crossing unit area per second as Ddtiifdx — 
-Dmdnidx, since = nm. By comparing the two equal masses we 

find that 

i^keuv 




{u+vy 


(42) 
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4. Interdiffusion of Solids. 

Though true solids have a definite crystalline structure, that is, 
a definite space lattice, it is found that two solids placed in contact 
diffuse into one another. Further, a solid metal A diffuses into a 
different solid metal B much more readily than it does into a second 
portion of .4 itself. Pick’s law, Q ~ —DAdnklx, applies to solids, 
and the value of the diffusivity K has been obtained in certain cases. 

Roberts-Austen investigated the diflusiou of solid gold and other raetals into 
lead. Tlie lead was in the form of a cylinder 7 era. long and 1-4 cm. in diameter. 
In one case a thin plate of gold was fused on one end of it in such a manner 
that immediately after the fusion the gold did not penetrate more than a milli- 
ractre into the lead. Then the cylinder was kept for about a month in a constant- 
temperature enclosure, at a temperature below the eutectic point of lead-gold 
alloys, that is, below their lowest melting-point. After this the C 3 'linder was 
cut up into slices of equal thicknes.'*, and the quantity of gold in each was deter¬ 
mined by ch(Muieal analysis. The balance used weighed to 2 X I0“® gm. From 
the masses of gold in the slices, K was calculated by a method which is too long 
to reproduce here. In recent experiments by Seith and others, the apparatus was 
similar to that of Roberts-Austen, but the concentration of the diffusing metal 
in the slices was measured by the method of quantitative spectral analysis. 

Groli and Hevesy early used a novel method (now* familiar as the modern 
radioactive tracer technique) in their determination of the coefficient of diffusion 
of solid lead in solid lead, that is, the self-diffusivity of lead. To a rod of 
ordinary pure lead. To cm. long, was fused a rod, 0*5 cm. long, of Joachimsthal 
lead, which is a mixture of three isotopes, namely, ordinary lead, uranium lead, 
and radium D. Of these, radium D alone is radioactive. The electron shells 
of all three isotopes, and therefore the “ sizes ” of the atoms, were assumed to 
be the same. In effect, the conditions as regard.s diffu.sion were the same as 
if ordinary lead were diffusing into ordinary lead. The time allowed for diffusion 
was about 41IU days. Then the rod which was originally ordinary lead was cut 
into slices, and the a-ray activity of each slice was measured by means of an 
a*ray electroscope. These a-rays came from the polonium formed by radioactive 
disintegration of the radium D which had diffused, and hence the mass of the 
latter in each slice could be calculated. It was assumed that the proportions 
of the three isotopes diffusing were the same as in Joachimsthal lead; the total 
mass of diffused lead in each slice was cjalculated, and hence the diffusivity. 
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1. Newton’s Law of Viscous Flow. 

WLen a liquid flows over a fixed surface such as (fig. 1), it is 
found experimentally that a layer D at a distance x-\- dx from AB 
flows with a velocity greater 

idx 


than that of a layer at C, a 
distance x from AB. If the 
difference in the velocities of 
the two layers is dv, the 
velocity gradient between C 
and D will be dvjdx. As a 
result of this relative motion 
of the layers, internal friction 
or viscosity arises. Nev’ton’s 
law of viscous flow for stream¬ 
line motion (as opposed to 
turbulent flow) is 


+ 


A 


Jfcst 
Fig. I 




D 


B 


( 1 ) 


where F is the tangential viscous force between two layers of area A 
a distance dx apart, moving with relative velocity dv. Ihe quantity 
7 j is termed the dynamical coefficient of viscosity of the liquid. 

2. Fugitive Elasticity. 

4 

There are two theoretical modes of approach to problems involv^g 
viscosity. The first is by analogy with the elastic properties of solids, 
and the second by consideration of the unplications of the kinetic 
theory of matter. The former mode of approach is more applicable 
to the discussion of the viscosity of liquids and the latter to the viscosity 
of gases. 

Maxwell considered that a liquid possesses a certain amount of 
rigidity but is continually breaking down under the shearing stress. 
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The analogy is emphasized by the formal similarity between the two 
equations 


stress 

Kigidity n =-^;-- 

strain (shear) 


P 

9 dijidx 



Viscosity r] = 


stress 

velocity gradient 


P 

dvjdx 



A liquid is therefore regarded as exerting and sustaining a certain 
amount of shearing stress for a short time, after which it breaks down 
and the shear is reformed. Let the rate at which the shear breaks 
down be proportional to its value 9, and be given by A^. If y is the 
displacement, 9 — dyjdx, and the rate of formation of shear = d9ldt = 

‘It) = ![ (‘In 

dxj dx\dt 

X9 — dvjdx . (4) 




wlien the steady state of flow of liquid has been reached. 
(2), (3) and (4), 

rj = njX. . 


Hence from 



Tlie quantity 1/A is termed the time of relaxation of the medium and 
measures the time taken for the shear to disappear when no fresh 
shear is applied. 

Pursuing the analogy between elasticity and viscosity, it may be 
noted that in addition to the shear viscosity a dilatational viscosity 
may occur. This arises when a volume of liquid is compressed or 
dilated without change of shape. So far little investigation has been 
made of this subject, but the introduction of dilatational viscosity into 
acoustical calculations eliminates an apparent discrepancy which exists 
between theory and observation on the absorption of sound in liquids 
at high frequency. 


3. Methods of Determining yj. 

All the methods used for determining rj require the flow to be 
streamline. The necessary and sufficient conditions for this criterion 
to be fulfilled will be considered later (p. 271). 

The main methods available for determining the coefficient of vis¬ 
cosity of liquids fall into two groups, the first involving the measure¬ 
ment of the rate of flow of a liquid through a capillary tube, and the 
second involving observation of the motion of a solid body moving 
through the lipuid. 

4. Flow Methods; Poiseuillea Formula. 

The following formula for the volume of liquid flowing per second 
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tlirougli a cvliiulrical tube of circular oross-soction is Juo to roiseuillc. 
Its validity rests ou three conditions: 

(1) there must be streamline How; 

(2) the pressure must be constant over anv cross-section, that is, 

no radial flow must occur; 

(3) the liquid in contact with the walls of the tube must be at rest. 

We assume that these con¬ 
ditions are satisfied and tliat a 
steady flow of liquid is in pro¬ 
gress. Let the velocity of the 
liquid (fig. 2) at a distance r 
from the axis be c; then the 
velocity gradient will be dv/dr 
and the tangential stre.ss ridv'dr. 

If a pressure difference p exists 
between two points in the tube 
a distance I apart, the force 
causing motion of the volume 
of the cylinder of liquid of radius r \s Trpr. 

Hence, equating this accelerating force to the retarding viscous 
force, we obtam the condition for steady flow, namely 


I 





The velocity gradient is therefore proportional to r, the distance from 
the axis of the tube, and vanishes on the axis. 

At the wall of the tube r = a and y = 0: integrating from r = a 
to r = r, we have 

— r- — —^ 

V 


or 




The profile of the advancing liquid is therefore a parabola. 

The volume of liquid dQ flowing through the tube per second between 
the radii r and r dr is given by 

dQ = %Trvdr. 


Hence the total volume of liquid flowing through the tube per second is 




■npa* 


( 8 ) 
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All accurate and convenient method for determining y) by Poiseuille’s method 
is shown in the accompanying diagram (fig. 3). A long piece of glass tubing 
2 to 3 mm. in diameter is selected and tested for uniform bore by observing the 
length of a thread of mercury in various positions. When about 50 cm. of tubing 
which does not vary in bore by more than about 3 per cent has been found, the 
tube is cut. Two small crosses are then made on the tube about 30 cm. apart, 
after wdiich. by rotating a pointed file (using turpentine as lubricant), two small 
holes are bored at these points. They are judged to be large enough when a fine 
needle will pass freely through them. Two T-pieces are then constructed from 
tubing about 5 ram. in diameter and these are slipped over the narrower tube. 
The centrus of the T-tubes are adjusted so as to lie over the fine holes in the central 


ThermcryuUr 



Pig- 3 


tube, and the joints between the two tubes are then sealed with wax so as to 
render the system watertight. The T-tubes are connected to two upright gla^ 
tubes forming a manometer, and the pressure difference over the distance I is 
thus measured directly. The remainder of the apparatus is shown in the diagram, 
the part on the right being a device to maintain a constant head of water. 


5. Corrections to Poiseuille’s Formula. 

With the apparatus described above Poiseuille's fonnuia requires no correc¬ 
tions if the flow of liquid is slow,* the experimental conditions approaching 
the ideal as the pressure-holes are diminished in size. In many experirnental 
arrangements, however, the excess pressure is often regarded as that due simply 
to the head of water at the inlet end. Two sources of error must then bo 

considered: , j* -u 

(1) Accelerations occur near the inlet to the tube, the velocity distribution 

♦ Tf the flow is fast, a correction for the kinetic energy imparted to the liquid must 
be made, as is explained in (2) below. 
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being non-nniforni mitil a short length of tlie tube has been travetsefl. To correct 
for this a (juantity na must be added to /. where n = l-bl approxiinatelv. 

(2) The pressure ditlereiice between the two ends is us'.nI [urtly in corn- 
municatmg kinetic euergy to the licjuid and not wholly in ovoreoniing viscous 
resistance. 

An approximate value of the correction for the latter may be obtained in the 
following way. The khictic energy given to the liquid, of de^l^ity p, per second is 


\4r// 8 \ 8//; / “'Vr* 


• • • ( 0 ) 


The work done in overcoming the viscosity is pQ; the total loss of energy per 
second is tliereforo 


a* 3 


( 10 ) 


If the total external pressure is pp then 


PiQ = J'Q + 

• k 


- nV 


( 11 ) 


This correction has been tested experimentally by Hagcnbacli. by Couetto 
and by W'ilberforce, but it is only approximately true, and according to some 
authorities (Edser), the con-ection is twice that given by (9). In the form given 
here it implies a radial pressure gradient at the end cross-soetion of the tube. 
The correction should bo wl»ere in is found experimentally to be 

approximately unity; its value must be obtained by calibration, if accurate 
results arc required. 

The ooinplctc corrected formula is therefore 

^ __ ( 12 ) 

^ SQ{1 + la-kt) 8r.(l + 104u). ^ ’ 

6. Critical Velocity. 


Poiseuille’s formula is valid only so long as the flow of liquid in 
the tube is streamline. TliLs condition is fullilled at low velocities and 
for tubes of small radius. It is convenient to remember that for a tube 
50 cm. long, of bore about 3 mm., the pressure diflerence between the 
ends of the tube must not be greater thaii about 3 cm. when water is 
used. The velocity (F^) at which turbulent flow sets in is termed the 
critical velocity. It can be shown by the method of dimensional analysis 
that Fc = krjipa, where tj is the coelficient of viscosity of the liquid, p 
its density, and a the radius of the tube. The ratio r)lp is frequently de¬ 
noted by V and termed the kinematic viscosity. The quantity k is termed 
Reynolds' number and generally has a value about 1000. The relation 
between the volume of liquid Q and the pressure jt is shown in fig. 4. 

At low velocities, that is, when the motion is streamline, Q is pro¬ 
portional to ill agreement with Poi.seuillc’s relation. A.s the rate of 
flow is increased beyond the critical velocity, however, the quantity 
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flowing through increases less rapidly and soon becomes independent of 
the viscosity of the liquid and dependent mainly on the density. Com¬ 
mercial rotameters, instruments designed to measure the flow of liquids, 
are often deliberately constructed of tubing of wide and variable area 
of cross-section so as to produce turbulent motion which will be approxi¬ 
mately independent of the particular viscosity. When the motion is 
quite turbulent, the quantity flowing is nearly proportional to the 
s(juare root of the pressure. The pressure difference is now used up in 
overcoming the turbulent motion and communicating kinetic energy to 
the liquid. The fact that the rate of turbulent flow is independent of 
the viscosity explains the rapid flow of viscous lava from volcanoes. 
The effect may be demonstrated in the laboratory by introducing a 
sn\all quantity of coloured liquid along the axis of a tube. While stream¬ 
line flow is in progress, the coloured 
liquid is drawn out into a thin fila¬ 
ment parallel to the length of the 
tube. As soon as turbulent flow sets 
in. the filament becomes wavy and 
spreads out, the coloured liquid 
eventually filling the entire tube. 

It may be shown, by a simple 
extension of the theory leading 
to Poiseuille’s formula, that the 
presence of an axial wire, of dia¬ 
meter only 1/1000 that of the tube, 
should reduce the flow by about 
10 per cent. Lea and Tadros experi¬ 
mentally found that the reduction 
was much less than this, except 
when the radius of the core approached one-half the radius of the 
tube; then theory and experiment were in good agreement. With a 
core present, the critical velocities are much lower, and local tur¬ 
bulence at the boundary of the core co-existing with streamline flow 
in the bulk of the Liquid in the tube is found to account adequately 
for the discrepancy. 

7. Accurate Determination of y). 

To avoid the use of the uncertain Hagenbach correction, the standard visco¬ 
meter is made in a form suggested by Couette; the foUowtng arrangement is 
used at the Reichsaiistalt (fig. 5). 

The liquid flow's from the reservoir A through the t^vo capillaries K^, K,, 
which are connected in series, to the outlet F, where the volume is measured. 
When the wiiole apparatus is immersed in a temperature bath, the liquid may be 
introduced through G, the air escaping through the tube H. A device supplies a 
steady flow of compressed air to the reservoir through the tube L and thus keeps 
the pressure constant as the liquid level sinks. The pressures at the ends of the 
two capillaries are given directly by the heights A, and A^ of the liquid in the 
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tubes ilf |, iVj and M^. The heights are determined with a cathetomcter. Since 
the correction is the same for both tubes, we have 



The expression takes a much simpler form if aj = but this is difficult to 
realize experimentally. 

Viscometers which are simple to use but which require calibration are available 



commercially in a variety of 
forms. The type invented by 
Ostwald isdescribed herc{fig. 0). 

The liquid, wliich is initially 
introduced through A into the 
bulb B, is sucked into the bulb 
C through the capillary K until 
a mark is reached. The 
time l taken for the meniscus 
to fall vertically under gravity 
from to Wj is then observed. 
Since ^^^th such an arrangement 
the effective pressure difference 
is proportional to the density p 



Fig. s • 


Fig. 6 


of the liquid, the Polscuille formula, together with the Hagenbach correction, 
may be written 

n = A(,t-^ .(13) 

•This figure, together with figs. 6, 8, 9, 11, 12, 13, 14 of this chapter, are taken 
from Wicti'Harms, HaJidbuch dtr t'xperimenUxlvhuBik (Akademische Verlagsgcsellschaft, 
Leipzig). 

(t103) 
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where A and B are constants which must be determined with two liquids of known 
viscosity. The instruments are generally so constructed that the correction term 
y c ed ; a single calibration is then sufficient. 

To detcriuinc the viscosity of molten metals, an instrument of the Ostw'ald 
type is generally used, the flow tube being constructed of quartz or silver. The 
passage of the meniscus past two fixed point-s is recorded electrically. For non¬ 
conducting liquids, a cylindrical metal reservoir may be connected as a cylindrical 
condenser in an oscillating circuit. The change in capacity produced by the 
change in level of the meniscus of the contained liquid serves to indicate a given 
volume change. 

8. Other Methods for Measuring vj. 

The second general method of measuring viscosity, in which a 
body moves in a liquid, has many variations, which may be classified 
as follows. 

(1) The rotation viscometer. 

(2) Maxwell’s oscillating disc. 

(3) Stokes’s method, by the damping of a pendulum vibrating in the 

(4) Damping of a solid sphere vibrating about a diameter and 
immersed in the liquid. 

(5) Damping of the vibrations of a hollow sphere filled with the 
liquid. 

(6) Stokes’s falling-body viscometer. 

Methods (1) and (6) will be considered here in detail. 

9. The Rotation Viscometer. 

Consider two concentric cylinders of radii a, b, the space between 
them being filled with the liquid whose viscosity is required (fig. 7). 

If the outer cylinder is rotated 
with uniform velocity, a torque is 
communicated to the inner cylinder, 
the magnitude of which may be 
registered by suspending it from a 
toi-sion wire. We consider the 
motion of any concentric cylinder 
of liquid of radius r; let its angular 
velocity of rotation be w. Then the 
velocity gradient at this point will 
be 

Fig. 7 The first term on the right-hand 

side represents the angular motion 
which the layer would have if no viscous slip occurred; the second 
term is responsible for the viscous stress introduced, and if we apply 
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Newton’s law, the N’iscous 
the cylinder will be 


torque V over unit length of the surface of 




When the steady state is reached, this torque must be equal to that 
exerted on the inner cylinder. Hence, integrating equation (15) and 
using the conditions r = a, w = 0, and r = 6, w = Q, where O is 
the angular velocity of the outer cylinder, we have 

r= 47rjjO —.(IG) 


The torque over the base of the inner cylinder has been neglected in 
this treatment; in practice the correction is eliminated by measurements 
with two difierent lengths of cylinder immersed. Representing the 
torque on the base by f{B), we have, for depths of immersion and 


r2 = •iTTTjO. 




(62 - a2) 




Hence 


Tj — r2 = 47Tr)Cl 


d^b^ 


ib'^ - a2) 


{h-kY . . . (17) 


The torque may be measured in two ways: (i) by the twist produced 
in a suspension of known rigidity; (ii) by using a fixed external cylinder 
and measuring the angular velocity of rotation of the internal cylinder 
when a known couple is applied. 

As typical of the first method, we shall consider Hatschek'a viscometer (fig. 8). 

A wooden cylinder A is suspended by a torsion wire B from a fixed support C. 
The outer coaxial cylinder D is rotated by the pulley Q, which is coupled to an elec¬ 
tric motor. The space E may be used to provide an electrically heated water-bath. 
The cylinders F and F’ are introduced to act as guard rings, and end corrections 
for the cylinder A are thus avoided. 

In Searle's method, a diagram of which is given in fig. 9, the inner cylinder a 
is pivoted about a vertical axis b and rotates under the couple provided by the 
weights in the scale-pans c. The couple is transferred by cords passing over 
friotionless pulleys d to a drum e. The outer cylinder / can be raised or lowered 
by rotating the ring g. The speed of rotation is determined with a stop-watch, 
by observing the transits of the point i over the circular scale h. The apparatus 
is stopped or released by raising or lowering the stop k. 

As in the case of Poiseuille’s formula, the validity of application 
of the theoretical formulae to the experiments with the rotation vis¬ 
cometer depend on the condition of streamline flow. The relation 
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between Q and F is shown in fig. 10. When Q is small the motion 
is streamline and F is proportional to O; when turbulent motion first 
sets in the relation becomes irregular. At higher speeds F becomes 
approximately proportional to Q.-. The relations are therefore exactly 
similar to those which exist between the quantity of liquid flowing 

per second through a right cir¬ 
cular cylinder and the pressure 




interdiffusion does not occur, 
any length of time. 


difference between the ends. 

Taylor * has investigated the 
transition from streamline to 
turbulent motion for concentric 
cylinders. Above the critical 
velocity, the liquid contains heli¬ 
cal vortices situated at regular 
intervals parallel to the axis of 
rotation and at a distance apart 
approximately equal to (6 — a), 
measured in the same direction. 

Reynolds’s method for in¬ 
vestigating turbulent motion has 
been improved by Andrade and 
Lewis,f who substitute colloidal 
particles for the usual colouring 
matter. The method has two 
advantages: (i) the velocity dis¬ 
tribution may be foimd by illu¬ 
minating and photographing with. 
a known exposure, since each 
particle traverses a distance pro¬ 
portional to its velocity; (ii) since 
the phenomena may be observed for 


10. Stokes’s Falling-body Viscometer. 

From hydrodynamical considerations of a perfectly homogeneous 
continuous fluid of infinite extent, Stokes derived the relation F = Q-rry^av 
for the viscous retarding force F which is exerted on a sphere of radius 
a moving with uniform velocity v through a fluid with coefficient of 
viscosity t;. For a sphere falling under gravity, the relation will be 

QiTrjav = 37Ta^(p — a)y,.(18) 

where p is the density of the sphere and a that of the liquid. Since the 

•Taylor, Phil. Trans., A., Vol. 223, p. 289 (1923). 
f Andrade and Lewis, Joum. Sci. Inst., Vol. 1, p. 373 (1924). 
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terminal velocity v may be measured from the time of transit between 
two fixed marks on the sides of a vertical glass tube, this furnislies a 
convenient method for finding r^. 

If the total height of the liquid contained in the t\ibe is divided 
into three equal parts, the centre division being used for the velocity 
detennination, Ladenburg has shown that in order to correct for the 
finite extent of the liquid, the equation should be 

„ 2 _j_ 

^ 9 u (1-f 2-4u/7?){l-h 3-3a//0’ ’ ^ ^ 

where H is the radius of the tube and h the total height of tlie liquid. 
Faxen has given a still more accurate correction; if is the co¬ 




efficient of viscosity as calculated from the uncorrected Stokes’s law, 
then the true viscosity is given by 7 / = r)^{l — 2T04(a//?) -|- 2*09(a/7?)* 
— 0*95(a/i?)^}. With spheres, therefore, the simple Stokes’s law gives a 
value of 7) correct to one per cent if Rja > 200. Any departure from 
sphericity requires far greater correction; for example, cylinders falling 
in glycerine give an apparent viscosity twice the accepted value owing 
to the boundary effect, even for RJa > 500. Consideration of the devia¬ 
tions from Stokes’s law which occur during the fall of small drops 
through gases is of great importance, since Millikan’s experiment for 
the determination of the charge on the electron is based on this 
principle. 


11. Viscosity of Gases. 

All the methods considered for the determination of the \dscosity 
of liquids are applicable to gases if certain modifications are made in 
the experimental technique and in the associated formulae. 
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(1) Extension of Poiseuille's Method. 

As a liquid is assumed to be incompressible under the conditions of 
the experiment, the equation Q = — {~a^lSrj)dpjdx, which is a differ¬ 
ential form of equation (8), p. 278, may be integrated directly. For a 
gas, however, the density will decrease along the tube, and we have now 
to express the fact that the mass and not simply the volume traversing 
any cross-section is constant. 


If p represents the density and Q tlie volume passing any cross-section per 
second, = constant or pQ = constant, since the dcasity is proportional to 
the pressure. Then if pj is the pre.ssure at the inlet of the tube and Qi is the 
volume entering per second, 


or 



TM* tip 

Sn ^ 




where p, is the pressure at the outlet. Hence 




The complete formula, when the Hagenbach correction and also the slipping which 
occurs at the sides of the tube are taken into account, has been shown by Erk • 
to bo 






PQ\ 

St.I 




where ^ is a constant for the particular gas and is termed the slipping coefficient. 

The experimental arrangement due to Scbultze is shown in fig. 11. The gas 
is contained in the splieres a and 6 and is passed through the capillary k at constant 
pressure bv raising the mercury c up the scale d. The volume of gas passed is 
recorded electrically as the mercury passes the points / and g. 


(2) RankMs Method. 

There are many experimental metliod.s for determining the viscosity 
of a gas by means of a pellet of mercury which slides down a vertical 
tube and forces the gas through a capillary tube during the descent. 
A convenient arrangement due to Rankine is shown in fig. 12. 


A capillary tube K and a wider tube D are joined as shown to form a closed 
system. A drop of mercury E slides between two fi.xed marks A and B in the 
wide tube and thus traverses a volume Qy which is equal to the volume of gas 
which flows through the capillary tube. The general equation connecting t, the 
time of fall of the drop, and m, its mass, is 



* Erk, Zeils. f. tex:hn. Phys., Vol. 10, p. 452 (1929). 
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where a and p are constants, the former depending on the surface tension and 
being commonly knoum as the .^ticking coefficient. It may be eliminated bv per¬ 
forming experimont-s with pellets of two dilTerent masses. The etfecti\e pressure 
difference is given by ;p = ^gjAl, where A is the area of cross-section of the fall- 
tube. Hence if we neglect the Hagenbach correction, formula (21) becomes 
approximately 



Since P is constant, the apparatus is convenient for comparing the viscosities of 
different gases. Alternatively, steam or liquid at a known temperature may be 



Fig. II 


circulated through PQ and the variation of viscosity with temperature may be 
investigated. 

(3) Edwards' Constant Volume Method. 

In contrast to the two methods previously described, in which the 
viscosity is measured at constant pressure, Edwards has devised a 
method, as shown in fig. 13, for determining 1 ? at constant volume. 

Gas is contained in the large bulb at a pressure pi which is registered by 
the mercury in the arms of the manometer ab. The tap T2 is then closed and 
opened to atmosphere for a certain time t. Finally is closed and the new pressure 
P 2 is observed. Let the volume of the bulb be Q. Then if is the volume of gas 
entering the capillary tube K per second at time t when the pressure in the appa¬ 
ratus is p, for a slow rate of flow 

= {p + dp){Q + Q, dt). 
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when p changes io p dp \n time df. Hence 



approximately. 


But 



where Pq is the atmospheric pressure. Hence 

^ dp ^ J_ (Pz + 2po) p, 

2po ° (Pi + 2po) P3* 



Fig. 12 *3 


(4) Maxwell's Oscilhting-disc Viscometer. 

The rotation viscometer of Hatschek (pp. 275-6) may be applied 
directly to the determination of the viscosity of gases. 

As typical of the viscometers dependent on damping, Maxwell’s 
oscillating disc will now be described; the rate of damping is approxi¬ 
mately proportional to the viscosity of the gas. In instruments of 
this type the expansion of the gas which is inevitable in the flow 
methods is avoided, and it was with the oscillating disc that Maxwell’s 
prediction from the kinetic theory, that the viscosity should be in¬ 
dependent of the pressure, was verified. The viscosity of gases at very 
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low temperatures has been determined with a recent form of the 
apparatus due to Vogel * (fig. 14). 



i 

pt 
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A thin glass disc dd was attached by a nickel wire to the mirror 5 , the whole 
being suspended by a fine platinum wire from the hook k. A rotation head t 
enabled the zero to be set easily. The fixed plates were clamped by the clumps 
FF to two fixed pieces MM. The gas was introduced tlirough E and the apparatus 
was set in operation magnetically by means of tlie astatic pair of magnets Jf. 
WliUe the lower part of the apparatus could bo 
immersed in any desired temperature bath, the 
platinum suspension was sufticiently distant for its 
elastic properties to remain constant. 

The theory of the instrument is complicated 
and involves many uncertain corrections, so that 
the method is suitable only for comparison and not 
for absolute measurements. The corrections may 
be avoided to some extent by the use of a guard 
ring. The method has useful applications in the 
determination of the viscosity of molten metals, 
since the inertia of the liquid is large and the mass 
movements of the liquid axe small; hence the size of 
the vessel is unimportant and the use of a guard 
ring becomes unnecessary. The flow methods lead 
to considerable error unless precautions are taken 
to avoid oxidation, and the apparent viscosity is 
often greatly increased by the formation of a skin 
of impurities on the surface of the flow tube. 

12. Variation of the Viscosity of Fluids with 
Pressure. 

(1) Liquids. 

Little work was done on the variation of 
the coefficient of viscosity of liquids with 
pressure before Bridgman (p. 89). 

In certain qualitative features the be¬ 
haviour of all liquids, except water, is similar, 
although there are large quantitative differ¬ 
ences. The viscosity of liquids increases with 
pressure at a rapidly increasing rate. Refer¬ 
ence to Chapter V shows this to be unusual, most pressure effects 
diminishing as the pressure is increased. The behaviour of water 
is exceptional. Between 0*^ C, and 10° C. there is a minimum vis¬ 
cosity at about 1000 kg./cm.^. At 30° C. and 75° C. experiments 
showed thtat the minimum had disappeared, and a regular increase 
of viscosity with pressure was observed. No really satisfactory 
theory of the variation of the viscosity of liquids with pressure has 
yet been proposed. 


AM 



h'm. 14 


•H. Vogel, Ann. d. Phynik, Ser. 4, Vol. 43, p. 1235 (1914). 
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(2) Gases. 

It is shown in Chap. IX (p. 194) that according to the kinetic 
theory of gases the coefficient of viscosity should be independent of 
the pressure at ordinary pressures. At low pressures, on the other 
haiui, when the mean free path of a gas molecule becomes greater than 
the linear dimensions of the containing vessel, the kinetic theory shows 
(p. 198) that 7) should be proportional to p. Both predictions are in 
good agreement with experiment. At very high pressures, Bridgman has 
shov.'ii that the coefficient of viscosity of gases increases with increasing 
pressure. The problem has recently received independent investigation 
by Boyd, who has shown that the Hagenbach correction becomes 
increasingly important at higher pressures. 

Highly purified nitrogen and hydrogen and mixtures of the two were passed 
through a steel flow tube at pressures up to nearly 200 atmospheres. The maxi¬ 
mum relative increase in the viscosity of nitrogen was 25 per cent, of hydrogen 
10 per cent, and of the mixture 20 per cent. Further work by Michels and Gibson, 
using nitrogen up to a pressure of 1000 atmospheres and over a temperature range 
0-100® C., shows agreement with a comprehensive theory of molecular attraction 
developed by Enskog. The expression 7)/p, where p is the density, decreases to 
a m inimum at p = 400 X 10~^ gm./c.c. and then increases indefinitely. 


13. Variation of Viscosity of Fluids with Temperature. 


(1) Liquids. 

The viscosity of liquids decreases rapidly with rise of temperature. 
For water, the viscosity at 80° C. is only one-third of its value at 10° C. 
Although the relationship has been the subject of many investigations, 
no satisfactory simple formula has been suggested which egresses the 
connexion with any great degree of accuracy. The empirical formula 

of Slotte, 



Vo 

1 -f ae + 



where a and 
experiment. 


P are constants, is only in approximate agreement with 
while a modification 


_ A 

“ (1 + Btf’ 



where A, B and C are constants, is cumbersome and does not apply 
to the important practical case of oils, which are mixtures of chemical 
compoimds not easily separable. Owing to the lack of a satisfactory 
theory of liquids, no theoretical relation of any value had been derived 
until the recent work of Andrade.* 

On Andrade’s theory, a liquid is considered to consist of molecules 
vibrating under the influence of local forces about equilibrium positions 
which, instead of being fixed as in a solid, are slowly displaced with 


• Andrade, Phil. Mag., Vol. 17, p. CDS (1934). 
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time. The liquid state is here regarded as heing closer to tlie solid state 
than to the gaseous state. At extreme lihration (compare Lindemann’s 
theory of fusion *) a molecule of one layer may momentarily combine 
with one of an adjacent parallel layer, supposed to be moving past it 
with a drift velocity given by the bulk velocity gradient, the combina¬ 
tion being of extremely short duration but sufhcing to ensure a sharing 
of momeutiun parallel to the drift. If the frequency of vibration of a 
liquid at the melting-point is taken as that of the solid form at the 
same temperature, a coefficient of viscosity can be calculated for simple 
substances in the liquid state which agrees closely with the experimental 
value. Communication of momentum takes place only if the mutual 
potential energy, probably determined by the relative orientation of 
the approaching molecules, is favomable. Under the influence of local 
intermolecular forces the molecules tend to be similarly orientated 
within very small groups, the boundary and molecular population of 
each group changing continually. The tendency to orientation which is 
favourable for interchange of momentum is disturbed by the thermal 
agitation. On this basis the formula 

r)v^ = .(28) 

is derived for the variation of \’iscosity with temperatiu’e, A and c 
being constants and v the specific volume. This formula agi'ees closely 
with experiment for all liquids so far examined, except water and 
certain tertiary alcohols. It applies to ordinary associated liquids as 
well as to non-associated liquids, although the meaning to be attributed 
to the constant c is somewhat different in the two cases. 

(2) Ga^es. 

The viscosity of all gases increases with rise of temperature. For a 
discussion of the results reference should be made to Chapter IX, p. 194. 

14. Viscosity of Mixtures and Solutions; Variation with Chemical 
Constitution. 

A large number of experiments have been made on the viscosity 
of mixtures and of solutions, but no general laws have resulted m 
either case. With some solutions the viscosity is less than that of the 
pure solvent, while with others it is greater, reaching a maximum for 
a certain concentration. With mixtures, the viscosity is generally less 
than the arithmetic mean of the viscosities of the components of the 
mixture. Again, the dependence on chemical constitution is anything 
but straightforward; experiments by Pendersen on the ethers show a 
very general decrease in viscosity with increasing molecular weight, 
although many exceptions occur. 

• See Roberts, ffeat and Thermodynamics, fourth edition, p. 551. 
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15. Non-Newtonian Fluids. 

Many commonly occurring fluids, for example colloids and pastes, 
are non-Newtonian in their viscous beha\nour in that the rate of shear 
is not proportional to the shearing stress, or is proportional over only 
a very limited range of pressure. The volume discharged through a 
capillary tube is therefore not proportional to the pressure, and appli¬ 
cation of the formulae derived hitherto will have meaning only when 
the conditions are specified. The science of fluid flow in general is 
termed rheology, and Newtonian fluids constitute a very limited section. 

If a fluid shows an isothermal reversible decrease of viscosity with 

* 

increase in the rate of shear it is termed thixotropic. The ideal lubricant 
is one which has a very high viscosity at almost zero shear when the 
machinery is at rest, so that once the lubricant has been drawn into 
the bearings against gravity by surface tension forces, it will stay there; 
then when the machinery gathers speed the lubricant exhibits its thixo¬ 
tropic property of decrease of viscosity with increasing rate of shear, 
so producing minimum friction and power loss. 

To study further the beha\nour of thixotropic substances we may 
consider equation ( 1 ) to be modified to 4 " d, where 7^0 is 

the Newtonian coefficient of viscosity and 9 is the coefficient of thixo¬ 
tropy. We have seen that decreases rapidly with temperature; on 
the other hand, 6 is almost independent of temperature. This behaviour 
throws some light on the nature of thixotropy, which receives explana¬ 
tion in terms of a structure of the fluid. The particles present, colloidal 
or otherwise, may be considered to form a linked scaffolding from one 
wall of the container to the other, and during flow these links are 
continually being broken and reformed. If the energy required to 
break a link is large compared with the thermal energy, the life of 
the link will be largely independent of thermal energy. Lubricating 
oils have long chain molecules which at very low rates of shear can 
be disentangled by thermal energy, whereupon the behaviour is New¬ 
tonian. At higher rates, however, the disentanglement is brought 
about by the shearing stress and hence the apparent viscosity decreases 
and the oil is thixotropic. 

Some pastes, wet sand for example, exhibit inverse thixotropy, where 
the viscosity increases with increasing rate of shear. Many of these 
cases can be explained in terms of a separation of the phases, as in 
the example chosen, where the water is squeezed out between the sand 
particles which then show some of the properties of solid friction. 

Any viscosity apparatus which permits easy change in the rate of 
shear can be used to demonstrate thixotropy and to amass useful 
empirical data. Quahtatively, the oscillating-disc method was early 
used; a rate of damping which decreases with increasing amplitude 
indicates thixotropy. Quantitatively, the rotating-cylinder method is 
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excellent and Hatschek’s ^^scomete^ (fig. 8) has been used for tliis 
purpose. As the linear velocity gradient at any radius r is given hy 
r. dcoldry from equations (15) and (1C) we have 


r 


do) 

Tr 





It is possible to determine the velocity at any point directly by the 
insertion of a hot-wire anemometer, but this may disturb the stream¬ 
line flow. Alternatively, if the cylinder separation is small, taking the 
average of the extreme values, a mean rate of shear n(rt- + — cr) 

is obtained, and since tj is given by (Ki), the variation of rj with the 
rate of shear may be examii^ed either by varying the rate of rotation 
of the moving cylinder or by usii\g suspension wires of various kinds. 


16. Special Flastometers. 

The recognition of thixotropy, the wide range of numerical values 
of the viscosity coefficient for different materials, and the practical 
importance of the subject in metallui'gy and the petroleum industry 
alone, have led to the development of many different tjqies of visco¬ 
meter and plastometer designed for special 
purposes. Even so, the standard methods 
already described arc still widely used and 
recently Stokes’s falling-sphere method has 
been further developed. For opaque liquids, 
the passage of the steel sphere past various 
points is determined from X-ray photo¬ 
graphs, or alternatively by the induction 
effect as the sphere passes through coils 
wound on the fall tube. 

The change in viscosity on stirring 
thixotropic fluids is easily measured by 
noting the time of fall of the same sphere 
before and after stirring. For a given sphere 
the stress is constant but fresh material is 
being sheared continuously. Rate of shear 
can be varied by using spheres of different 
radii or different density. Holliday has 
modified the apparatus by replacing the Fig. is-—I'ochetUno's apparatus 

gravitational field by that due to an 

electromagnet. With an iron sphere of microscopic size placed at 
various distances from the pole-piece, different rates of shear are de¬ 
veloped, and the corresponding velocities are measured in a horizontal 
plane. In this way it has been shown that while substances like poly¬ 
methyl methacrylate are generally non-Newtonian in behaviour, at 
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sufficiently low rates of shear the behaviour is Newtonian and hence a 
representative value of -q may be stated for such materials. 

Finally, Stokes's method is suitable for very viscous fluids, an 
advantage possessed also by the rotating-cylinder method but less 
conspicuously by the capillary-flow method unless special means are 
adopted to apply forcibly a large pressure gradient. For exceptionally 
viscous fluids like pitch, Pochettino’s apparatus shown diagram- 
maticallv in fi". 15 may be used. Two coaxial cylinders A and B are 
mounted with their common axis vertical; the space between is filled 
with the viscous liquid and the outer cylinder is held rigidly. Then 
neglecting the mass of the fluid compared with that of the inner cylinder 
and suspended mass IF, if the latter descends with a constant velocity 
u, applying equation (1) we have 

F = W(j = -7,. 2 -rl 


where I is the length of the cylinder. 


On integration and substitution 



(30) 


For accurate use the thickness of the annulus should be small com¬ 
pared with its length. 
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CHAPTER Xm 


Errors of Measurement; Methods of 
Determining Planck’s Constant 

L Introduction. 

In making measurements which are intended to be as accurate as 
possible, the experimenter attempts to eliminate all the sources of error 
in his method. All sources of sxjstemaiic error are first removed. If the 
readings are then taken with the highest possible precision, the un¬ 
certainty principle of Heisenberg asserts that uncertainties will still 
remain even if the observer and the apparatus are “ perfect A full 
discussion of this principle cannot be given here,* but it may be 
mentioned that uncertainties still remain in measurements of length, 
velocity, momentum, &c., even if the apparatus is “perfect”. Other 
accidental errors, bigger than those just mentioned, arise in all 
measurements, because the personal judgment of the observer is 
employed, for example, to estimate the coincidence of two linear 
graduations, or of two events in time, or of analogous things, and the 
estimate made is always faulty to a greater or less degree. It is with 
these accidental errors that we are particularly concerned in this 
chapter. To deduce the “ most accurate ” value of a quantity from 
a set of experimentally measured values different methods are 
available, according as the quantity sought (a) is the quantity directly 
measured, (6) satisfies a linear relation, or (c) satisfies some other 
relation. 

The theory of these methods is in many cases based on the Gaussian 
theory of errors. Although doubt has recently been thrown on the 
application of the theory to physical calculations, it is still accepted 
by most authorities. 

2. The Gaussian or Normal Error-distribution Law, 

Suppose that a large number n of experimental values of a single 
quantity, x^, X 2 , x^, * . ■ , have been found, all of which arc equally 
reliable and free from constant or systematic error. It may be shown 

• Soo e.g. Born, ^(omic Phyaics, p. 90 (Blackie, fifth edition, 1951). 
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on plausible grounds that the most accurate value x is that of the 
average or arithmetic mean, defined by + a ;2 + ... + a:„)/n. Let 
the quantities = — x, &c., be calculated. The 

quantities dg, &c., arc called residuals, deviations or divergences. 
The total number of the residuals is equal to n, the total number of 
observations. Consider the number dn of residuals whose numerical 
value, independent of sign, lies between two limits 2 and 2 + dz. The 
Gaussian error-distribution law asserts that in all cases 

dn~ Ane~^*^^dz .(1) 

where A and h are constants. 

Since the total number of residuals equals n, and their possible 
range is from 2 = 0 to 2 = 00 , 

= An 

Hence A = kl\/7T and 

dn = nhe-’''^' .(2) 

yTT 

The constant h is called the Gaussian measure of jyrecision.* If h is 
large, the residuals are crowded more closely towards the value zero; 
if A is small, the residuals are spread over a large range. Thus h has 
different values for difierent sets of results. 

Tests of the truth of the Gaussian error-distribution law include 
{a) one by Bessel, using 470 observations by Bradley, of a certain 
astronomical angle. There is very good agreement between the actual 
and Gaussian values of dn, in various ranges z to z-j- dz, except when 
2 is very large. More large residuals are found experimentally than 
are predicted by theory. (6) Birge (1932) made 500 settings of a cross¬ 
wire on the centre of a wide spectrum line. The distribution of the 
residuals was in good agreement with the Gaussian law, even for large 
residuals, (c) Astronomical observations by Merriman, 300 in number, 
gave a strictly Gaussian distribution of residuals. 

According to Campbell,f on the other hand, the Gaussian theory 
has for many years been held in such superstitious reverence that no 
efiort has been made to accumulate data by which a decision might 
be made between Gaussian rules (of which the above is one) and possible 
alternatives. He agrees, however, that Gaussian rules lead in certam 
circumstances to permissible results, and that they have long been 
employed with apparent success. 

A graph representing the normal or Gaussian law of error-distri¬ 
bution is shown in fig. 1. 



* It must not be confused with Planck’s constant of action, also denoted by A. 
t Mtawrement and Calculation, pp. 162-163 (Longmans, 1928). 
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3. Measurement of a Single Quantity. Probable Error. 

Suppose that a large number n of experimental determinations ol 
a single quantity have been made. Let these he x^, x.^, . . . ^ It is 
required to calculate the most accurate value of x given by the 
experiments. 

Method /.—One convenient and permissible procedure is to arrange 
the n values of Xj, X 2 , &c., in ascending order, and if w is odd, simply 
select the middle quantity as the required “ most accurate ” value of 
X. This quantity is known as the median. If n is even, select the two 
middle values of x and find their mean. 

Method 11 .—The usual method is to proceed as on p. 288 and find 
the average or arithmetic mean x = + Xg + ... + x„)/n. This 

is more laborious than Method I. 



Such a result is often stated thus: the most accurate value of the 
quantity sought is x + a. For example, Millikan announced his value 
of the electronic charge as (4-774 + *004) X 10-^° e.s.u. The symbol 
a usually, though not always, indicates a quantity known as the 
^obable error or dispersion of the arithmetic mean. It is appended to x 
in order to give a quantitative estimate of the dispersion, range, or spread 
of the set of experimental investigations. If the values x^, Xg, ..., x„ 
are spread over a wide range, the precision of the measurements is 
not so great as if they are spread over a narrow range. In a large set 
of results, half of the errors exceed and half fall short of a certain 
quantity ^/n a. The probable error a is defined thus: it is a num¬ 
ber such that the arithmetic mean x is just as likely to be in error 
by a number falling short of a as by a number exceeding a. Or, it is 

just as likely that the true value of x lies within the range of x_a 

to X -{- a as outside that range (sometimes referred to as the fifty per 
cent zone). Or, again, the odds that the true value lies within the 
range x — 6a to x 5a are 1000 to 1, which is reckoned as a certainty. 
The quantity 5a is called the maximum error. In Millikan’s case, the 
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probable error is 0-004, and the maximum error is 5 X 0-004 = 0*02, 
60 that the odds are 1000 to 1 that the true value of e lies within 
the range (4-754 — 4-794) x 10"^® e.s.u. and not outside it. 

According to the Gaussian theory of errors, the probable error is 
calculated as follows. Having obtained the arithmetic mean x, we 
calculate the residuals d^ = x, (fg = ^2 “ 
sum ^ dj^ = Tid^, say. Then 


a = ‘6745 


V ~ 


D’ 


(3) 


where n is the total niimber of values.* The approximate value 




(4) 


is sufficiently accurate for most purposes. The quantity +V^d^ln 
is called the standard deviation or mean deviation from the arith¬ 
metic mean. Thus the probable error is 2l^y/n times the standard 
deviation. Another expression given by Gaussian theory for the 
probable error is 

•8453 2d 5 2d . _ 

a =-== = r- j-y approximately. . (5) 

n Vw — 1 Vw 

It appears that not all authors, when stating a result in the form a: i a, 
mean thereby that a is the probable error. Some authors intend a to meai 
the standard deviation.f It is therefore essential to find out exactly what each 
author means by the statement that his result is x i a. Engineers dimension 
their drawings in the form x ± a, meaning by x the nominal dimension and 
by the tolerance or allowable margin of error either way. 


4. Probable Error or Dispersion of a Single Observation. 

After making the n observations Xj, Xg, . . . , suppose that one 
more observation is made. Where is it likely to lie? A quantity P, 
called the 'probable error or dispersion of a single observation, exists 
such that it is equally likely that the new value obtained differs from 
the true value by a quantity exceeding as by a quantity falling 
short of p. Theory gives 

p = a'\/n. .(6) 

It can be shown that the probable error of a itself is 0-4769a/n*, 
or, as is sometimes stated, the fractional probable error of a itself is 
0-4769/n*. 

• Proofs of formula} (3), (5), and (6) are given in Whittaker and Robinson, Thi 
Calculus of Observations, pp. 205, 206 (Blackie, fourth edition, 1944). 

fSeo remarks by Baker, Proc. Phi/s. Soc., Vol. 45, p. 283 (1933). 
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6. The Weighting of Observations. 

When more confidence can be placed in one measured quantity 
than in another, it is said to have more weight. The question arises, 
how is this to be taken into consideration quantitatively in calculating 
the most accurate value of a physical quantity from a set of experi¬ 
mental values? 

Consider a case in which a large number of values Xj, Xg, . . . , x,, 
of a single quantity have been obtained by experiment, and suppose 
that if equal confidence could be placed in all the \ alues the arith¬ 
metic mean would be chosen as the “ most accurate ” value of x. 
\\Tiat is to be done if equal confidence cannot be placed in all the 
values? Some authors, e.g. Campbell,* say that observations should 
never be weighted. “ The accuracy of a given set of observations, if 
they are sufficient in number, can never be improved by combining 
them with less accurate observations. If their number is insufficient 
it should be increased. ... It is quite common to sec a value for 
some important constant obtained by the combination of the results 
of many different workers, some of whose experiments were obviously 
less valuable than those of others. I can see no justification for this 
procedure ; if the experiments that criticism shows to be the most 
trustworthy do not give a trustworthy result, then no trustworthy 
result is available.” 

While ideally it may be desirable to increase the number of accurate 
observations and reject all those of lesser precision, practical con¬ 
siderations of time and expense are by many authors considered to 
justify the inclusion of the more doubtful results, if they are given 
suitable weight. 

One method, which is sometimes used but seems imsatisfactory, 
is to assign numerical integers w^, . . . yto each quantity x^, Xg, . . . 
respectively, basing the values of Wi, ... on a purely intuitive 
estimate of the relative confidence to be placed in Xi, Xg, ... . For 
example, in a certain case it might be considered that t^dee as much 
confidence could be placed in Xj as in Xg, or in X 3 , . . . , and values 

= 2 , z <72 = 1 , W 3 = 1 , ... might be assigned to x^, Xg, X 3 , ... 
respectively. These numbers w^, Wg, . . . are called the weights of 
^i, Xj, . . . respectively. In the general case, after the weights are 
assigned, a quantity 

t47,X, + + . . . 

X = T . —» .7 

called the weighted mean^ is calculated. 

Another procedure is to combine results obtained by different 
observers as follows. A certain observer announces the result of his 


* Mta«urement and Calculation, p. 1G7. 
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measurements of a certain quantity as + cq; another investigator 
gives his result for the same quantity as ± 02 , ^ third as + og, 
and so on. Assume that a^, 02 , • ■ • are the respective probable errors 
of the arithmetic means. To combine these results, begin by calculating 
the weights Wj, the diSerent results, which on Gaussian 

theory are given by u\ = W 2 = l/a 2 ^> 
most accurate value of x is taken to be 

_ WyX-^ + + • • * _ + 3^2/° -2 ^ + • » ■ ^ /g\ 

+ l/o-i^ + 1/12“ + • • • * 


which can be written in the form 



_ Su>x 



Before we combine results in such a way, a test ought to be applied 
to see whether such a combination is permissible. According to Birge,* 
the test is that the quantity Z = 0'6745{Ew;52/(iV — 1)}* ought to be 
equal to unity, except for statistical fluctuations. Here 81 = 

Sg = X 2 — x„„ . .., where x^ is the weighted mean, as in equation ( 8 ), 
Wjy W 2 ,... are the weights l/a^^ 1 / 03 ^ .. - respectively,ZwjS^=WJi5i2+ 
MJ 2 S 224 - . . . , and N is the number of independent sets of results 
which are to be combined. Provided that Z does not difier from^ unity 
by a quantity exceeding 0‘4769/iV*, the combination of results is per¬ 
missible. If Z differs from unity by five times 0-47G9/i\r*, there is only 
one chance in a thousand that such a deviation is due to mere statistical 
fluctuation, that is, the odds are 999 to 1 that constant or systematic 
errors are present in one or more sets of results, and it is not per¬ 
missible to combine them. 

It may be shown that the value of the weighted mean x^ given 
by equation ( 8 ), has a probable error 

a= 0-6745{2w52/(iV — 

where the symbols have the meanings just given. 


6. Calculation of the Constants in the Linear Law y= mx + c. 

Suppose that it is known that “ exact values of two quantities, 
X and y, obey a linear law of the form y = mx + c. Suppose also 
that a large number of pairs of values of x and y have been obtained 
experimentally. It is required to find the most accurate values 
of m and c, the constants in the equation. If exact values of x and 
y were available, two pairs of them, aq, yi, and Xg, yg, would be sufficient 
to determine exact values of m and c. As, however, the values available 
are only experimental, another procedure must be adopted. Various 
methods are regarded as permissible. 

•Birge, Phys. Rev., Vol. 40, p. 207 (1932). 
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(i) Graphical Method, —A graph connecting x and y is plotted, 
each point being plotted immediately after each single pair of obser¬ 
vations is made. The straight line which lies most evenly among these 
points is determined by a black thread or a transparent celluloid rule 
with a central straight line engraved upon it. Immediate plotting 
reduces the number of observations needed. The most accurate values 
of m and c are given by the tangent of the angle of slope and the 
intercept on the i/-axis respectively. The accuracy of this method 
is limited, because there are practical limits to the accuracy with which 
an angle or a length can be measured. The accuracy is also affected 
by the scale of the graph, a large scale being better than a small one. 

(ii) Method of Zero Sum {Mayer’s or Campbell’s Method).—In 
making the experiments, one of the two quantities x and y is usually 
arranged or set at some value, the other being allowed to come as it 
may. For example, in measuring the coefficient of linear expansion 
of a rod, the temperature may be set at definite values, and the length 
allowed to come as it may. The present method of obtaining the most 
accurate values of m and c is as follows. 

Arrange the values of the set quantity, which may be taken as x, 
in ascending order of magnitude, Xj, Xg, X 3 , ... . Write down equations 

in the order y^ = rnx^ + c, = mxg + c. Suppose that in all 

there are n equations. If n is even, add the first n/2 equations together, 
obtaining a single “ normal ” equation of the form = mX^ -j- nc/ 2 , 
where + i/g + . . . + y„, 2 , and = Xj + Xg + . . . + x„, 2 . 

Add the second group of nl2 equations together, obtaining a second 
normal equation of the form Fg = 10 X 2 + Then solve this 

pair of simultaneous normal equations for m and c in the ordinary way. 
We get 




X^ - X^ 

2{X,Y2-X.Y^) 
n{X^-X2) * 



If n is odd, add the first (n — l)/2 equations to the next equation 
(the middle one of the set), multiplied throughout by 1/2, to get a 
single normal equation. Add the middle equation multiplied by 1/2 
to the remaining (n — l)/2 equations to get a second normal equation. 
Then solve the two normal equations for m and c in the usual way. 

The arithmetic of this method is fairly quick, but it gives different 
values of m and c according to which of the two experimental quantities 
we “ arrange ” or “ set ”, 

(iii) Gamsiart, Method of Least Squares .—The deviation of any two 
observed values Xj, y^ from the straight line y = mx-\-c may be 
written as dj = c — Vv several pairs of readings, the 
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method of least squares states that the best representative values of 
m and c are those for which the siun of the squares of the deviations 
is least; to find these values we proceed as follows. 

Take the fii’st of the set of n equations, namely, yi = mxj + c. 
Multiply it by the coefficient of m, i.e. by Xj, which gives = 
mx^- 4- caq. Repeat with all the n equations and add; this gives 
Xj= niX^^ + cX-^y where X ^= Sxy, Xj^ = and Aj = Sx. 
Next take the first equation and multiply it by the coefficient of c, 
which happens to be unity; this simply gives = mxj -|- c. As the 
coefficient of c in every equation is unity, simply add the n equations 
as they stand; this gives Y^ = mX^ + nc, where = Ey. Solve the 
two normal equations thus obtained for m and c; this gives 


nX,Yi - Y^.X. 

^ . A/ 



_ Ai2. Y,~X,.X,Y^ 

nAi2 - Ai. Ai * 



The probable errors of the values of m and c obtained by the 
method of least squares, equal weights being assumed for every pair 
of values of x and y, may be shown to be 



0*6745 


( nES2 U 

[{n - 2)(nAi2 _ A^. A,)/ 


and 


VS 2 X 2 

= 0'e745 {(„ _ 2){nXi‘ - . Xj) 


i 


Here A^ and Aj^ have their previous meanings. Each S is calculated 
as follows. In the equation y = mx -f* c we use the calculated values 
of m and c, derived from equations (11) and (12), and, in turn, insert 
the set values Xj, x^, ... y and calculate values of y, which may 
be called y^, y^y .... Then Sj is the difference between the cal¬ 
culated value yi and the experimental value y^, or 8i = y( — y^, 

§2 — Vi .Hence = (y^ — yf + (y^ — y^f + . . . . 

The arithmetic in this method is usually somewhat laborious, 
though the use of modern calculating machines reduces the labour 
considerably. The method has the advantage of giving the same 
result no matter which quantity is “ arranged ” or “ set ” at definite 
values. It is not now regarded as having any better theoretical justi¬ 
fication than other methods, but is classed along with others as a 
possible method. 

(iv) Cauchy's (or Awhery's) Method. —This method has the advantage 
of involving much less arithmetical labour than that of least squares. 
Suppose that n pairs of observations y^, y 2 , • • . , yn> 2:2» • • • » 
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have been made. As before, the law is kno^%Ti to be of the form 
y~ 7 nx + c. Its graph is a straight line. Find a point X, Y which 
may be called the centroid of all the points, i.e. iiud A'=Nx/n, 

Y = 'Ly/ii. Next, divide the 7i values into two sets as follows. Let 

I of them have values of x less than X, the other n — i having values of 
X greater than X. Find the centroid of the ^ values such that x <X, 
i.e. find 2x/i and Sy/i for these i values. Let Zx/i = A'l and Zy/i ~ Y^. 
Also find the centroid of the remaining n — i values, for which let 
'Lxl{n ~ i) = X^ and 2^/(n i)= Fg. Assume that the best value 

of in is (Fg — Xi)/(A 2 — Aj), which is the slope of the straight line 
joining the points (A^, Fj), (Ag, Fg) on a graph. Assume that the 
best value of c is the value of c given by putting F = mX + c, i.e. 
0 = Y — mX, where (A, F) is the centroid of all the points and 

Ai)/(A 2 -AJ. 

7. Probable Error of a Function of Quantities Measured Experimentally. 

The values of many physical quantities are calculated by substi¬ 
tuting experimental values of various measurable quantities in a 
formula; for example, the viscosity of a liquid is calculated from 
Poiseuille’s formula rj = Trpa^jSQl (p. 209). All the quantities p, a, Q, 
Ty t, and I are measured in some way. The value of each has its own 
probable error. What is the probable error of the result that is obtained 
for 7 ;? 

To put this in more general terms, if a quantity Z is a function of 
2 :» • . . , and if the probable error of x is of y, Toj, of 2 , + 03 , 

■ . . , what is the probable error a of the value of Z obtained by cal- 
culating/(x, y, 2 , . . .)? Theory indicates that 



where dfjdx means the partial derivative of /(x, y, z,. . .) with respect 
to x when y, Zy . . . are treated as constants, and so on. 

For example, tlie volume F of a cone is tzt^H f‘i. Let the probable errors of r 
and H be aj and otj respectively. Since V — nr-Hl’S, dV/dr = 2KrHl3 and dV{dH 
= nr^jZ. Hence a* = -f- 7t*r*ot2*/9. Other exercises for solution 

are given on p. 313. 

8. Determination of Planck’s Constant. 

The determination of the most reliable value for Planck’s constant 
of action h by Bond and by Birge, which is described later, affords a good 
example of the application of the method of least squares. The de¬ 
scription of Bond’s work is preceded by a short account of the other 
main methods of determining h. It has been found necessary to assume 
a fair knowledge of sub-atomic physics on the part of the student, 
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since proofs of the various formulae used would lead us beyond the 
scope of this book.* 


9. Method based on Bohr's Theory of Atomic Structure. 


According to Bohr’s theory of atomic structure, 



_ 277 ^ 

]i\-(el)n)' 


where is the Rydberg constant for infinite mass, and its units are 
cm.-i, e is the electronic charge in absolute e.s.u., and ejm is in absolute 
e.m.u. Further, 



where is the observed Rydberg constant for hydrogen, m is the rest- 
mass of an electron, and m^ the mass of the nucleus of a hydrogen atom, 
that is, of a proton. 

This may also be written in the form 



= 7 ? 


U 


1 + 


(// — m)Nelm 


where F is the value of the electric charge associated in electrolysis 
with one gramme-equivalent of any ion, in absolute e.m.u., that is, 
the value of the faraday in e.m.u., H is the mass of a hydrogen atom 
in grammes, and N is Avogadro’s number. Hence, since 


we have 





h 


_c- 


27r^e^ 


(e/m)R^[l -E F/{(R — m)(e/w)}]J 


1/3 



10 Ionization Potential Method. 

The ionization potential most accurately determined hitherto is 
that of mercury by Lawrence.f The excitation potentials most accu¬ 
rately determined are those of certain lines in the spectra of helium, 
neon and argon by (a) van Atta (1931), and (6) Whiddington and 
Woodroofe (1935). The values are stated in international volts (= V', 
say). To reduce V' to absolute e.s.u. of potential difference, it is not 
permissible simply to divide by 300. Allowance must be made for the 
fact that the international volt is 1*00033 absolute volts and that c, 

•See e.p. Wilson, Modem Phxjsica (Blackie, third edition, 1946); Born, Alomic 
Physics (Blackie, fifth edition, 1951). 

t Phys. Rev., Vol. 28, p. 947 (1926). 
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the velocity of light in vacuo, is 2-0077G x 10'" 
relation between h and the ionization or excitation 
in absolute e.s.u. of potential ditVei 'ence, is 


cm. per sec. The 
potential, measured 



or 



where A is the wave-length corresponding to the ionization potential 

o mercury; e and V are in absolute e.s.u., e in vibrations per second 
and A m cm. As 



F' X 1*00033 X 108 


_eAF' X 1*00033 x 10® 



11. X-ray Continuous-spectrum Method, 

This method is analogous to the last, but makes use of X-rays. If 
the intensity wave-length diagram of the continuous X-ray spectrum 
ot any anticathode is examined, it is found that the point where the 
c^ve cuts the wave-length axis is constant, no matter what the nature 
ot the anticathode is, provided the applied potential is constant. It 
IS assumed that the corresponding frequency of the X-ray beam is 
connected with the full applied potential F by the relation 


he .. 

.... (15) 

, XeV 

n =.. 

c 

. . . . (16) 


Here F and e are in absolute e.s.u., A in cm. and c in cm. per sec. In 

this case A is measured by regular reflection from a calcite crystal 

using Bragg’s law, namely, A = 2(/ sin0, where d is the lattice constant 
ot the crystal. 

Hence 

y, _ 2eVd sm9 
c 

or 

, 2eVUl X 108 x 1*00033 

=, . - . (17) 

where V' is the potential applied to the X-ray tube in international 
volts. 
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12. Photoelectric Method. 

In this method use is made of Einstein’s law, namely, 

Ve = hv-P, .(18) 


which connects P, the work required to extract an electron from a 
metal, with F, the retarding potential, and v, the frequency of the 
incident radiation. On differentiating and rearranging, we have 


dv 

dv 




In the accurate work of Lukirsky and Prilezaev (1928), the critical 
potential at which light of frequency v sets up electron emission 
from a metal, is measured for a large number of values of v, and for 
several metals. A graph connecting F' and v is plotted. Its slope gives 

dY'ldv. ^ , 

As before, the potential as measured is F' international volts, and 

F = F' X 1-00033 X lOVc e.s.u. Then 



h _dY _ 1-00033 X 10^ ajF' 

e~ dv c dv 

, 1-00033 X 10® X edY‘ 



In a second and more accurate photoelectric method used by Robin¬ 
son and his co-workers, X-rays replace visible light. Monochromatic 
X-rays of known frequency fall on a thin film or target and eject 
photoelectrons. The kinetic ener^ of such an electron is equal to the 
energy of a quantum hv of the incident energy of the X-rays minus the 

work of extraction hv^. Thus 

h(v — I'o) = 

On applying a uniform magnetic field of strength H normal to the 
direction of motion of an electron, it describes a circle of radius p 

given by „ 

_ mv^ 1 Hep 
Eev = — and v = — 

p 7n 

Eliminating v from these equations and solving for h, we get 

- 2m{v — Vq) 
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13. Wien’s Displacement Law Method. 

It follows from Wien’s displacement law concerning full or black* 
body radiation that * 


^ = ^ constant — 


( 21 ) 


where is the wave-length corresponding to the peak of one of 
Planck's spectral distribution curves, 9 is the temperature of the full 
radiator concerned, k is Boltzmann’s constant, and ^ is the positive 
root of the equation 


e-^ + f-l=0; 

5 


( 22 ) 




4*9651 to four places of decimals. Hence 

9 


h = pkX 


max 


9 




• . (23) 


where R is the universal constant for one gramme-molecule of a perfect 
gas and N is the number of molecules in a granome-molecule. Among 
the quantities present in this equation N is the one whose value is 
known least accurately, its value being given by the relation Ne = F 
where F is defined as in equation (13), p. 296. 


14. Stefan’s Law Method. 


Stefan’s fourth-power law f may be stated as E = cr9^, where E is 
the total energy contained in rays of all wave-lengths emerging from 
an aperture in the walls of a full radiator per sq. cm. per sec., 9 is the 
absolute temperature of the full radiator, and a is a measurable con¬ 
stant. Further, h is connected with <7 by the relation 



\b?o) ' 



Perhaps the most accurate value of a yet obtained is that of Hoare 
(1928), namely, a — 5*735 x 10“® erg cm."- deg."** sec"h The quan¬ 
tity e is introduced through Boltzmann’s constant k = R/N = Re/F. 


15. Eddington’s Fine-Structure Constant Method. 

According to a theory of Eddington (1929), based on the wave 
equation for two electrons of like spin, 

he _1^ 

2'^2 - 


* Koborts, Heat and Thermodynamica, fourth edition, p. 482. 
t Jbid., p. 473. 
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where a is a pure number, now called the Sommerfeld fine-structure 
constant. The latest value of a, as calculated by Du Mond (1949) is 
137-027 + -007, a value very near the integer 137. a is obtained by a 
combination of experiment and calculation, as follows. According to 
Fermi’s h}'perfine-structure formula (1930), neglecting certain correc¬ 
tions, the frequency v corresponding to the hyperfine-structure separa¬ 
tion of the ground state of a hydrogen atom, is given by 

0 ? . IGppC/?^ 

V =-5-» 

where fXp and fx^ are the magnetic moments of the proton and electron, 
respectively. Hence from the last two equations we get 

8776= 

ac [ofJ.eVCj 


IG. Electron Diffraction Method (Velocity obtained from the Acceler¬ 
ating Potential). 

In this method as used by von Friesen (1935), electrons accelerated 
by a known voltage are diffracted by a crystal of galena. The de 
Broglie waves associated with the electron obey Bragg’s law. Their 
wavelength A is given by A = hjinv. so that 

h = Amv, where v is the velocity. 


Hence 


and 


Hence 


and 


h = 


, - by relativity theory 




V(1 - 


V' 


1 - 


7/2 


v-lc^ 


1 


Xhn^^c^ 1 - 
7(2 _ ^ . v^lc^ ^ 


(25) 


1 _ " 1 - i;2/c2* 

Now the kinetic energy of an electron, produced by an accelerating 
potential F, is ^^2 _ = Ve. 


Hence 


so that 


WoC- 


^(1 — 


- — = Ve, 


1 _ / Ve + m,cy 

1 — v-lc^ \ / ' 


Comparing equations (25) and (26) it is seen that 

/Fe -f _ /i -P y. 

A^mo^c^ Woc2 / \ 


( 26 ) 
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Hence 


so tliat 



and 


* - ‘<“^''-• 1 '“ (■+&y 


A can be written as {2d sin0)/n by Bragg’s law, so that finally 


_ 2d sini9(2T'Vwo)' Vi 1 


The lattice constant d of the crystal is measured by X-rays in the usual 
manner. 


17. Electron Diffraction Method (Velocity Measured Directly). 

The special feature in this method, namely, the measurement of 
the velocity of electrons by a kinematic method, was proposed by Des 
Coudres (1897) and developed by Wiechert (1899), Kirchner (1924 and 
onwards) and Gnan (1934). It is again assumed that electrons moving 
with a velocity v have a de Broglie wavelength A given by 

A = hjmv and h = Xmv. 

As before, A is measured by a crystal diffraction experiment and 
A = {2d sm6)ln. The velocity v is measured in the following way. 

A narrow parallel beam of electrons, all travelling at speeds lying 
within a very narrow range around v, passes in succession through 
the spaces between the plates of two small parallel-plate condensers, 
a certain distance s apart, and then falls on the sht of a suitable detec¬ 
tor. The two condensers are connected in the same oscillatory circuit, 
and the potentials of corresponding plates of the two condensers are 
equal to each other at any instant, '\\Tiea the time interval taken by 
an electron to traverse the distance s from the first to the second con¬ 
denser is exactly equal to one half-period {\T) of the oscillations, the 
resultant lateral deflection of the electron in the two condensers is 
zero. The electron beam, undeflected, falls on the unmoved slit of the 
detector. This is repeated when the time taken is any odd integral 
number of half-periods, say n' half-periods. In this case 
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Finally, tlien, the equation 




Amu 

becomes 


2 d sin 9 

n 


h = 

2d sin 9 ~ 

or 

n 


m 


0 


2 vs 
n 


m 


0 




1/2 0 


VS 




usincr Bra^f^’s law and the relati\dstic law of variation of mass with 
velocity. 


18. Compton Shift Method. 

The Compton effect is concerned with the change in wavelength 
AA of a beam of X-rays, of wavelength A, when scattered toou^ an 
angle 6 by impinging upon atomic electrons in a gas or solid. Older 
theory gives the expression 

;,(1 - cos_g) .(27) 


AA = 


me 


The newer theory of Ross and Kirkpatrick (1934) takes into account 
the energy binding the scattering electron to its nucleus, and affirms 

h{l — cos9) A^ (I — n)E ^ 28 ) 

— hen 


me 


where E is the binding energy and » is a numerical factor, whose value 
depends on the kind of motion described by the electron durin„ ex¬ 
pulsion. If a uniform acceleration is assumed, n = i, and 

_ /i(l - cosg) _ ^ .(29) 

^ me he 

Hence, in this case, (1 - cose)h^ - me . . h + m . X^E = 0, a. quad- 

ratio, and solving for ^ we get 

TMC . AA -h {(mcAA)2 — 4m A^g(l — cosg)}^^ ^,^0^ 

= 2(1 — cos^ 

Ross and Kirkpatrick have measured A A for three different values 
of A using the electrons in solid (a) carbon, (6) beryllium, as scatterers. 
The’second term on the right of equation (30), when w = i i3 about 
1-3 per cent of the first term in value. 

19. Bond’s Method. 

Having noticed that the various formute connecting h and e can 

be written generally as a power formula 

h = 4„e", .(31) 




BOND’S METHOD 


303 


XIII] 

where A„ and n are constants, Bond (1930 and 1931) used the method 
of least squares in conjunction with 36 sets of independent results 
to find the most accurate value of n being given, and thence the 
most accurate values of h and e. As presented by Birge, the method 
is as follows. 

Write equation (31) in the form 

= (32) 

This is of the form = f{h, e) he .(33) 

Let Cq, Jiq be any pair of known values of e and h which are known to 
be not far from the true values. Write 

c = Cq -1- Ae,.(34) 

// =//o + A/j.(35) 

Apply Taylor’s theorem, namely, 

/(//, e) =/(^o> ^o) + -f Ae + negligible terms. 

Now 

Hence /(A, e) = ^„ = + eo“"A7i — (36) 

Introduce a new parameter k„ = i.e. insert A^ = ^n^u”" ^ (36). 

^Vhen reduced to the simplest form, equation (36) becomes 



which is of the form y = c-\- where y = c = h,m = — 

X = n. 

The 36 observations included 14 values of h„ corresponding to 
n = 3/3, 9 values of h„ corresponding to n = 4/3, and 13 values of 
h„ corresponding to n = 5/3. When each of the 14 observations was 
given equal weight, the arithmetic mean value of derived from 
them was 6-5473 X 10“^; the 9 values gave = 6-5364 x 10~^’, and 
the 13 values gave = 6-5395 x lO"^?. The problem to be solved was 
then as follows. 

Given three equations 

6-5473 X 10-27 ^ _ (^^Ae/eJ3/3, 

6-5364 X 10-27 (7ioAe/eo)4/3, 

6-5395 X 10-27 = ^ _ (AoAe/eo)5/3, 
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to find the most accurate values of h and liQ^eje^ and hence of e by 
the method of least squares. The first equation was given the weight 
14, the second 9, and the third 13, since the equations were based on 
14, 9 and 13 values respectively. 

Now when it is required to find the constants in the equation 
y = mx + c, given values of weight Wy, of weight 

a-ai/s of weight iv^, .... the method of least squares (p. 294) gives 


c 


'LivijE.u'x- — ^wxZivxy 
ILxvLivx^ — (Stcx)- 




__ 'LivLxvxy — l.ivxXu'y 



with a probable error in c of 


0-6745 



— (Liox)~j * 


and a probable error in m of 

® ®_ 2/ I v„.v„.j;2 _ • 

Here = 3 and 8 is the deviation of each of the three values of h„ 
given above from that calculated with the values of c and tn calculated 
from equations (38) and (39). 

Using Bond’s data and these equations, Birge obtained JiQ^eleQ = 
(0*0119 + 0*0071) X 10“-% and using 7/^ = 6*547 X 10"“’ and = 
4*770 X 10“^® e.s.u., he obtained 

h = (6*5575 ± 0*0096) X 10-~\ e = (4-7787 + 0*0052) X lO-^'’ e.s.u. 

’ The value of e here obtained was independent of that obtained by 
Millikan’s oil-drop method, which docs not involve k. By taking tlie 
oil-drop result into account as well, by adopting what he believed to 
be the best arbitrary system of weighting, by using the most accurate 
results available in 1932, and by applying a method of calculation 
resembling the one just described, Birge obtained as his values 

h = (6*5442 ± 0-0091) X 10-27, g ^ (4-7677 ± 0*0040) X 10-^^ e.s.u. 

By way of comparison, the values of h and e computed by Birge 
in 1941, using more accurate later data than those of 1923, may be 

quoted. They are; 

h = (6*6242 + -0024) X 10-27 erg. sec., 
e = (4-8025 ± -0011) X 10“^° e.s.u. 
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Du Monel and Cohen have introduced a powerful and interesting 
new method of calculating physical constants. It involves both the 
method of least squares and a geometrical figure called an isometric 
consistency chart. Inspection of this diagram reveals the consistency 
or want of it in data obtained by different experimental methods, and 
®^SS®sts which method is likely to contain hidden sources of error. 
Using the latest data available in 1949, the method gives h = (6-6237 + 
*0011) X 10-2' erg. sec., e = (4-8024 + -0005) x lO-i® e.s.u. 
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EXAMPLES 


CHAPTER I 

1. Determine the time of oscillation of a drop of liquid under surface-tension 
forces. 

2. Obtain Poiseuille’s equation for the volume of viscous liquid flowing per 
second through a cylindrical tube of circular cross-section. 

3. Find by dimensional methods how the viscous force of resistance to the 
fall of a sphere under gravity depends on the radius of the sphere, its terminal 
velocity, and the coefficient of viscosity of the fluid through which it is moving. 

4. Show that the quantity of heat //, lost per unit length per second per dogreo 
temperature excess from a long cylinder of diameter d submitted to forced con¬ 
vection in a fluid of thermal conductivity K, thermal capacity per unit volume 
c, kinematic viscosity v, moving with relative velocity v, is given by HjK 
FifivdjK) .S{c^(K). 

6. Determine the rate of radiation of energy from an accelerated electron. 

6. Sliow that if the linear dimensions of the entire apparatus used in deter¬ 
mining O by a torsion balance (see Chapter III, p. 40) are changed, the sensitive¬ 
ness of the apparatus remains unaltered. 

7. Show that the dimensions of D, the diffusivity, are L^T~^. Hence show that 
if the dimensions of Fiirth and Zuber’s apparatus for measuring D are reduced 
to 1/p of their original value, the time required for the concentration to reach 
the value n = Wj at the level x = l/k, is reduced to I/p* of its original value. 
{21 is the total depth of liquid, k is any positive number.) (See Chap. XI, p. 256.) 

Also show that if a diffusion experiment of this type performed in a vessel 
whoso dimensions are of the order 5 cm. takes one month, then if the dimensions 
arc reduced to the order one millimetre, the time taken will be of the order 15 
minutes. 


CHAPTER n 

1 . Assuming the earth to be a perfectly homogeneous sphere, spinning with 
angular velocity fi about its geographic axis, prove that the angle between a 
straight line drawn from a point P on the earth’s surface to the centre and a 
line drawn from P m the apparent direction of the force of gravity is approxi¬ 
mately equal to n*i2 8in2L/2((?o + D^i^cos^L) radians, where L is the latitude 
of P, R is the radius of the earth, and Qq is the force on unit mass at P due to 
attraction only. 

2. Assuming that the earth consists of a sphere of radius R and moan density 
Pi, enclosed in a thin concentric spherical shell of matter of thickness h and mean 
density pj, prove that the ratio of the gravitational acceleration at a point 
on the outer surface to that at a point on the surface of the imier sphere, is 
(1 — 2h/R -f SApi/^pi) approximately. (Airy’s mine experiment.) 
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3. Show that if a bar pendulum oscillatiu" in air has external symmetry of 

form about the centre, then g = ~ Buat’s 

corrections to T,- and T.^, separate!}', for extra moment of inertia of carried air. 
are eliminated (Bessel). 

4. Referring to p. 19, prove that if the knife-edges are equal cylinders the 
radius disappears from the expression for T. 

5. Referring to p. 19, prove that if the knife-edges are not equal cylinders, 

then g{T-^- + = ^ + h- "'here and are the measured times of 

oscillation about the two knife-edges. (Pierce’s correction.) 

6 . Prove that if the support of a bar pendulum yields a distance e to a hori¬ 
zontal force of one dyne, gT-l’^-nr = eMg. 

7. Referring to p. 19, prove that if two pendulums, of symmetrical external 
shape, are of equal weight but have dilferent lengths, and have transferable 
knife-edges, then 

g{Tj^ — = h ~ h' (Defforgcs’s correction.) 

8 . Prove equations (39), (40) on p. 33, i.e. 

R sin 20 = and R cosO = f/,/ - 

9. Verify equation (3), p. 13, by direct substitution, i.e. show that 

0 = Ae~^^ cos {(c“ — + 9 } 

is a solution of the crpiation 0 -{- 260 + c^O == 0 . 

10. If g is measured by a pendulum describing oscillations of amplitude 30 
min., show that this necessitates a percentage fractional correction of 9-52 x 10"^ 
to the result. 

11. A simple spiral spring suspended vertically and loaded at the bottom 
is considered from the point of view of measuring A <7 on shifting the position 
from one station to another. It is proposed to measure the change in the axial 
extension. If the minimum sensitivity desirable in such a gravimeter is = 
10 “’^, and if the maximum displacement of a spring to be used in a portable 
instrument is 20 cm., calculate the corresponding extra extension which must be 
measured. If the limiting distance resolvable in a microscope is about 2 X 10^ 
cm., and if the fringe separation in an interferometer is about 6 x 10 "^ cm., 
show that neither of these instruments is applicable to the problem. (Wyckoff.) 

CHAPTER III 

1. Defining the normal flux of force through an element dS of a surface drawn 
in a gravitational field as the product of the normal component F cos 0 of the 
force on unit mass and the area dS, prove Gauss's theorem as applied to gravi¬ 
tation, that the total outward normal flux of force over any closed surface is 
— 47 tG times the mass enclosed. 

2. Show that a thin spherical shell of attracting matter of thickness z, mean 
radius r, and uniform density p has the same external field as if all the mass 
were concentrated in a single particle at its centre. Hence prove that a sphere 
composed of concentric shells, not necessarily all of the same density, acts in the 
same way. 

3. Apply Gauss’s theorem to find the gravitational field (force on unit mass) 
and potential at points (a) inside the central cavity, ( 6 ) inside the material, and 
(c) outside of a thick spherical shell of matter, of rai^ r and r -|- a, the density of 
the matter being p. 
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4. T>ct the mean density of a non-uniform sphere bo p,, and the density of 
its uniform crust be pj. Find the force on unit mass placed at a point h cm. from 
its s\jrfacc, inside the crust, the external radius being R cm. {h<^ R). 

5. Referring to Boys' experiment for measuring G, calculate the value of the 
angle 9 (p. 39) corresponding to the maximum displacing moment, given the 
values of My w, I, r and c as on p. 40. 

6 . Referring to Boys’ experiment, calculate the moment of the restoring 
couple due to the attractions between splieres at different levels, for a given angle 
9 = 04® 38', and prove that it is negligible compared with that due to attractions 
between spheres at the same level, using the values of M, vi, I, r and c on p. 40. 

7. Consider two torsion balances of Boys’ typo, in one of which all the linear 
dimensions, including those of the largo and small spheres, are n times as great 
as those in the other. Lot the material of the spheres be the same in each case, 
but in the second let the suspension fibre be changed so that the period is the 
same as tliat in the first. Prove that the angle of deflection is the same in the 
two cases. Hence show that witli a small balance it is pos.sibIe to use relatively 
bigger “ large spheres ” tlian are practicable with large balances. 

8 . (a) What are the dimensions of the quantity .4, in Heyl’s experiments 
(p. 42)? {b) What is the effect on the period of osciliation of increasing the linear 
dimensions of every part of the apparatus to n times their original values? 

9. What must be the velocity of a body if its uiass when moving is 10 per 
cent greater than its mass when at rest? 

10. Find, to 0-005 per cent, the percentage change in mass of a body whose 
velocity is one-twentieth of the velocity of light, as compared with its mass at 
rest. 


CHAin'ER IV 

1. A uniform beam is clamped at one end and supported on the same horizontal 
level. Find the bending moment and the shearing stress at any point and also 
the maximum depression. 

2. A uniform beam is clamped horizontally at one end and has a given con¬ 
centrated load ir and a couple C at the other end. Find the bending moment. 

3. A uniform weightless beam clamped horizontally at one end has a con¬ 
centrated load W at a point .4 at a distance a from the fixed end. Find tlio 
depression at a and at the end of the beam. 

4. A liglit rod is supported symmetrically on two knife-edges a distance 1/2 
apart, where I is the length of the rod. Two weights, each of value \V, are sus¬ 
pended from the ends of the rod, and a weight iv is attached to its centre. If 
the centre and the two ends all lie in the sjime straight line, find the ratio W/w. 

6 . Find the energy stored in a beam which is clamped at one end and free at 
the other if the load is to per unit length. 

6 . Find the energy stored in a light beam as in (4) but with a concentrated 
load W on the end. 

7. Find the energy stored in a stretched wire. 

8 . Find the energj’ stored in a stretched flat spiral spring. 

0. Find the time of angular oscillation of a loaded spring. 

II* 
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10. Show tliat tl )0 depression of (1) a rod with a weight attached to one end, 
(2) a flat spiral spring, due to the shearing force, is negligible compared with that 
due to the bending moment and torsion respectively. 


CHAPTER V 

1. Show that for perfect gases the ratio of the adiabatic to the isothermal 
elasticity is equal to y- the ratio of the specific heat at constant pressure to the 
specific heat at constant volume. 

2. Deduce equation (17), p. 87. 

3. Deduce equation (21), p. 88. 


CHAFl'ER VI 

1. Suppose that at time ^ = 0 a seismic wave of the form sin to/ arrives 

at the vertical pendulum seismograph of pp. 97-100. Assuming that damping 
is negligible, prove that 

^ 5ft(sin6>/ + -•! sinw/} 

wlicro A = —a, a = n/oi, and ji has the meaning of the text. 

2. Draw a graph connecting the angle of lag of the vertical pendulum seismo¬ 
graph of p. 07 behind the seismic wave and a, where a = n/co. 

3. Find the angle of lag in the following special cases: 

(a) oi great, a very small. 

(/j) n = Oi, cc — 1. 

(c) tij very small, a very great. 

4. Prove that when the damping coefficient k is great, the seasitivencss of the 
seismograph is greatest when the natural period of the instrument is great and 
that of the seismic oscillations is small. 

5 . With reference to the method of finding the depth of a seismic focus, 
described on p. 102, prove that if a graph is plotted with new variables Y, 
X=2v~(, it w ill be a straight line. Show' how to obtain and d from such a graph. 

6 . Show that by simply moving from a point A on the earth’s surface to a 
point B T3 in. vertically above A in “ free air ” the value of g changes by about 
001 milligal, or in general ^g — 0'30jA inilligal, w'hcre h is the elevation in 
metres. 


CHAPTER Vn 

1. A spherical soap bubble of radius r deflates itself by expelling the air 
within it through an orifice of cross-section A sq. cm. Provo that the time taken 

for the radius to fall to zero is ^ '\/^* where p is the initial density of the 

/A V J 

air within, and T is the surface tension of the soap solution. 

2. A bubble of gas resting on the surface of a liquid has the form of a segment 
of a sphere. Its precise form is governed by the law that the potential energy m 
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the surface due to surface tension, is a minimum, consistent with the condition 

that the volume of the segment is constant. Prove that tlie bubble takes a liemi- 
sphcncal form. 


3. A small spherical bubble of radius r is accidentally formed at a certain 
depth below the surface of a liquid. Show that if the bubble contains nothin^ 
but the saturated vapour of the liquid it is unstable, that is, it will not return 
to its initial size, if for any reason it undergoes a slight change of radius. Then 
hnd the minimum pressure of the gas which must be present in order that the 
bubble may be stable. Relate this to “ bumping ” and “ steady boiling 

. . n^ercury rests on a horizontal plate. Light from a liorizontal 

bright hlamont in a distant lamp falls on the curved .side of the drop. The reflected 
beam enters a horizontal telescope. The vertical height of the latter is adjusted 
until an image of the filament coincides with the horizontal cross-wire of the 
telescope. The source is displaced vertically through a distance s and the experi- 

went is repeated. Prove that ^ = (sin - sin 0, where T is the surface 

tension and p the density of nicrcurv, and A, A' are the angles made with the 
vertical by the normal to the surface of the drop at the point of incidence of the 
light, in the first and second cases. {The incident and reflected beams and the 
normal are in the same vertical plane.) 

5. A cylindrical film of indefinite length, mean radius r,. and (small) thickness 
cq contracts under the influence of surface tension, starting from rest. Prove 
that the time it takes to contract to a cylinder of mean radius is 


t = 


where T is the surface tension and p is the density. 

6 . A liquid rises in a tube of any shape under the action of surface tension 
and reaches equilibrium. Prove that the weiglit of liquid contained in a cylinder 
bounded by the free surface of the liquid, by the general level of the liquid outside 
the tube, and by vertical generators drawn from the curve of contact of liquid 
and solid down to the general level, is equal to the lino integral of the vertical 
projections of the surface tension acting all round tlie curve of contact. 

7. Using the theorem in Example G, prove that if two adjacent parallel plates 
inclined at an angle A to the vertical dip into a liquid, the height through which 

the liquid risc-s in the narrow space between the plates is independent of the 
angle of inclination A. 



8 . Allowing for the spherical cap, calculate the depression of the mercury 
inside a circular tube of radius r below the general level outside. Calculate the 
approximate percentage error in the value of the surface tension obtained by 
using the clefnentary formula and taking the depression as that measured to 
the top (umbilic) of the meniscus, when the tube has a diameter of I cm. 


9. Obtain the equation of equilibrium of a needle floating on a liquid, regard- 
mg the needle as a long cylinder, and assuming an angle of contact equal to zero. 

the excess pressure on the inside of any gas balloon is 
P ~~ i/-“i -f where are the principal radii of curvature and T,. 

are the tensions in the surface membrane normal to the principal sections. Provo 
that if the balloon is a figure of revolution — pR^ and 27’, = pRA2 — 
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CHAPTER IX 

1 . Determine the root mean square velocity of a hydrogen molecule at N.T.P.; 
the density of hydrogen at 0° C. is 0-09 gramme/litre. 

2. Show that the gas constant 2i represents two-thirds of the kinetic energy 
of the molecules of a gramme-molecule of the gas at 1 ® abs. 

3. Prove that y. the ratio of the specific heats of a gas at constant pressure 
and constant volume respectively, is given by y = 1 + 2 /j:, where x is the number 
of degrees of freedom of a gas molecule. 

4. Prove that the mean velocity c and the root mean square velocity C are 
connected by the relation c/C = (8/3Tr)K 

5. Show that pc = 4p(d//2-7?7’)l, where d/ is the molecular weight of the gas. 

G. Show that, owing to the finite molecular diameter a, the mean free path 
is reduced from that appertaining to point molecules in the ratio Xo/X = 1 — 2(j/3X. 

7. Deduce Dalton’s law of partial pressures, i.e. that the total pressure exerted 
by a mixture of gases is equal to the sum of the pressures which they would each 
exert individually if they alone occupied the given volume, on the basis of the 
kinetic theory of gases. 

8 . Show that the mean velocity of molecules emitted from a small aperture 
in the side of an enclosure at temperature T is — (4i?7'/J/)f, where M is the 
molecular weight of the molecules. 

9. Prove that the constant b of van der Waals’ equation is equal to four 
times the volume of the molecules. 

10. When mercury vapour is pumped away from 2 sq. cm. of surface, the 
weight of liquid mercury present decreases at the rate of 10“^ gm. per sec. Show 
that if the saturation vapour pressure of mercury at 20® C. is taken as 10“* cm. 
of mercury, the coefficient of evaporation, which is equal to the accommodation 
coefficient, is approximately unity. 


CHAPTER X 

1. Using the symbols on p. 244, prove that for a dilute solution in which a 
fraction a of the molecules are dissociated, each into v ions, 

1 — 3 = (v — 

2. Referring to pp. 247-8, prove that l/x is that distance in which the poten¬ 
tial in the neighbourhood of an electrode dipping into a solution containing 
ions diminishes to 1/e of its value at the surface {e being the base of Napierian 
logarithms). 

3. Prove that for an aqueous solution of a single monovalent binary salt at 
0® C., 1 — p = 0'263(2y)l, where y is the concentration of the salt in gramme- 
molecules per litre and D for water is 88-23 e.s.u. 

4. Discuss the analogy between the corrections to the perfect gas equation 
introduced by van der Waals, and those to van’t Hoff’s, equation introduce 
by Debye and Huckel. 
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5 . Prove that in an aqueous solution of an electrolyte of any t>T)e at 0® C. 

X = 0-229ri, where V = —Yt-i"’ tlic valency of an ion of type t, and y, 

the gramme-niolecnlar concentration per litre of those ions. 

6. Find the depression of the freezing-point of water by adding KCl to niako 
it into a miUinormaJ solution, and also the osmotic pressure of the solution, 
assuming complete dissociation of the salt. Which of the two, measureniont of 
freezing-point depression or measurement of osmotic pressure, is likely to be more 
accurate? 


CHAPTER XI 


1. Provo that the dilTorential equation representing the diffusion of a salt 

in solution along a cylinder is D it being assumed that there is no 

lateral escape of the salt. ^ 

2. A very tall narrow cylindrical vessel, of length 2L, is half-filled with a 
solution of concentration iiq, and at time t — 0 the upper half is filled with pure 
solvent. Show that the concentration at any height x above the middle, at 
any subsequent time f, is 

n = js-Ca*' sin ax + sin3ax -f . . . j, 


where a = 7r/2L, and D, the diffusivity, is independent of the concentration. 

3. Show that in Furth and Zuber s experiment, Case 1, when x<^ /, the con¬ 
centration in the lower part of the liquid, where 0 > x > — x , can be expressed as 

where 1 / = 3?l{^Dl). 

4. Assuming that the initial condition in the lower half is that n = every- 
where when < = 0, show that if n is x^ /, 



where = x^/{iDl). 


CHAFTER XII 


1. The end of a capillary tube, whoso boro is a circular cylinder of radius 
r cm., is dipped in a litjuid, the axis of the cylinder making an angle 0 with the 
vortical. The viscosity of the liquid is t). The tube is open at both ends and 
the boro is moistened beforehand with the liejuid. The licpiid rises in the tube. 

Provo that the velocity with which the liquid ascends the tube is - -- 

at any instant, where p is the density of the liquid, x is the instantaneous length 
of the column of liquid, and I is the final length when equilibrium is reached. 


2. Two flat circular discs of radius a are mounted coaxially, parallel to one 
another at a distance d apart, and the lower one is rotated with eonstant angular 
velocity to. Neglecting edge correctums, find the torque communicated to the 
upper disc if 7 ) is the coefficient of viscosity of the medium surrounding the discs. 
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EXAMPLES 


3. Show from simple energy considerations that for turbulent flow as in a 
rotameter, the rate of discharge Q is proportional to the square root of the pressure 
difference p. 

4. A very viscous liquid is forced into a capillary tube of radius r at high 
pressure P. Assuming streamline flow, show that if t is the time taken for the 
fluid to change in length m the capillary by (Z — Iq), then tj = Pr’l^P — l^). 


CHAFfER XIII 


1. In a certain experiment the following values of the mechanical equivalent 
of heat were obtained: 4-l(i9 X 10^, 4-180 X 10’, 4-184 X 10’, 4-181 X 10’, 
4-180 X 10’. and 4-175 x 10’ ergs per calorie. Calculate the arithmetic mean 
and its probable error. 


2. Sherratt and .Awbery obtained the following values of the velocity of sound 
in the air in a certain tube: 527-7, 527-1, 527-9, 527-3, 527-9, 527-6 and 527-6 
metres per second. Calculate the arithmetic mean and the probable error. 


3. C. V. Boys made nine observ’ations on the mean density p of the earth. 
Four of them were made under favourable conditions, giving p = 5-5291, 5-5268. 
5-5306 and 5-5269 grammes per c.c. respectively. The other five results, made 
under less favourable conditions, were p = 5-5213, 5-5167, 5-5159, 5-5189 and 
5-5172 grammes per c.c. respectively. Calculate the arithmetic mean and its 
probable error, using (a) the first four results and (6) all nine results. {Boys gave 
p = 5-527 as the best value to be derived from his experiments and did nob 
calculate a probable error. Sec his comments in Dictionary of Applied Physics, 
Vol. Ill, p. 282.) 


4. Six different methods give the following values of Planck’s con¬ 
stant: (6-547 ± 0-011) X 10-2’, (0.560 ± 0-015) X IQ-^’, (6-550 ± 0-009) X lO-^’, 
(6-543 ± 0 010) X 10-27, (6-548 ± 0-015) X 10-2’ ^nd (6-539 ± 0-010) X 10 
erg sec. Calculate the weighted mean of tliese results and its probable error. 

5. A right circular cylinder has a length I cm., which is measiu-able with a 

probable error and a radius r cm., which is measurable with a probable 

error of What is the area of its curved surface and what is the probable 

error of that value ? 


6 . On the flat face of a hemisphere of radius r d: otj there stands a right circular 

cone, whose base has the same radius r d: whose height is A ± Find 

the volume of the whole body and its probable error. 

7. Ferguson and Miller measured the specific heat of benzene at various 
temperatures. In one set of experiments their results were: 5 = 0-3993 at 
22-61® C.; S = 0-4025 at 25-62® C.; S = 0-4092 at 30-69® C.; S = 0-4220 at 
39-51® C.; S = 0-4264 at 43-93® C.; S = 0-4321 at 48-56® C. Assuming that 
5 = a d- 6(t — 20), where t is the temperature, calculate a and b by the method 
of least squares. 



ANSWERS AND HINTS FOR 

SOLUTION 

Chap. I. 

1. Take surface tension, density, and radius of drop as variables: t cc 

pi/a^/a^-i/3^ 

2. Take eoofficient of viscosity, radius of tube, and pressure gradient down 
tube as variables: V — 

3. F = GTTT^fa. 

4. Take 0, K,d, e, v, and v as variables. 
b. R = 3(/aVc3. 

Chap. II. 

1. Calculate the force due to motion of P round a circle of latitude. Find 
the sine of the angle required, neglect small terms, and use the binomial theorem. 

2. Express as the sum of the attractions of the inner sphere and of the 
shell, using the law of gravitation. Use tlio binomial theorem to obtain approxi- 
mations. 

10. Use equation (9) of section 3. 

11. Use AS = S. Agjg. A5 = 2 x 10*“ cm. This is much less than the 
limits quoted for the two instruments. 


Chap. III. 

1. Consider the flux through dS due to a smgle particle. Introduce the solid 
angle subtended by dS. 

2. Apply Gauss's theorem. 

3. (o) Zero. (6) (c) 47i6'p[(^ + «)=* “ 

4. + (2pi - Sp^lA/i? + 3{pi - 

5. 64” 38L 

6 . Moment of couple is 2 GJ/m/r sin -{-P + r^ + ^lr cos ffY’\ where h is 
the difference in level. 

7. Obtain an expression for 0 from the various equations on pp. 39, 40. Write 
nl for I, &c. 

8 . (a) + 2 of ma.ss, -1 of length, 0 of time, (i*) No effect. 

9. c/3-316. 

10. 0-125 per cent. 
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Chat. IV. 

1. End conditions arc y = Dij = 0 for x' = 0, y — D-y — 0 for a: = Z. 

G - K(U- ~ llx -f -m F = iv{^ - z). 

Jlaxinnim depression Avhen Dy = 0. given by — \%Iz + = 0. 

2 . qAL-D-y = G = {C A- TfO - any point x. Also when x = 0, 

y -- 1 ) 1 / = 0 ; if 01 = slope at x = I, qAh^ tanOi = {<? + ^yl)l — 

may be written approximately for tanGj. 

G = {y,(6/ - 12a-) - - Gx)}. 


3. qAk-Dhj = ir{a - x). 

If y^ = depression at A and y^ = depression at end of beam, 

qAk^-y, = VVa^; qAk^~y., = IlV (//2 - a/ 6 ). 

4 . Let the reaction at each of the knife-edges be B. Consider separately (1) 
the portion of the rod between the mid-point and a knife-edge, ( 2 ) the portion 
between a knife-edge and the nearest end of the rod. 

For (1), equation (12) becomes 

qAk^D^~y = i?(//4 - x) - »V/2 - x), 

whore x is measured from the centre of the rod. 

For (2), equation (12) becomes 

qAF-D^~y = ir 2 , 


where z is measured from the end of the rod. 

For the two sections, the boundary conditions at the knife-edge must give 

the same slope Dy. 

Answer, W/iv = 5/22. 

5 . Bending moment at distance x from free end is G — ^wz^. Hence from (33) 

/*< ii^x* j 

V= -- dz = 

Jo 


SqAk" 40qAJ^ 

«• ’’ = i ^ ^Al?' 

7. IWx. 

W^ln? 

9. If the tangent to the lower end of the spiral is twisted through an angle 
o, the bend per unit length is 9 /?. To produce this bend, a couple G = 9 /^. qAk 
nuist be applied. Hence if /j, and arc the moments of inertia of bar and sprmg 

respectively, 

(4 + 4) = - I 

which is of the form 

= (4+7Jr 


i_2r + i» = 2- J^±i 

SqAL^n V qTM'IU 


xva* 


Hence 
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irp 

10. (a) Rod. From Ex. 3 , depression due to betiding = //i = J ,, o* Depression 

IF I u, 37 qAk- 

due to shearing stress = Hence [ ) ; for a square section, 

side 6, i-a = 6V12. "An y, n \lj 


Hence ^ — f , and since ^ '/■•'C yi- 
Vx 4:n\lJ 


(6) Spring. Depression due to torsion = depression duo 

to shear = Wl/nuR^. 

Hence a-j/Xj = ^{R/a)^, and since R<§^(^^ x. 2 <§^Xi. 


Chap. V. 

1. Use the equations pv = k-, pv'’ = k to deduce the two compressibilities. 
Chap. VI. 

3. (a) S = Tt; (6) 8 = Tr'2; (c) 8 = 0. 


Chap. VII. 

1. Introduce a symbol for the velocity of efllux. Assume that the loss of 
potential energy during an elementary contraction is equal to the gain of kinetic 
energy of efflux in the same time. Eliminate the velocity of efflux between two 
equations. 

2. The flat face of the segment does not enter into the expression for the 
surface energy. Find the conditions for a minimum surface tension and constant 
volume by elementary calculus methods. 

3. Write down the equation of equilibrium of the bubble as far as pressures 
are concerned, and consider the cflect of a slight change of radius. 

4. Begin with the equation of the meridional profile curve of a large drop. 

5. The total mass of the annular cylituhT remains constant. Ihe loss of 
potential energy of the fllm is equal to Us gain of kinetic energy. Introduce a 
symbol for the radial velocity. 

(i. Write down the weight of an elementary cylinder of height dz and upper 
surface dS. Use the diflerential cijuation of the free surface (equation (4), [). 113) 
to change the form of the expre.ssion, and integrate. Introduce an expression 
for the difference dS' - dS, where dS' is an element of a surface S', obtained 
from 8 by marking off points along normals to S, at a constant distance dn 
from 8. Use this expression to change the form of the expression for the weight 
of the cylinder. 

7. Write down exprossions for the two quantities nK’iitioned in Ex. fi and 
equate them. The angle of contact is not equal to zero. Use the height measured 
in the centre of the narrow space. 

8 . Uso A-ehimedes’ theorem to And the area of the curved surface of the 
cap and hence its volume. 

9. Assume contact all round the lower part of the cylinder. Apply the c(iua- 
tioii of the profile curve of a right section ot the system {see p. 114). Include 
a term for the upthrust on the immersed parts. 

10. Draw u ctmtral section through the axis of revolution, and consider what 
are the principal radii of curvature. Find one of them from the figure and uso 
of|uation (4). p. 113, to find the other. Note that in a rublior or other membrane 
the tension is not the same in all directions. 
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Chap. IX. 


1. 1700 metres/sec. 


4. Use Maxwell’s law of distribution of velocities. 

5. If a represents the most probable velocity of the gas molecules, Maxwell’s 
distribution law mav be written 

V 



4N 




where the fraction of the N molecules present whose velocity lies between 

c and c + dc, and k is Boltzmann’s constant. The mean square velocity of the 
molecules issuing from a small aperture in a uniform temperature enclosure 
will be 



L 


4iV 

0 


Jo 


^2g-mcV2frT^^ 



since Cj* = 
velocity c. 


2 • 1 
where N^x is the number of molecules emerging with 

Inside the enclosure C® = 3a/2; hence ~ 3 ^ ” 4kTjm. 


0. The average distance of approach of two inoleculcs is 

2Trvo® sin-O COS0 

-JO = <;o. 


- 1 . 


ao®v 


8 . The product of and the number of molecules in the emitted beam, that 
is, ciYj(., must be integrated from zero to infinity and divided by the integral 
of the number of particles issuing with velocity c; hence 



i 


X c X cH-^'"^'dc 

0 a’"* 


I 


30 


4N 


0 a 




c X c^e ^*'**dc 


9. The average distance of approach of two spherical molecules is 2a/3, by 
Ex. 6, where o is the diameter of the molecules. Hence the mean free path is 
shortened, compared with its value for disc-like molecules, by the amount 
Xj = X — 2a/3. Hence, using this expression and equation (2), p. 191, we have 

X. - 2c/3 . 2 TTo^n F — 4{;',TTr®n) 

x“^- r~ 3F V 


10. Loss in weight in gm. per sq. cm. per sec. is apl(2TzRT)i, where a is the 
coefficient of evaporation and i2 is the gas constant per gramme. 


Chap. X. 

1 . Apply the law of mass action to prove that = K{\ — a); the° 

prove that P = it0(n(l - a) + van}, from van’t Hoff’s law. and evaluate 

1 _ 3 = - P)/P^, 

6 . Depression of freezing-point = 0 00368'’ C. Osmotic pressure = 36 mm. 
Hg. The latter can be measured more accurately. 



ANSWERS AND HINTS 


319 


Chap. XT. 

2. As in problems on conduction of heat along a bar, consider the solute 




entering and leaving a slice of thickness dx. Hence deduce ~ = The 

dt cx- 

solution n = is appropriate here. Apply the boundary and initial 

conditions and use Fourier’s theorem. Note that at the top of the tube = 0, 
for all values of 1. 


Chap. XII. 

1. Write down Poiseuille’s equation as applied to the column at any instant, 
and also an expression for the pre.ssuro difference on the two sides of the hemi¬ 
spherical meniscus. The lower end of the tube only just enters the liquid. 

2. Find the elementary torque acting on an annulus of radii r and r + dr. 
The total torque F = TTTjcoaV^d. 

3. Rate of supply of energy is pQ, which equals kinetic energy imparted 

also Q vA where A is area of cross-section. 

4. Rate of flow Q/t = nr^l — Iq); average pressure gradient is 2P/{li + Iq). 


Chap. XIII. 

1. (4-178 ± 0-001) X 10^ ergs per calorie. 

2. 527-50 d: 0*07 metres per second. 

3. (a) 5-5283 ± 0-0005 grammes per c.c. 
(6) 5-5226 ± 0-0012 grammes per c.c. 

4. (6-5466 ± 0-0017) x 10'” erg sec. 

5. Area = 2nrl sq. cm. 

Probable error a = 27c{r2ai^ 


TZ 


6 . Volume = ^ {2i^ + Ar*}. 

O 


Probable error « = { (2rrr= + *. 


7. 5 = 0-3956 -f 0-001287(< - 20). 
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— stationary, and surface tension, 147-50, 

167. 

— surface tension (JSger), 141. 


821 



322 


INDEX 


Bulk modulus, 53. 

— liquids, 88-9. 

— solids, 86-7. 
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— surface, of film, 169, 170. 

Enskog, 282. 
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Extensometer, Ewing’s. 72. 
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— stability of cylindrical, 162-4. 
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Flow, Newton’s law of viscous, 267. 
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Focus, 91, 

— depth of, 101-2. 

Formula;, dimensional, 2. 

Found. See Dushman. 

Fourier, 255. 
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Frazer and Myrlck, 238. 
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Fugitive elasticity, 267. 
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Ghosh, 243. 

Ghosh, Banerji and Datta, 161-2. 
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— ionized solute, 186. 

Gibson. See Michels. 

Gnan, 301. 

Gravimeter. Boliden, 25-6. 

— Gulf. 25-9. 

Gravitation, constant of, 37-50. 

— relativity and 49-50. 
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— gradient, 33-5. 

— potential, 29, 308. 

— survey, 21-a. 

— time variation, 23-5, 34-6. 
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— waves, 158-61. 

Gregory and Archer, 195. 
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Hoare, 299. 

Holliday, 285. 
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Humphreys, 217. 
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-conduction of heat, 204. 

-thermal transpiration, 205-6. 

-viscous forces, 199. 

Intrinsic pressure, 175. 

Invar pendulum, 21. 

Ionization gauge, 228. 

Ionized solutes, 186-88. 

Irrotational waves, 94. 

Ising, 216. 

Isogams, 34. 

Isothermal distillation, 239-41. 

Isotonic, 232. 

Isotope, separation by diffusion, 216-7. 
JSger, 141-6. 

Jeans, kinetic theory of gases, 197. 
Jessop. See Adam. 


Jets and surface tension, 164-7. 

Jolly, 46. 

Joule, 7. 

— elasticity, 81. 

— kinetic theory. 190, 192, 199. 205. 

Kamerlingh Onnes, 218. 

Kannaluik and Martin, 195. 

Kappler, 215. 

Kater’s pendulum, 17-8. 

Keesom, 217. 

Kelvin mirror, 47. 

Kinetic theory of matter, 190-230. 
Kirchner, 301. 

Kirkpatrick. See Ross. 

Knudsen, 201, 202. 227-8. 
Krigar-Menzel. 46. 

Krupp’s alloy, 23. 

Labv. See Hercus. 

Ladenburg, 225. 277. 

Lame, 84. 

Langmuir condensation pump, 221. 
Laplace, constant of, 116. 

— theory of capillarity, 172-7. 
Lawrence, 296. 

Lea and Tadros, 272. 

Least squares, 293-4. 

Lenard, surface tension, 139-41. 
Lewis. See Andrade. 

Lewis, G. N.. ionized solutes, 186-8. 
Limit, of crushing, 53. 

— of elasticity. 52. 

— of proportionality, 52. 

Linear law, constants of, 265-8. 
Liquid-expanded films, 181. 

Liquids, capillarity, 109-77. 

— compressibility, 88. 

— diffusion, 255-62. 

— viscosity, 267-86. 

Loeb, 202. 

Long waves, 97. 

Longitudinal waves, velocity of, 91-4. 
Loschmidt, diffusion of gases, 196. 

— number, 209-18. 

Lotz and Frazer, 238. 

Love waves, 96. 

Low pressures, 197. 

— conduction of heat, 203. 

— effusion of gases, zot. 

— flow of gas, 201. 

— measurement of, 223-30. 

— production of, 218-22. 

— thermal effusion, 205. 

— viscous forces, 198. 

Lucretius, igo. 

Lukirsky and Prilezaev, 298. 

Mack and Barteli, 157-8. 

Macleod, 171. 

McLeod gauge, 229-30. 

Maclaurin’s theorem, 29. 



INDEX 


325 


Main shock. 97. 

Majorana, 48. 

Mallock, 86. 

Manometer, for hti;h pressures, 84. 

— for low pressures, 223-30. 

— quartz fibre, 225. 

Martin. See Kannaluik. 

Mason. See Yarnold. 

Mas.s. of the earth, 37. 

— and energy, 50-1. 

— electromagnetic. 11. 

— length and time, 1. 

— unit of, 2. 

Maximum error, 289. 

Maxwell, kinetic theor>', 192, 193, 194, 209. 

— oscillating disc, 274, 280, 313. 

— viscosity, 267-8. 

Mayer, 293. 

Mean free path, 191, 194. 

Mean square displacement, angular. 214. 

-linear, 214. 

-velocity, 193. 

Membranes, semi-permeable, 231. 

Mercury manometers, 223-5. 

— vapour pumps, 220-3. 

Merriman, 288. 

Metals, elastic properties, 51-2. 

— interdiffusion, 266. 

Metals, viscosity, 281. 

Metric system, 2. 

Michels and Gibson, 282. 

Millikan, 214, 277, 289, 304. 

Milner, 243. 

Mine experiments, 38, 307. 

Mitchell, 38. 

Moduli of elasticity, adiabatic and isother¬ 
mal, 80-2. 

— — definition, 53-4. 

-determination of, 71-8. 

— — relations between, 55-7. 

— — variation of, 79-80. 

Molecular diameter, 209-18. 

— gauge of Dushman, 226. 

— pump of Gaede, 220. 

— size, 209-10. 

— theory of capillarity, 172-7. 

Morse and Frazer, 238. 

Myrick, See Frazer. 

Myristic acid, spreading of, 138-9. 

Necking, 52. 

Neumann’s triangle, 153-4. 

Neutral axis, 58. 

— filament, 58. 

Newman, 230, 

Newtonian constant of gravitation, 37-50. 
Newton’s law of gravitation, 37. 

— law of viscous flow, 267. 

Nitrogen, viscosity of, 282. 

Non-Newtonian fluids, 284-5. 

Normal equations, 292-3. 


Normal equations, law of error, 287-8. 

—stress, 51. 

Noiiy, Lecomte du. 137. 

Oil drop, method of Millikan. 214, 289, 304. 
Opalescence, critical, 217. 

Orientation of surface molecules, 179-82. 
Oscillating disc, 280-1. 

Oscillation, centre of. 16. 

Oscillations, compound pendulum, 15. 

— damped, 12-13. 

— of springs, 69-70, 309. 

— pendulum, 12-20.34. 

— simple pendulum, 12-13. 

Osmotic coefficient, 244. 

— pressure, 231-54- 

-and Brownian movement, 210-x, 

-and diffusion, 263-6. 

-electrolytes, 244. 

-laws, 231-54. 

-measurement, 237-243, 

— — temperature, 233-6. 

Ostwald viscometer, 273-4. 

P waves, 94. 

Packing, in films, 180. 

— tetrahedral, 209. 

Parachor, 171. 

Pederson, 165. 

Pendent drop,130-2. 

Penderson, 283. 

Pendulum bar, 15. 

— compound, 15. 

— corrections for, 17-9. 

— damping of, 274. 

— half-seconds, 21. 

— horizontal, 34-6. 

— Kater’S: 17 . 

— rigid. 15. 

— simple, with friction, 12-13. 

— von Stemeck’s, 21. 

— with finite amplitude, 14. 

— with large bob, 14. 

— yielding of support of, 308. 

Permeability, gravitational, 48. 

— magnetic, 8. 

Perrin, Brownian movement, 211-5. 

Phillips. See Poynting. 

Pierce, 308. 

Piezometers, 88. 

Pirani-Hall gauge, 204, 228-30. 

Planck’s constant of action, 287, 295-300. 
Plasticity, perfect, 51. 

Plastometers, 285-6. 

Plate, force on, in a liquid, 122-3. 

— rise of liquid along, 113-6. 

Plates, rise of liquid between, 116-9, 119-22. 
Pochettino, 286. 

Poiseuille’s equation, 206, 268-74, 277-8, 
295 - 

-corrections to, 270-1. 

-extension to gases, 277-8, 307, 319. 
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Poisson’s equation. 247. 

— ratio, 53. 75“^- 

-by optical interference, 77”8. 

Pollard and Present, 203. 

Porter, u. 

Poschl. See EualJ. 

Potassium salts in solution, osmotic pres¬ 
sure of, 244, 250. 253. 

Potential, electrical, in a solution, 245-53. 

— gravitational, 24, 308. 

— thermodynamic, 184. 

PoyntinR and Phillips, 48. 

Poynting’s balance method for G, 46-8. 
Prandtl, 65. See Etvald. 

Precision, Gaussian measure of, 288. 
Present. See Pollard. 

Pressure and diffusion of gases, 195. 

— and surface films, 179, 188-9. 

— and temperature of gases, 205-6. 

— and viscosity, 194. 

— effusion of gases at low, 201. 

— gauges. 84. 223-30. 

— high. 83-4. 

— in bubbles. 141-50. 

— intermediate, 197-206. 

— intrinsic, in liquids, 175, 

— measurement of low, 223-30. 

— of surface films, 178-83. 188-9. 

— on curved surfaces. 109-12. 

— osmotic. 231-54- 

— osmotic, and diffusion, 263-6. 

— properties of matter at high, 80-90, 207. 

— scale, 90. 

— thermal effusion at low, 205. 

— thermal transpiration and, 203-6. 
Prilezaev. Sec Lukirsky. 

Probable error of a function, 295. 

-of a single observation, 290. 

-of the arithmetic mean, 289-90. 

Profile cur\e, 115, 116, 119, 120, 125. 
Prony. 17. 

Prospecting, geophysical, 102-8. 

Pumps, high vacuum, 218-22. 

Push waves, 94. 

Radial displacement, 84-6. 

Radiation and gravitation, 50. 

Radiometer gauges. 227-8. 

Radium D, diffusion of, 266, 

Radius of gs'ration, 58. 

Ramsay and Shields, 169. 

Range of molecular action, i7S“6- 
Rankine method for viscosity, 278-9. 
Raoult, law of, 242. 

Rayleigh, 10, 11, 96, 116, 124. 128. *6*. 

217. 

Reciprocal relations, of Rayleigh, 82. 
Regnault, compressibility of liqui^, 88. 
Reichsanstalt apparatus for viscosity, 272—3- 
Relativity and gravitation, 49'50« 
Relaxation, time of, 268. 

Residuals, 288. 


Resisted motion, 8-9. 

Reversible pendulum, 17* 

— thermal effects, 80-2. 

Reynolds’ number, 271, 276. 

Richarz, 46, 

Rideal. See Cary. 

Rigidity' and viscosity, 268. 

— flexural, 58. 

— modulus of, 53, 57. 74. 75. 77* 

Ring, pull of. on liquid, 136-8. 

Ripples and surface tension, 159-61. 
Roberts, 90, 169, 190. t9*» *98> 202, 218. 

228, 235, 283, 299. 

Roberts-Austen, 266. 

Robinson. See Whittaker. 

Ross and Kirkpatrick, 302. 

Rotating cylinder viscometer, 274-6. 
Rydberg constant, 296. 

5 waves, 94-5. 

St. Venant, 65. 

Salt domes, 102-3, 

Satterley. See Tuttle. 

Scattering of light and critical opalescence, 

217. 

-dimensional analysis, 10. 

Schaffemicht. See Tomaschek. 

Schmidt. See Harteck. 

Schultzc, 278. 

Searle, measurement of Young’s modulus, 

72-5. 77- 

— rigidity modulus, 74-5, 77* 

— rotation viscometer, 274-6. 

Sears and Barrell, 18. 

Seddig, 214. 

Sedimentation equilibrium, 209-12. 
Seebach, 101-2. 

Seismic foci, 101-2. 

— waves. 91-108. 

Seismographs, 91. 97-101. 

Seith. 266. 

Self-diffusion in gases, 196-7. 

— in lead, 266. 

Semipermeable membranes, 231-2. 

Sentis, 132-3. 

Sessile drops and bubbles, 116, I47-591 **7- 
Shake waves, 95. 

Shape of drops and bubbles, 116, 147”S®- 

— of films, 162-4. 

Shaw. 48. 

Shear, 53. 

Shields. See Ramsay. 

Similar speeds, law of. 9. 

Similarity, dynamical, 3, 4. 

Simple pendulum, 12-13. 

Skarstrom, Carr and Beams, 217* 

Sky, blue of the, 10. 

Slip, coefficient of, 200, 278. 

— of molecules, 200. 

Slotte, 282. 

Smoluchowski, 212, 217. ^ 

Soap bubble, excess pressure in, 148^* 
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Solids, bulk modulus of 86-7. 

— compressibility of. 83-7. 

—- contact of, 151-7. 

— diffusion of, 266. 

— elasticity of, 51-82. 

Solute, dissociated, 243, 256-62. 

— undissociated, 231-42, 263-5. 

Solutes, ionized, 181-8. 

Solutions, colloidal, 210. 

~ Debye and Hvickel’s theory of, 243-54. 

— diffusion and osmotic pressure of, 263-6. 

— diffusivity of, 255-^3. 
dilute. See Dilute solutions. 

— Gibb's equation for, 186-8. 

— isotonic, 232. 

— surface films of, 183. 

— surface tension of, 184-6. 

— vapour pressure of, 234. 

Sorption of gases, 222. 

Southwell, 62. 

Sphere, attraction of, on cylinder, 172-7. 

— electromagnetic mass of, 11. 

Spiral springs, 67-9. 

-oscillations of, 69-70, 73. 

Spreading, 151-2. 

Sprengel pump, 219. 

Springs, spiral, 67-9. 

Standard deviation, 290. 

Steel, stress-strain graph for. 51. 

Stefan, diffusion of gases, 196-7. 

— radiation law, 299. 

Stemeck, von, 21. 

Sticking coefficient, 279. 

Stocker, 166-7. 

Stokes, hydrodynamical flow, 212, 214, 
276-7, 285. 

— viscometer, 274, 276-7. 

Strain, 51. 

— axes of, 54. 

— breaking, 52. 

— components of, 54. 

— ellipsoid, 54. 

— shear, 52. 

Strained body, energy in. 66-7. 

Strains, principal, 54. 

Streamline motion, 269, 271-2, 275-6. 
Stress, 51 et seq. 

Stretching of a wire, 51-2. 

Struts, Euler’s theory of, 61-2. 

Sucksmith, ring balance, 156. 

Sugden. 126, 142. 

— on jSger’s method, 142-4, 146, 167. 

— parachor, 171. 

— surface tension, 126-8. 

Superposition, principle of, 57. 

Surface, contamination of, 155. 

— energy of, 151. 

— energy of films, 169-90. 

— films, 178-89. 

— pressure, 178 et seq. 

— tension. 109-77. 

— — and curvature, 109-11. 


Surface tension and density, 171. 

-and tempeniture, 168-9, 

-and vapour density. 171. 

-measurement of, 126-68. 

-of interfaces, 134, 157-8. 

-of liquids, 167-9. 

-of solutions, 183 et seq. 

-of water. 146, 167. 

-waves, 159. 

Suspension, centre of, 16. 

— mirror, 47. 

— of particles. 210. 

Sutherland, 192, 197, 209, 243. 

Systematic errors, 287. 

Szyszkowski, 188. 

Tables, of Bashforth and Adams, 126, 143. 

— of Sugden, 127. 

— of Zoppritz and Turner, loi. 

Tadros. See Lea. 

Tate’s law, 134. 

Taylor, G. I., turbulent motion, 276. 
Temperature and elasticity, 79-80, 

— and gravitation, 48. 

— and osmotic pressure, 233 et seq. 

— and surface tension, 168-9. 

— and viscosity of fluids, 195, 282-3. 

— and viscosity of gases, 194-5, 208-9, 

— gradient in a gas. 195. 204-6. 

Tensile strength of licjuids, 175. 

Tension, rods under, 61-2. 

— surface. See Surjace tension. 

Terminal velocity, 212, z 7 (>- 7 . 

Thermal conductivity of a gas, 195-6. 

— diffusion, 196. 

— effusion, 205. 

— transpiration. 205-6. 

Thermodynamic potential, 184. 

— properties of films. 169-70. 182-8. 

— relations in solutions, 233-7. 

Thixotropy, 284. 

Thrust, rods under, 61-2. 

Thwing. See Austin. 

Time effect in collision of molecules, 191-2. 

— of relaxation. 268. 

Tinbergen, 215. 

Todd. 228. 

Tomaschek and Schaffernicht, 23-5. 

Tdpler pump. 219. 

Torricelli, theorem of, 159. 

Torsion balance of Boys. 38-40, 

-of Eotvos, 29-33. 

-of Hartmann and Braun, 141. 

-of Hcyl, 40-2. 

-of Zahradnicek, 43-6. 

Torsion of cylindrical rods, 64-5. 
Townsend, 240. 

Transition layer, 177. 

Transport theorems, 191-5. 

Transverse seismic waves, 94-5. 

Triangle, Neumann’s, 153-4. 
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‘rube, pendent drop on. 150-3. 

— rise of liquid in, 124-6. 

— under pressure. 84-6. 

'Turbulence, 271, 276. 

'Turner. See Ziippritz. 

Tuttle and Satterley. 274. 

Ulmann, 240. 

Ultra-centrifuge, separation of isotopes, 217. 
Uncertainty principle of Heisenberg. 287. 
Uniform beam, bending of horizontal, 
58-61. 

-vertical. 61-3. 

Unimolecular films, 139. 

Units, absolute, i. 

— and dimensions, i-ii. 

— derived. 2. 

— Eotvos, 34. 

— fundamental. 1-2. 


V'^iscosity and temperature of fluids, 282-3 

— and temperature of gases. 194 et seq. 

208-9. 

— coefficient of. 193 et seq., 267-86. 

— non-Newtonian, 284-5. 

— of gases, measurement. 277-81. 

— of gases on kinetic theory, 193 et seq. 

— of liquids, measurement, 268-7. 

— of mixtures and solutions, 283. 

— of molten metals, 273-4. 281. 

— Sutherland’s formula for. 209. 

— variation with temperature. 195, 282-3. 

— very viscous fluids, 286. 

Viscous drag on a pendulum, 13. 

— flow, Newton’s law of. 194, 267. 275. 

— forces at low pressures, 198. 

Vogel. 281. See Ferguson. 

Von Friesen, 300, 

Volts, international and absolute, 296-9. 
Volume strain, 54, 


Vacuum gauges. 223-30. 

— pumps, 218-23. 

Valency factor, 253. 

Van Atta, 296. 

Van der Waals, capillarity. 168, 175-7. 

-gases. 207-8, 218, 243. 

Vapour density and surface tension, 171. 

— expanded films, 181-2. 

— pressure and osmosis, 233. 

— pressure of solutions. 233-5. 

— pump, 220. 

Velocity and angle of contact, 151-6. 

— and mass, 49-50. 

— critical, 271, 

— gradient, 194, 199-200. 267-8. 

— mean, of gas molecules, 193-4. 

— of drift, 199. 201. 

— of gravity waves. 158—61. 

— of slip of molecules. 200. 

— root mean square, 191, 194. 

— terminal, 212, 276-7. 

Vening Meinesz, 20-1. 

Verschaffelt, 137. 

Vertical beam, bending of, 61-3. 

— plate in liquid, 115. 

— tube, rise of liquid in, 124-7. 
Vibrations, hollow sphere, 274. 

— of molecules (Andrade), 282. 

— of pendulums, 12-36. 

— of stretched bodies 69—70. 

— solid sphere, 274. 

Viscometers, 268-86. 

— falling body, 276. 

— rotation. 274. 

Viscosity. 267-86. 

— analogy with rigidity. 267-8. 

— and molecular size, 208-9. 









A.> IZ.0IZ 



Water, compressibility of, 83, 88. 

— intrinsic pressure of, 175. 

— surface tension of, 146. 167. 

— tensile strength of, 175. 

— viscosity of, 281. 

Waves, capillary, 158-61. 

— gravity. 158-^. 

— longitudinal, 91-4. 

— Love, 96-7. 

— Rayleigh. 96. 

— seismic, 91-108. 

— transverse. 94-96. 

Weak electrolytes. 243. 

Weighted mean, 291-2. 

Weighting of observations, 291-2. 
Westgren. 212. 

Whiddington. 71, 296. 

Whittaker and Robinson, 305. 
Wiechert, 301. 

Wiedemann and Franz, 90. 

Wien, 299. 

Wilberforce, 271. 

Wilson. 296. 

X-ray method for h. 297. 

Yard, 2. 

Yarnold and Mason. 156. 

Yield point, 52. 

Young. See Harkins. 

Young’s modulus, 53, 72-6. 79-82. 

Zahradnicek, 43-6. 

Zero sum, 293. 

Zonal harmonics, 41. 

2 S 6 ppritz and Turner, 101. 

Zuber. See Furth. 



DLLAHfl I08QL LIBRARY 



12012 






^itle 




• f . » 


Author 


Accession No. 


/k/O 


Borrower’* 

No. 


issue 

Date 


Borrower’s 

No. 


o •%, 

% \ ■ 

^ ^ %- 
"Or. ^O, « 


^4-. «t,v <^. ‘ 



